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positive quality, I, F are considered negative qualities. Akram 
et al. include "T" as a positive quality together with “Т”. So 
our papers improve Akram et al.'s papers. After that, several 
authors are focused on the study of SVNGs and many 
extensions of SVNGs have been developed. Hamidi and 
Borumand Saeid [25] defined the notion of accessible-SVNGs 
and apply it social networks. In [24], Mehra and Manjeet 
defined the notion of single valued neutrosophic signed 
graphs. Hassan et al. [30] proposed some kinds of bipolar 
neutrosophic graphs. Naz et al. [23] studied some basic 
operations on SVNGs and introduced vertex degree of these 
operations for SVNGs and provided an application of single 
valued neutrosophic digraph (SVNDG) in travel time. Ashraf 
et al. [22] defined new classes of SVNGs and studied some of 
its important properties. They solved a multi-attribute decision 
making problem using a SVNDG. Mullai [31] solved the 
spanning tree problem in bipolar neutrosophic environment 
and gave a numerical example. 


Motivated by the Karunambigai work’s [29].The concept 
of strong degree of intuitionistic fuzzy graphs is extended to 
strong degree of SVNGs 


This paper has been organized in five sections. In 
Section 2, we firstly review some basic concepts related to 
neutrosophic set, single valued neutrosophic sets and SVNGs. 
In Section 3, different strong degree of SVNGs are proposed 
and studied with proof and example. In Section 4, the concepts 
of vertex truth-membership, vertex indeterminacy- 
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membership and vertex falsity- membership is discussed. 
Lastly, Section 5 concludes the paper. 


II. 


In the following, we briefly describe some basic concepts 
related to neutrosophic sets, single valued neutrosophic sets 
and SVNGs. 


Definition 2.1 [1] Given the universal set . A 
neutrosophic set A on is characterized by a truth 
membership function ‚ап indeterminacy membership 
function and falsity membership function F4, where 
T ,1,,Е4:< 2] 0,1 |. For all хє б, х=(х,Т 
A is neutrosophic element of A. 


PRELIMINAREIS AND DEFINTIONS 


The neutrosophic set can be written in the following form: 


A- {<х:Тд (x), 71637 Ед(х)>, xE $} (1) 


with the condition 
(2) 


Definition 2.2 [7] Given the universal set(. A single 
valued neutrosophic set A on (is characterized by a truth 
membership function ‚ an indeterminacy membership 
function and falsity membership function ; 
where Ta , I4 , Fa : бә [0,1] . For all x , X-(X, 
А А is a single valued neutrosophic 
element of A. 


The single valued neutrosophic set can be written in the 
following form: 


А = {<х:Тд(х).1 ( )>, хє 4) (3) 
with the condition 
0x <3 (4) 


Definition 2.3 [14] ASVN-graph G is of the form 
G=(A,B) where A 


І. A={v,,V2,...V, }Such that the functions T,: A> [0 ,1], 

:A->[0, 1 ], F4:A 5 [0, 1]denote the truth-membership 

function, an indeterminacy-membership function and falsity- 
membership function of the element v; € A respectively and 


0x )+i +f <зу 

171,2,...,n. 

2.B-((vi,vj); (vi,vj) А} and the function :B> 

[0,1], 
:B [0,1] , Fg:B [0, 1] are defined by 

< min (T » (5) 
> max(I ) (6) 
zmax(F )) (7) 

Меге Тв, lg, | denotes the truth-membership function, 


indeterminacy membership function and falsity membership 
function of the edge (v )Є B respectively where 


0x )+ +F 3 


(8) 
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€ В, i, jE {1,2,...,n} 
A is called the vertex set of G and B is the edge set of G. 


The following Fig. 1 represented a graphical representation 
of single valued neutrosophic graph. 


04.02.05) (9492905 (050203 
Vi — V2 
(0.1,0.4.0.5) (0.3.0.5.0.6) 
V4 V3 
(0204,03) 020506 (030506) 

Fig. 1. Single valued neutrosophic graph. 


Ш. STRONG DEGREE IN SINGLE VALUEDNEUTROSOPHIC 
GRAPH 


The following section introduces new concepts and proves 
their properties. 


Definition 3.1 Given the SVN-graph G- (V, E). The T- 


strong degree of a vertex у ЄЙ is defined as 


дт) = > Т, „e; are strong edges incident at v, . 


ej EE 


Definition 3.2 Given the SVN-graph G=(V, E).The I- 


of a vertex у ЄЙ is defined 


1, 


ij ? 


strong degree 


dan) = 2 


ej eE 


as 


e; are strong edges incident at V; . 


Definition 3.3 Given the SVN-graph G=(V, E).The F- 


of a vertex у ЄЙ is defined 


F, 


ij E 


strong degree 


dn) (V;) = 25 


ej eE 


as 


e; are strong edges incident at V; . 


Definition3.4 Let G — (V,E) be SVNG. The strong degree 


of a vertex v, eV іѕ as follow 
d,(v;)) = У Т,» b3 Ij, » F; ,, where e, are strong edge 
eycE ej €E e;e€E | 


incident at у,. 


Definition 3.5 Let G=(V, E) be a SVNG. The minimum 
strong degree of G is defined as 


д, (С) = (n (G), ôn (G), ôs (G) 


, Where 


S (G) =^ fd, (V;)/ v; EV} is the minimum T- 
strong degree of G. 
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(б) = ^d, (v,)/ v, EV} is the minimum I- 
strong degree of G. 


S(O) = ^ (d, (V) / v, € V] is the minimum F- 
Strong degree of G. 


Definition 3.6 Given the SVN-graph G-(V, E) The 
maximum strong degree of G is defined as 


A(G) = CA (G.A (AG) ah 


ere 

Aq (0) = vfd (v! v; 2 V jis the maximum  T- 
strong degree of G. 

Au) = vid. (v)! v, € 2 is the maximum I- 
strong degree of G. 

А (О) = У{4„ьу(у,) /у,Є 2 is the maximum F- 
Strong degree of G. 


Definition 3.7 Let G be a SVNG, the T-total strong degree 
of a vertex  v,e/ in С is defined as 


td „«туСУ;) = 4„«тубУ) +I; 


Definition 3.8 Let G be a SVNG, the I-total strong degree 
of a vertex in С is defined as vjeV 


td (V;) = дуб) +1, 


Definition 3.9 Let G be a SVNG, the F-total strong degree 
of a vertex vcV ш G is defined 


Id (vj) 2 куб) + Ё,, 

Definition 3.10 Let G be a SVNG, the total strong degree 
of a vertex v; є V in G is defined as 

td. (у) = | ry Qo). td (Q7), td куб) | 


Definition 3.11 Given the SVN-graph G-(V, E). The 
minimum total strong degree of G is defined as 


Or (G)= (ós (6). Os (G), Op) (G)) 


, where 


Os (G) = ^{а, тубу) /у,є Vj is the minimum T- 
total strong degree of G. 

(С) = ^а, (у), EV} is the minimum I- 
total strong degree of G. 

sm (C) = ATA s (v;)/ v; є 2 is the minimum F- 
total strong degree of G. 


Definition 3.12 Given the SVN-graph G = (V, E). The 
maximum total strong degree of G is defined as: 


А, (С) = (Aso (C), Asn (O), AsO) 


, where 
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Asm (G) = vid.ay(v;) / У; Є V) is the maximum T- 
total strong degree of G. 


Asn (O= V {dian V! v, € Vj is the maximum I- 
total strong degree of G. 


Ac (С) = /{4ьу(у) / У; Є 2 is the maximum F- 
total strong degree of G. 


Definition 3.13 Given the SVN-graph G-(V,E). The T- 
strong size of a SVNG 15 defined as 


x T. , 
So (C) = A Т, where ‘is the membership of strong 


ужу; 


ё; € 


Е 
edge Р 
Definition 3.14 Given the SVN-graph С=( V, E). The 1- 
strong size of a SVNG 15 defined as 


1, 


5,506) = 2245 where /, is the indeterminacy- 


VERS 


membership of strong edge e, € Ё. 


Definition 3.15 Given the SVN-graph G=(V, E). The F- 
strong size of a SVNG 15 defined as 


: Е. 
Su (C) = pa F, where? is the non-membership of 


ужу, 


e, EE 
strong edge >” . 


Definition 3.16 Given the SVN-graph G-(V, E). The 
strong size of a SVNG 15 defined as 


S.(G) = | Sie (С), S. (6), Ssa (G) | 


Definition 3.17 Given the SVN-graph G-(V,E). The T- 
strong order of a SVNG 15 defined as 


O.7)(G) = > T, where v, is the strong vertex in G. 


АЗА 


Definition 3.18 Given the SVN-graph С=(У, E). The I- 
strong order of a SVNG 15 defined as 


О.о (С) = >; I; where v; is the strong vertex in G. 
v eV 
Definition 3.19 Given the SVN-graph G=(V, E).The F- 
strong order of a SVNG is defined as 
Ov (C) = A F, where У, is the strong vertex in G. 
ye 
Definition 3.20 Given the SVN-graph G=(V, E). The 
strong order of a SVNG is defined as 


O,(G) = | От) (G), О, (G), Osr) (©) | 
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Definition 3.21 Let G be a SVNG. If daon) =k, 


аду) =k, and , Я, (у) = k for all WEE , then the 


К, LOT - strong constant SVNG (or) 


SVNG is called as ( 
k, k, k 
Strong constant SVNG of degree ( 1, ^, 3). 
Definition 3.22 Let G be a SVNG. If td ry у)=к, 


eV 


tden Vj) 2 rand , dg) У) =F; for all у ‚ then the 


п» By. 
> > 


SVNG is called as ( totally strong constant SVNG 


(or) totally strong constant SVNG of degree (h ke : d ). 
Proposition 3.23 In a SVNG, G 


z Sscr ( )-Y 4, y, 2X )-Y 4, ;) and 
i=l ы 


‚Ээк ( S C2 


Proposition 3.24 In a connected SVNG, 


1) dsqy(V) < dyi,ds(p(vi) S раа (у) 
2) (vi) Я (vi) and 
tds) (Yi) 


Proposition 3.25 Let G be a SVNG where crisp graph 
is an odd cycle. Then G is strong constant if f < Tj; „lij ,F 
is constant function for every e;; € E. 

Proposition 3.26 Let G be a SVNG where crisp graph 
is an even cycle. Then С is strong constant if f 
T ,ljj,Fjj > is constant function or alternate edges have same 
true membership, indeterminate membership апа false 
membership for every ei; € E. 


Remark 3.27 The above proposition 3.25 and proposition 
3.26 hold for totally strong constant SVNG, if < ТЕ; > is 
a constant function. 


Remark 3.28 A complete SVNG need not be a strong 
constant SVNG and totally strong constant SVNG. 


Remark 3.29 A strong SVNG need not be a strong 
constant SVNG and totally strong constant SVNG. 


Remark 3.30 For a strong vertex V, 
D  (vw)- (0), (и) = (vi) and 
(v;)- (v) 
2  (v)- (0), (vı)=tdsı(vı) and 
tdg(v;) = (ш) 


Theorem 3.31 Let С be a complete SVNG with V = 
{V1,V2,... Yn} such that Tox T€ T4 € ... < Ta, L > bz [32 ... 


>l and >Е;> =...= Then 
1) is minimum edge truth membership, is the 
maximum edge indeterminacy membership and Is the 
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maximum edge falsity membership of | emits from for all 
j= 2,3,4,..., п. 

2) Tin is maximum edge truth membership, ;һ is the 
minimum edge indeterminacy membership апа F;, is the 
minimum edge falsity membership of among all edges from 


emits from vj to v, for alli = 1, 2,3,4,..., n-1. 


3) tdv) =  (G)- ni, (и) - — (G) =n; and 
td-(v,)= — (G)-nF. 

4) td (v4) = (Сб) =} tdí(u)- (О) = 
X , and tdp (vn) = (G) = У А 


ДА 


Proof: Throughout the proof, suppose that 
we < Ta, L > L2 Б>... > „апа > F> F2... > 


<T)< 


1) To prove that is minimum edge truth membership, 

is the maximum edge indeterminacy membership and 
is the maximum edge falsity membership of e;; emits from 
v,Vj=2,3,.....n. Assume the contrary i.e. e; is not an edge of 
minimum true membership, maximum indeterminate 
membership and maximum false membership emits fromv;. 
Also letej; , 2 € k € nik£ 1 be an edge with minimum true 
membership, maximum indeterminate membership апа 
maximum false membership emits from vy. 


Being a complete SVNG, 


= тіп { Т, j,lh-max(Hh,l;) and =тах{Ё, 
} 
Then =min{ , }, ^-^maxíl,,l; ) and 
=max{ , } 
Since min { Tk, }< min{T7,, } 
Thus either or 


Also since max {J,,J,} max ( h, I; }, so 
either or 
Since 1, k # 1, this is contradiction to our vertex 


assumption that T is the unique minimum vertex true 
membership, Z is the maximum vertex indeterminate 
membership and F,is the maximum vertex false membership. 


Hence is minimum edge true membership, 15 the 
maximum edge indeterminate membership and is the 
maximum edge false membership of emits from to vjfor 


allj =2, 3, 4,..., n. 


2) On the contrary, assume let is not an edge with 
maximum true membership, minimum indeterminate 
membership and minimum false membership emits from 
for 1 € k € n-1. On the other hand, let Бе an edge with 
maximum true membership, minimum indeterminate 
membership and minimum false membership emits from 


бот 1 <г n-l,k¥r. 
Then miní , } min{ , } 2 
SO ; 
>max{I,, }<max{I,, } ‚ SO 
and 
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Similarly Е < Fen > max { Fy, Б. } < max { Fy, Fn } 
= Fp > B < Fk 


So Trey Tk Trensl er 1, Lien and Е. = Fk = Fkn y which 
is a contradiction. Hence е„„ 15 an edge with maximum true 
membership, minimum indeterminate membership апа 
minimum false membership among all edges emits from v,to 
Uy 


3) Now 
tdz(v4) = dr) +T, 


= Meyer Tij HT, = Т + 


= (п-1).Т, + T47 nT4- Tat T,7 nT, 
tdv) = dv) +h 

= Meijer hj + = У th 

= (п-1)., + = ni,- h+ Һ= nl, and 


Similarly, 

tdg(vi) = dg(vi) Fi 

= Жее ЕЁ + XL Ft 
= (n-1.F, + Ё,= nF,- At FAS nF, 


Suppose that tdz(vi) # &4,(G) and let vp, k 1 bea 
vertex in G with minimum T- total degree. 


Then, 

td L(v4) > tdr (Vp) 

=) noe > Уу T,j + Te 
i-2 k£zikzj 


n 
2) TAT, +1, > 2. T,AT, + T, 


i=2 kzikzj 


Since T, AT; = T, for i = 1, 2, 3, ..., n and for all other 
indices j, T; AT; > T, it follow that 


(n-1)2, + Ty =, жк PAT; + Ty > (n-1.T, + T, 
Hence, td;(v,) > td;(v,) , a contradiction. 
Therefore, td; (v4) = ба (О). 


Suppose that td;(vi) + Ajg,(G) апа let vg, k #1 bea 
vertex in G with maximum I- total degree. 


Then, 
іа (01) € tdi(vy) 


=) hth« »j Ij t Ty 
i-2 k j 


zl1kzj 


n 
2) hLVL+h< Lj evils fe 
i-2 к 1кеј 
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Since 1, VI; Il for i = 1, 2, 3, ..., n and for all other 
indices j, Ix V I; < I, it follow that 


(п-1).Һ +h € Хад КУ +1 € (n-1.h f 
So that td, (vi) «td; (v4) , a contradiction. 
Therefore, td;(vi) = Au, (6). 


Also, Suppose that tdp(v1) = Ag,(G) and let тр, Кж 1 
be a vertex in G with maximum F- total degree. 


Then 
td- (v1) < tdg(vy) 


n 
2) RAS Ў Кы + Fy 
i=2 k j 


zi1kzj 


>J AVA+A< EN FVF + Р, 
22 кеке} 


Since F; V A; = F for i = 1, 2, 3, ..., n and for all other 
indices j, F, V F; < Е, it follow that 


(n-D.F, + Fy € Èk sikaj Fe V B + Fp < (1-1). F + ЕЁ, 
So that tdr (v1)<tdr (v1) , a contradiction . 

Therefore, tdp(v1) = Ata,(G). 

Hence, 

tdz(Vi) = ta, (G) = n Ti, 

td; (v) = Aug, (9) = n. and 

tdg(vi) = Ag, (G) 7 n.Fi. 


4) Since, Т, > T,, 1, < Land E, < F;j,1-1,2, 3, ..., n-1 
and G is complete 
Tri = T, AT; T;,Li-LVvL-lLand Fy, =F, VF, = Е;. 


Hence, tdp(vp,) = Т, + T, 

= (Т, ЛТ) +) = XT T, 

= Der Tes 

tdí(v,) = YE Li + 
EIE 4 Lo ШЕЕ +1, 

= iai 

And tde(v,) = Xi, Ры E, 
ERI VEI d ЕРЕ ЧЕР, 
gr 


Suppose that tdr(v,) + Ata (G). Геи, 1 x1 € n-1 bea 
vertex in G such that tdz(vj) = Ан (О) and 


td;(v,,) < td (vj) . In addition, 
tdr) = [ Xii Ta + Xa Ta + T4141 
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S[ ЖЕТ GT + Т ]+ Т, 
S УШТ, + Т, 


< XiiTi = tdr(vg). Thus tdr(m) = 
contradiction. So, tdr(v,) = До (G) = УЕ, Tj. 


Suppose that td;(v,) == ôr (G). Letv;, 1 < 1 < n-1 bea 
vertex in G such that td;(v;) = ôa, (G) and іа, (т) > ау). 
In addition, 


tdi(vi) = [УЕН + 
> У (плн + 
SVELA+h 


= EL] h= 400). Thus tdj(v,) € td,(v;) , contradiction. 
So, tdr(v) = bra, (G) = Dy hi. 


Also, suppose that tdp (Vp) # д, (©). Let v; , 1515 n-1 
be a vertex in G such that tdg(v;i) = ôtap(G) and tdg(vs) > 
tdpv;) . In addition, 


tdg(vi) = [ЖЕ Fa + УА ү Fa + Eu] Fi 
z[ ELR +(n-DA+A]+A 
> УЕ + Е 


= УА = tdp (Vy). Thus tdp (vn) Stdg(vi) , 
contradiction. So, tdz(v,) = ôtap (G) = ХА. 


tdr(vi) , 


cba lu t Ini] fi 


Hence the lemma is proved. 
Remark 3.32 In a complete SVNG G, 


1) There exists at least one pair of verticesv; and v; such 
that dz,— d= Ar(G) , dj, dj, =6,(G) and dp;= ар, = ôp(G), 

2) tdy(¥;)=0,(G) = А.а(6), tdi(vi)7 01606) = Sra (6) 
and tdr(v;)-Or (G)-6,,, (G)for a vertex v; € V, 

3) Xixitdr(v) = 25у (G)- Or (9) , YXizitdi(vi) = 
25,(G@) + Oj(G) and У tdp(v;) = 25,(0) + 0;(9). 


IV. VERTEX TRUTH MEMBERSHIP , VERTEX INDTERMINACY 
MEMBERSHIP AND VERTEX FALSITY MEMEBERSHIP SEQUENCE 
IN SVNG 


In this section, vertex truth membership, vertex 
indeterminacy membership and vertex falsity membership 
sequences are defined in SVNGs. 


Definition 4.1 Given a SVN-graph G with |V| = n. The 
vertex truth membership sequence of G is defined to be 
{xi} with x € xa € x3 € ... € x, wherex; , 0< x; € 1, is 
the truth membership value of the vertex v; when vertices are 
arranged so that their truth membership values are non- 
decreasing. 


Particular, x, 1s smallest vertex truth membership value 
and x, is largest vertex truth membership value їп G. 


Note 4.2 If vertex truth membership sequence x; is 
repeated more than once in G, say r # 1 times, then it is 
denoted by x;" in the sequence. 
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Example 4.3 In Fig. 2 the vertex truth membership 
sequence of G is (0.1, 0.1, 0.3, 0.3, 04, 0.8 } or { 0.17, 0.37, 
0.4, 0.8 ). 


(0.1,0.4.0.5) (0.3,0.4.0.7) (0.3,0.6,0.4) 
ii ү) v 
V6 ү; V4 
04010 (010509) (040205) 
Fig.2. Vertex truth membership sequence. 
Definition 4.4 Let G be a SVNG with |V| = n. The vertex 


indeterminacy Pra cid sequence of G is defined to be 
О with y, S y; S уз 5... S y, where y; , 0< y; < 1, is 
the indeterminacy membership value of the vertex т; when 
vertices are arranged so that their indeterminacy membership 
values are non- increasing. 


Particular, y, is largest vertex indeterminacy membership 
value and y, is smallest vertex indeterminacy membership 
value in G. 


Note 4.5 If vertex indeterminacy membership sequence y; 
is repeated more than once in G, say г = 1 times, then it is 
denoted by y;" in the sequence. 


Example 4.6 In Fig. 3 the vertex indeterminacy 
membership sequence of G is (0.7, 0.6, 0.6, 0.5, 0.4, 0.4 } or ( 
0.7,0.62, 0.5,0.4? ). 


(020705) HER ош 
Vi : 3 
V6 Vs V4 
(0.4.0.6.0.1) (03,04,0.5) (0.4.0.5.0.4) 
Fig.3. Vertex indeterminacy membership sequence. 


Definition 4.7 Let G be a SVNG with |V| =n. The vertex 
falsity membership sequence of G 1s defined to be {z; #4, with 
222722735... < 2, Where z; , 0< z; < 1, 15 the falsity 
membership value of the vertex v; when vertices are arranged 
so that their falsity membership values are non- increasing. 
Particular, z, is largest vertex falsi Y membership value and 
Zn 15 smallest vertex falsity membership value in G. 
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Note 4.8 If vertex falsity membership sequence z; is 
repeated more than once in G, say г # 1 times, then it is 
denoted by z;” in the sequence. 


Example 4.9 In Fig. 4 the vertex falsity membership 
sequence of G is (0.8, 0.8, 0.7, 0.6, 0.6, 0.5} or (0.87, 
0.7,0.67, 0.5). 


(0.2.0.4.0.6) e 7,0.2.0.5) (0.1.0.5.0.6) 
УІ v3 
V6 уз Vi 
(0.1,0.3,0.7) (0.1,0.5,0.8) (0.4,0.1,0.8) 


Fig. 4. Vertex falsity membership sequence. 


Definition 4.10 If a SVNG with |V| = n has vertex truth 
membership sequence [x;]i, , vertex indeterminacy 
membership sequence{y:}i=1 and vertex falsity membership 
sequence {z; }-; in same order, then it said to have vertex 
single valued neutrosophic sequence and denoted by {< 
Xp Yo Zi >}. 

Example 4.11 In Fig. 5 the vertex truth membership, 
vertex indeterminacy membership and vertex falsity 
membership sequence of G is{<0.4, 0.4, 0.5>, < 0.2,0.3,0.5>,< 
0.1,0.2,0.6> , < 0.5,0.4,0.8>, < 0.4,0.5,0.4>, < 0.3,0.1,0.7> }. 


(0.4,0.4,0.5) (0.2.0.3,0.5) (0.1.0.2.0.6) 
vi у? уз 
V6 V4 
(0.3.0.1,0.7) = (0504,08) 
(0.4.0.5.0.4) 
Fig.5. Vertex single valued neutrosophic sequence. 


The properties of vertex truth membership, vertex 
indeterminacy membership and vertex falsity sequences of 
complete SVNGs are discussed below: 


Theorem 4.12 Let G=(V,E) be a complete SVNG with|V | 
—n. Then 


1) Ifthe vertex truth membership sequence of G is of the 
form (x,"^1,x, }, vertex indeterminacy membership sequence 
of G is of the form {y,”"1,y>} and vertex falsity membership 
sequence of G is of the form { z," 1,2, }, then 


atar (G) =n, and Ata (G) 25u Ti 
b. Ata; (G) = п. and Ota (С)= 0 у ГА 
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c.Atg.(G)= n.F, and 6n (3) = Xx 


2) Ifthe vertex truth membership sequence of G is of the 
form (x47, x5" 71), vertex indeterminacy membership of G is 
of the form (y,":, y;" ™} and vertex falsity membership 
sequence of G is of the form {2,"1, 2," ^1!) with 0< тү € n-2, 
then there exists exactly r, vertices with minimum T- total 
degree бы, (G), maximum I-total degree Aa, (G) and 
maximum F-total degree Aza, and exactly (n-r,) vertices with 
maximum T- total degree Ajg,(G) , minimum I- total degree 
ба, (G) and minimum F- total degree 64, (G). 

3) Ifthe vertex truth membership sequence of G is ofthe 

form (x45, x27 , X33, . . . , Хк *}, vertex indeterminacy 
membership sequence of G is of the form (y47:, y272 , y475, 
‚› Ук * ) and vertex falsity membership sequence of G is of the 
form (z,7, 2272 , 2373, .. ., Zg *} with ry > 1 and k > 2, then 
there exists exactly r, vertices with minimum T- total degree 
6t, (G), maximum I- total degree Д, ‚апа maximum F-total 
degree Atap. Also, there exists exactly rg vertices with 
maximum T- total degree Ашу, (С), minimum I- total degree 
Sta,(G) and minimum F- total degree бы ,(G). 


Proof: The proof of (1) and (2) are obvious. 3 Let v be 
the set of vertices in G, forj = 1, 2,3,...,7,,1 €i £k. Then 
by the Theorem3.31 


tdr(v)-6,4, (G)-n.T 7. ху, 

td, (vj apg, (G)- n.Ij7n. уу, and 

tae G4 Beas б)” n.F7n. 21,, forj2 1,2, 3,..,% 
Since Te? ve) = Te? mx, for 2<i<k, j= 1, 2, 3,. 


itis d = 1,2, 3,. т, по vertex with truth membership 
more than x, can have degree Stap(G), 


(vv )= Ки?) « y, for2<i<k,j=1,2,3,..., 
Ha ==, 2 3, ‚+, no vertex with indeterminacy 


membership less than y, can have degree Ata, (G) 


And Fw, v®)= FP) <2 fr 2 <i=k,j=1,2,3,. 


Viti 
na bog l—,2.3 -> Туу, no vertex with falsity 


membership less than z, can have degree А (С). 


Thus, there exist exactly ту vertices with degree беш, (С), 
Ata; (G), Aq (G). 


To prove га (009) Ara, (6), 

14,0009) 76i, (G) and 

td (ve?) “Brag (G), t=1,2,3 .. , Th 

Since, T(t) is maximum vertex truth membership, 
To? vw) = x, t sj, t, j=l, 2, 3, 


Т v) = min ( TH), T2) = THM) for t- 
12,3... 26,971, 2,3,.... 10253... Kel 
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Thus for t= 1,2,3, ..., Tk, 

йт@ у= Xa Xj. Т(®?)+ (y- Dime 

gt v 

= Aug, (G) by Theorem 3.31 

Now, if Yn is vertex such that T,,7 xy. 4 , then 

td rm) 7 DEP Уу Tm vi) + rea Verg a + Tin 
“ЖЕ Ж ЫТ НТ gel ga a 
4 ERE T T a яши фек = E, 

= Au (G) 

Thus, there exist exactly 7, vertices with degree A,4,.(G). 
To prove td, (vi?) = Gig (GS) for t= 1,2, 3,. . ogy 


Since К ps is minimum vertex indeterminacy 
membership, 


Wee eyes t jani AA ows Ke 


ite” pP = тах{ 1009) 5 Iv = Iw) for t= 1, 2, 3, 
п gd hy Ваа Bi 


171,2, 3,..., k-1. 

Thus fort = 1, 2,3, ..., №, 

010000) = DE XL. WO) + Ce Dyr 

irai 

= bra,(G) by Theorem 3.31 

Now, if v, 1s vertex such that „= ур. , then 

ике = У I5, uf )--(&. a- E) OR a € D 
=FR Di duet ee Dia + 
« XE2 X7: Iv) + Xj 4G) + Ce Dy + Is 
z ôta; (G) 

So, there exist exactly 7, vertices with degree бүл (С). 


Similarly, it can be proved that td eo = 6.26). fort = 
ly 2,3. wees Mp 


Since Fow) is minimum vertex falsity membership, 
Fu? uP) =z tzj.tj7L2,3,.. im 


Fv v9» = max{ Fv), FD} = Fv? » fort I, 2, 
З. ons y Peel] ds Duce на a. Boss s keel. 


Thusfort-1,2, 3,..., 7% 
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gx 

= tap lG) by Theorem 3.31 

Now, if Yn is vertex such that E, zy. 4 , then 

td ptm) = УКУ У, Fm 002) + (rg ac Very Fen + En 


-MEPYS FP) De Fe) + (e Dg. + 


& EETX POOF "S Eve) + De +R, 
= Stap(G) 


So, there exist exactly rą vertices with degree 0,4, (G). 


V. CONCLUSION 


In this paper, the idea of strong degree is imposed on the 
existing concepts of degrees in SVNGs. After that, we defined 
the vertex truth-membership, vertex indeterminacy- 
membership and vertex falsity membership sequence in 
SVNG with proofs and suitable examples. In the next 
research, the proposed concepts can be extended to labeling 
neutrosophic graph and also characterize the corresponding 
properties. 
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An Approach to Measuring the Website Quality Based 


on Neutrosophic Sets 
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Darjan Karabasevic 


Dragiša Stanujkic, Florentin Smarandache, Edmundas Kazimieras Zavadskas, Darjan Karabasevié 
(2018). An Approach to Measuring the Website Quality Based on Neutrosophic Sets. New Trends in 
Neutrosophic Theory and Applications Il: 40-50 


ABSTRACT 


Gathering the attitudes of the examined respondents would be very significant in some evaluation models. 
Therefore, an approach to the evaluation of websites based on the use of the neutrosophic set is proposed 
in this paper. An example of websites evaluation is considered at the end of this paper with the aim to 
present in detail the proposed approach. 


KEYWORDS: neutrosophic set; single valued neutrosophic set; website quality; website 
evaluation; multiple criteria decision making. 


1. INTRODUCTION 


A company's website can have a very important role in a competitive environment. It can be used to 
provide information to its customers, collect new and retain old users and so on. 


A website can be visited by various groups of users that could have different requirements, needs and 
interests. In order to assess the quality of a website, it is necessary to obtain as realistic attitudes of its 
visitors about the fulfillment of their expectations and the perceived reality as possible. 


The evaluation of the quality of websites has been considered in numerous studies, for which reason many 
approaches have been proposed. Some of them have been devoted to determining the impact of the website 
quality on customer satisfaction, such as: Al-Manasra ег al. (2016), Bai et al. (2008), Lin (2007) and Kim 
and Stoel (2004). 


Some other studies have been intended to determine the quality of websites and/or define the elements of 
the website that affect its quality, such as: Canziani and Welsh (2016), Salem and Cavlek (2016), Ting et 
al. (2013), Rocha (2012), Chiou et al. (2011) and Kincl and Strach (2012). 


In some of them, the evaluation of websites has been considered as a multiple criteria decision making- 
problem, including the FS theory or its extensions, such as: Stanujkic et al. (2015), Chou and Cheng 
(2012), Kaya and Kahraman (2011), and Kaya (2010). 


It is also known that a significant progress in multiple criteria decision making has been made after Zadeh 
(1965) proposed the Fuzzy Sets (FS) theory, thus introducing partial belonging to a set, expressed by using 
the membership function. 


The FS theory has later been extended in order to provide an effective method for solving many complex 
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decision-making problems, often related to uncertainties and predictions. The Interval-Valued Fuzzy Set 
(IVFS) Theory, proposed by Turksen (1986; 1996) and Gorzalczany (1987), the Intuitionistic Fuzzy Sets 
(IFS) Theory, proposed by Atanassov (1986) and the Interval-Valued Intuitionistic Fuzzy Set (IVIFS) 
Theory, proposed by Atanassov and Gargov (1989), can be mentioned as the prominent and widely used 
extensions of the FS theory. 


In the IFS, Atanassov introduced the non-membership function. Smarandache (1998) proposed the 
Neutrosophic Set (NS) and so further generalized the IFS by introducing the indeterminacy-membership 
function, thus providing a general framework generalizing the concepts of the classical, fuzzy, interval- 
valued fuzzy and intuitionistic fuzzy sets. 


Compared with the FS and its extensions, the NS can be identified as more flexible, for which reason they 
have been chosen in this approach for collecting the respondents’ attitudes. 


Therefore, this manuscript is organized as follows: in Section 2, the NSs are considered and in Section 3, 
the SWARA method is presented. In Section 4, a procedure for evaluating companies’ websites is 
considered and in Section 5, its usability is demonstrated. Finally, the conclusion is given. 


2. PRELIMINARIES 


Definition. Fuzzy sets (FS). Let X be the universe of discourse, with a generic element in X denoted by x. 
Then, the FS A in X is as follows: 


À - (x(u4 Q)) | x e X), (1) 


where: ш, : X — [0.1]is the membership function and р, (x) denotes the degree of the membership of 
the element x in the set A (Zadeh, 1965). 


Definition. Intuitionistic fuzzy set (IFS). Let X be the universe of discourse, with a generic element in X 


denoted by x. Then, the IFS À in X can be defined as follows: 

А={х< uu Q), vA Q) »| x e X), Q) 
where: u(x) and v4(x) are the truth-membership and the falsity-membership functions of the element x 
in the set A, respectively; 14.v4: X [0,1] and 0< w,(x)+v,4(x) <1. 
In intuitionistic fuzzy sets, indeterminacy z4(x)is 1— шд (х) -v4(x) by default (Atanassov, 1986). 


Definition. Neutrosophic set (NS). Let X be the universe of discourse, with a generic element in X 
denoted by x. Then, the NS A in X is as follows: 


A={x<T,(x),1,(x), Fi 2| xe X), (3) 
where T(x), I(x) and F4(x) are the truth-membership function, the indeterminacy-membership function 
and the falsity-membership function, respectively, T,,I4,Fí4: X =>] OTT 
and OXT,Q)-- L4 (x) + Е, (х) <3* (Smarandache, 1999). 


Definition. Single valued neutrosophic set (SV NS). Let X be the universe of discourse. The SVNS A over 
X is an object having the form 


A={x<T,(x),14(4), FAQ) »| x e X), (4) 


where Та(х), а(х) and F4(x) are the truth-membership function, the intermediacy-membership function 
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and the falsity-membership function, respectively, TAI Fa: X [01] 
and OXT4QO +1,(х) + FA(x) <3" (Wang et al., 2010). 

Definition. Single valued neutrosophic number. For the SVNS A in X the triple « £4,i4, fa > is called the 
single valued neutrosophic number (SVNN) (Smarandache, 1999). 

Definition. Basic operations on SVNNs. Let x, =<t,i,,f,> and x,-«15,i5,f;» be two SVNNs, then 


additive and multiplication operations are defined as follows (Smarandache, 1998): 
X t X) =< h t, 10,040, fifa >, (5) 
70 =< titz h +i - bo fi + fa fifa (6) 
Definition. Scalar multiplication. Let x =< t,,i,, f, >be а SVNN and A > 0, then scalar multiplication 
is defined as follows (Smarandache, 1998): 
Ax =<1- (1-4), it, fl>. (7) 
Definition. Power. Let x =<t,,i,, f, >be a SVNN and A > 0, then power is defined as follows: 
aped a ASS FY >. (8) 


Definition. Score function. Let X =<t,,i,, f, > be a SVNN, then the score function sx of x can be as 
follows: 

5,7 (0 41,-2i, £72, (9) 
where s, e[-LI] (Smarandache, 1998). 
Definition. Accuracy function. Let x =< t,,i,, f, > be a SVNN, then the score function 5, of x can be as 
follows: 
where л, €[0,1] (Smarandache, 1998). 


Definition. Ranking based on score and accuracy functions. Let x; and хә be two SVNNs. Then, the 
ranking method can be defined as follows (Mondal & Pramanik, 2014): 


(1) If $a > Sx, then xi? x2; 
(2) If sx = sand Л, > Луо, then xı > x». 


Definition. Single Valued Neutrosophic Weighted Average Operator. Let A, =<t,,i,;,f; > be a 


collection of SVNSs and W = (Wy, W25. W4)7 is an associated weighting vector. Then, the Single Valued 
Neutrosophic Weighted Average (SVNW A) operator of A; is as follows (Sahin, 2014): 


SVNWA(A,, А,,...,А,) = УА, =|1- Па-г)“, Поз", Пор" J (11) 
j= j= j= j= 


where: w; is the element j of the weighting vector, w, €[0,1] and 57 4w; =1. 
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3. The SWARA Method 

The Step-wise Weight Assessment Ratio Analysis (SWARA) technique was proposed by Kersuliene et al. 
(2010). The computational procedure of the adapted SWARA method can be shown through the 
following steps (Kersuliene ег al., 2010; Stanujkic et al., 2015): 

Step 1. Determine the set of the relevant evaluation criteria and sort them in descending order, based on 
their expected significances. 

Step 2. Starting from the second criterion, determine the relative importance 5; of the criterion j (Cj) in 
relation to the previous j-1 Су. criterion, and do so for each particular criterion as follows: 


>1 when significance of C; > Cj , 
$;—4 1 when significanse of C; 2C; |. (12) 
<1 when significance of C; <C; 


where C; and С; denote criteria. 


Using Eq. (11) respondents can more realistically express their opinions compared to the ordinary 
SWARA method, proposed by Kersuliene et al. (2010). 


Step 3. The third step in the adapted SWARA method should be performed as follows: 


Bis: er 13 
PS |2—5, g-1 Wo 


where k; is a coefficient. 
Step 4. Determine the recalculated weight q; as follows: 


1 dud 
4; = qj- č 


J 


Step 5. Determine the relative weights of the evaluation criteria as follows: 
HE UN (15) 


where у; denotes the relative weight of the criterion j. 


4. PROCEDURE FOR EVALUATING WEBSITES BASED ON THE SINGLE VALUED 
NEUTROSOPHIC SET AND THE SWARA METHOD 
In their studies, many authors have identified different phases in the multiple criteria decision-making 
process. In order to precisely define the procedures for evaluating websites, the below phases have 
specially been emphasized: 

— the selection of evaluation criteria 

— the determination of the weights of the criteria 

— the evaluation of alternatives in relation to the criteria 

— the aggregation and analysis of the results 

Selection of Evaluation Criteria 
The choice of an appropriate set of the evaluation selection criteria is very important for the successful 
solving of each MCDM problem. 
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In many published studies, a number of authors have proposed different criteria for the evaluation of 
various websites. For example, Kapoun (1998) has proposed the use of the following criteria: Accuracy, 
Authority, Objectivity, Currency and Coverage. After that, Lydia (2009) has proposed Authority, 
Accuracy, Objectivity, Currency, Coverage and Appearance for evaluating the quality of a website. For 
the evaluation of | websites at the California State University at Chico 
(http://www.csuchico.edu/lins/handouts/eval_websites.pdf), the so-called CRAAP test, based on the 
following criteria: Currency, Relevance, Authority, Accuracy and Purpose, has been proposed. 


ш this approach, the proven set of the criteria adopted from the Webby Awards 
(http://webbyawards.com/judging-criteria/) is proposed for the evaluation of the quality of websites. This 
set of the evaluation criteria is as follows: 

— Content (C1), 

— Structure and Navigation (С), 

— Visual Design (Сз), 

— Interactivity (C4), 

— Functionality (Cs) and 

— Overall Experience (C6). 

The meaning of the proposed evaluation criteria is as follows: 

— Content. The content is the information provided on the website. It is not just a text, but also 
music, a sound, an animation or a video — anything that communicates the website’s body of 
knowledge. 

— Structure and Navigation. The structure and navigation refer to the framework of a website, 
the organization of the content, the prioritization of information and the method in which you 
move through the website. Websites with the good structure and navigation are consistent, 
intuitive, and transparent. 

— Visual Design. A visual design is the appearance of a website. It is more than just a pretty 
homepage and it does not have to be cutting-edge or trendy. A good visual design is high- 
quality, appropriate and relevant for the audience and the message it is supportive of. It 
communicates a visual experience and may even take your breath away. 

— Interactivity. Interactivity is the way a site allows a user to perform an action. Good 
interactivity refers to providing opportunities for users to personalize their search and find 
information or perform some action more easily and efficiently. 

— Functionality. Functionality is the use of technology on a website. Good functionality means 
that a website works well. It loads quickly, has live links and any new technology that has 
been used is functional and relevant for the intended audience. 

— Overall Experience. Demonstrating that websites are frequently more or less than just the sum 
of their parts, overall experience encompasses the content, a visual design, functionality, 
interactivity and the structure and navigation, but also includes the intangibles that make one 
stay on the website or leave it. 

Determination of the Weights of the Criteria 


In this approach, the SWARA method is used for determining the weights of the criteria. The SWARA 
method has been chosen because it is relatively simple to use and requires a relatively small number of 
comparisons in pairs. 


The determination of the weights of the criteria is done by using an interactive questionnaire made in a 
spreadsheet file. By using such an approach, the interviewee can see the calculated weights of the criteria 
and can also modify his/her answers if he or she is not satisfied with the calculated weights. 


Evaluation of Alternatives in Relation to the Evaluation Criteria 
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In this phase, there are several sub-phases that can be identified. 


The evaluation of alternatives in relation to the chosen set of the criteria is also done by using an 
interactive questionnaire made in a spreadsheet file. 


For each criterion, declarative sentences are formed. The respondents have a possibility to fill in their 
attitudes about the degree of truth, indeterminacy and the falsehood of the statement. 
For the sake of simplicity, the respondents fill in their attitudes in the percentage form, which are later 
transformed into the corresponding numbers in [0,1] intervals. 

For completing the questionnaire, it is necessary that between 30 and 90 fields should be filled in, which 
can be dissuasive for a significant number of respondents. However, this approach can be good because it 
can distract uninterested respondents from completing the questionnaire, thus reducing the number of the 
completed questionnaires with incorrect information. 
In addition, the Overall Experience criterion has also been used to assess the validity of the data entered. 
Aggregation and Analysis of Results 
In the Aggregation and Analysis phase, several components, sub-phases, could be identified, such as: 

— the determination of the overall ratings and the ranking order of the considered alternatives, 

— the assessment of the validity of the data in the completed questionnaire and 

— the determination of the overall group ratings and the ranking order of the considered 

alternatives etc. 

The first of them — the determination of the overall ratings — is mandatory, whereas the others are 
optional. 


The determination of the overall ratings and the ranking order of the considered alternatives. The process 
of assessing the determination of the overall ratings and the ranking order could be shown through the 
following steps: 
— the calculation of the overall single valued neutrosophic ratings of the alternatives by using 
the SVNWA operator based on the values of the criteria Ci-Cs; 
— the calculation of the score function by using Eq. (9) for each alternative; and 
— the sorting of the considered alternatives based on the values of the score function and the 
determination of the best one. The alternative with the highest value of the score function is 
the best one. 
The assessment of the validity of the data in the completed questionnaire. The Overall Experience 
criterion is omitted from the calculation of the overall single valued neutrosophic ratings because it plays 
a special role in the proposed approach. More precisely, the ratings filled in for this criterion are used to 
assess the validity of the data in the completed questionnaire. 


The process of assessing the validity of the data could be accounted for through the following steps: 
— Calculate the value of the score function based on the ratings of the Overall Experience 
criterion, and do so for each alternative. 
— Determine the ranking order of the alternatives based on the value of the score function. 
— Calculate the correlation coefficient between the ranking order obtained based on C\-Cs and 
the ranking order obtained based on the Overall Experience criterion. 


Based on the value of the correlation coefficient, the questionnaire could be either accepted or rejected. 
The determination of the overall group ratings and the ranking order of the considered alternatives. In 
the case of real examinations, when more than one respondent is involved in the evaluation, it is 
necessary to determine the overall group ratings, and based on them the final ranking order of the 
alternatives. 
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The process of determining the overall group ratings and the final ranking order of the alternatives is as 
follows: 
— the calculation of the overall group ratings by using the SVNWA operator, based on the 
overall ratings; 
— the calculation of the score function of the overall group rating by using Eq. (9) for each 
alternative, and 
— the sorting of the considered alternatives based on the values of the score function and the 
determination of the best one. The alternative with the highest value of the score function is 
the best one. 


5. A NUMERICAL ILLUSTRATION 


In this numerical illustration, one case of selecting websites is considered. The initial set of the 
alternatives has been formed based on the keyword “vinarija”, which is the Serbian word for a “winery”, 
in the Google search engine. 


The list of eight top placed websites is as follows: 


= Vinarija Zvonko Bogdan - http://www.vinarijazvonkobogdan.com/ 
— Vinarija Coka - http://www.vinarijacoka.rs/ 
= Vinarija Dulka - http://www.dulka-vinarija.com/ 


— Vinarija Milosavljevic - http://www.vinarija-milosavljevic.com/ 
— Vinarija Kis - http://www.vinarijakis.com/ 

= Vinarija Vink - http://www.dobrovino.com/ 

— Vinarija Matalj - http://www.mataljvinarija.rs/ 

= Vinarija Aleksandrovic - http://www.vinarijaaleksandrovic.rs/ 


From the above, a set of five alternatives has been formed, denoted A, to As. 


The survey has been conducted by email, with the aim to collect the attitudes from the respondents 
regarding the significance of the criteria and the ratings of the alternatives. 

The interactive questionnaire made in the spreadsheet was used for attitudes gathering, so the participants 
had an opportunity to see the results and possibly change their own attitudes. 

The attitudes obtained from the first of the three examinees are given in Table 1, which also accounts for 
the weights of the criteria calculated based on the examinees' responses. 


Table 1: The responses and weights of the criteria obtained from one of the evaluated 
respondents 


Criteria Sj kj di Wj 

C; | Content 1 1 0.22 
C» | Structure and Navigation | 0.90 | 1.10 | 0.91 0.20 
C3 | Visual Design 1.20 | 0.80 | 1.14 0.25 
C4 | Interactivity 0.60 | 1.40 | 0.81 0.18 
Cs | Functionality 0.90 | 1.10 | 0.74 0.16 


The attitudes obtained from the three examinees, as well as the appropriate weights, are presented in 
Table 2 as well. 
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Table 2: The attitudes and weights obtained from the three examinees 


E E E 
Sj Wj Sj Wj Sj Wj 
Ci 0.22 0.20 0.20 
C2 | 0.90 | 0.20 | 1.10 | 0.22 | 1.00 | 0.20 
C; | 1.20 | 0.25 | 1.10 | 0.25 | 1.10 | 0.22 
C4 | 0.60 | 0.18 | 0.60 | 0.18 | 0.90 | 0.20 
Cs | 0.90 | 0.16 | 0.90 | 0.16 | 0.90 | 0.18 
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The following are the responses obtained from the three examinees regarding the evaluation of the 


Websites. 


Table 3: The ratings obtained from the first of the three examinees 


Ci C2 C3 C4 Cs Ce 
Ai | <1.0,0.0,0.0> | <1.0,0.2,0.0> | <1.0,0.0,0.0> | <0.7,0.3,0.0> | «0.802,02» | <0.9,0.1, 0.1> 
A» | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <0.6,0.0,0.2> | <1.0,0.0,0.0> | <0.7, 0.0, 0.0> 
Аз | <0.9,0.0,0.0> | <0.9,0.0,0.0> | <0.7,0.2,0.3> | <0.5,0.0,0.0> | <0.9,0.0,0.0> | <0.7, 2.0, 2.0> 
Aa | <0.7,0.0,0.3> | <0.7,0.3,0.3> | <0.6,0.4,0.2> | <0.4,0.0,0.0> | <0.9,0.0,0.0> | <0.5, 0.0, 0.25 
As | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <0.7,0.0,0.2> | <1.0,0.0,0.0> | <0.9, 0.0, 0.25 
Table 4: The ratings obtained from the second of the three examinees 

Ci C2 C3 C4 Cs Ce 
Ai | <0.8,0.2,0.2> | <1.0,0.0,0.0> | <0.7,0.3,0.1> |«0.7,03,02» |«10,00,00» | «0.8,0.1, 0.1» 
A» | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <0.6,0.0,0.2> | <1.0,0.0,0.0> | <1.0, 0.1, 0.1> 
As | <0.7,0.3,0.2> | <0.9,0.0,0.0> | <0.7,0.2,0.3> | <0.5,0.0,0.0> | <0.9,0.0,0.0> | <0.7, 0.2, 0.2> 
Aa | <0.7,0.0,0.3> | <0.7,0.3,0.3> | <0.6,0.4,0.2> | <0.4,0.0,0.0> | <0.9,0.0,0.0> | <0.5, 0.1, 0.25 
As | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <0.7,0.0,0.2> | <1.0,0.0,0.0> | <0.9, 0.0, 0.0> 
Table 5: The ratings obtained from the third of the three examinees 

Ci C2 C3 C4 Cs Ce 
Ai | <0.9,1.0,1.0> |«09,00,02» | <1.0,0.0,1.0> | «0.703,02» | <1.0,0.0,0.0> | <0.9, 0.0, 0.1» 
A» | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <0.6,0.0,0.2> | <1.0,0.0,0.0> | <1.0,0.1, 0.1» 
Аз | <0.6,0.3,0.2> | <0.9,0.0,0.0> | «0.5,02,0.3» | <0.5,0.3,0.3> | <0.9,0.3,04> | <0.7, 0.0, 0.0» 
Аз | <0.6,0.0,0.3> | «0.5,03,04» | <0.4,0.4,0.2> | <0.4,0.0,0.0> | <0.9,0.3,0.3> | <0.7, 0.0, 02» 
As | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <1.0,0.0,0.0> | <0.7,0.0,0.2> | <1.0,0.0,0.0> | <0.9, 0.0, 0.0» 


The remaining part of the evaluation process is explained on the first of the three examinees. 
The overall SVNN ratings calculated by using the SVNWA, i.e. by using Eq. (11), are shown in Table 4. 


The ranking order obtained based on the values of the score function, calculated by using Eq 
presented in table 6. 


The ranking order obtained based on the Overall Experience criterion is given in table 6, too. 
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Table 6: The ranking orders obtained on the basis of the ratings of the first of the three 
examinees 


С\- Cs Score Rank Cs Score Rank 


Ai | «1.000, 0.006, 0.000» | 0.9936 3 «0.9, 0.1, 0.1» 0.80 


A2 | «1.000, 0.000, 0.000» | 0.9997 «0.7, 0.0, 0.0» 0.85 


A4 | «0.695, 0.004, 0.018» | 0.8345 «0.5, 0.0, 0.2» 0.65 


1 

As | «0.826, 0.001, 0.001> 0.9118 4 «0.7, 2.0, 2.0> -2.15 
5 
1 


— BR] Nn] мо 


As | «1.000, 0.000, 0.000» | 0.9997 «0.9, 0.0, 0.2» 0.85 


The Pearson correlation coefficient between the two ranking orders, shown in Table 6, is 0.884, which is 
indicative of the fact that the data in the questionnaire are valid. 


The ranking orders obtained from the three examinees obtained based on the ratings of the criteria С to 
C5 are shown in Table 7. 


Table 7: The ranking orders obtained from the three examinees 


I II II 


Score | Rank | Score | Rank | Score | Rank 


Ai | 0.99 3 0.98 3 0.93 3 


A2 | 1.00 1 1.00 1 1.00 1 


A3 | 0.91 4 0.88 4 0.78 4 
A4 | 0.83 5 0.83 5 0.75 5 
As | 1.00 1 1.00 1 1.00 1 
R 0.884 0.884 0.795 


The correlation coefficients are also accounted for in Table 7. 


The obtained correlation coefficients indicate that there is no significant difference between the ranking 
orders obtained based on the criteria Cı to Cs and the Overall Experience criterion, which is indicative of 
the fact that the data in the selected questionnaires are valid. 


CONCLUSION 


Obtaining a realistic attitude by surveying could often be related to some difficulties, when the data 
collected in such a manner are then further used in multiple criteria decision making. 


There are two opposite possibilities. The first one is using a greater number of criteria, often organized 
into two or more hierarchical levels. Such an approach should lead to the formation of accurate models. 
However, an increase in the number of criteria could lead to the creation of complex questionnaires, 
which could have a negative impact on the examinee's response as well as on the verisimilitude of the 
collected data. 


Opposite to the previously said, the usage of a smaller number of criteria could have a positive impact on 
the collection of data, i.e. respondents’ attitudes, on the one hand, but could also lead to the creation of 
less precise decision-making models, on the other. 

The neutrosophic set, or more precisely single valued neutrosophic numbers, could be an adequate basis 
for collecting the examinee's attitudes by using a smaller number of criteria without losing precision. 

By combining the SWARA method, in order to determine the importance of criteria, on the one hand, and 
Single Valued Neutrosophic Numbers, in order to acquire respondents' attitudes, on the other, effective 
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and easy-to-use multiple criteria decision-making models can be created, as has been shown in the 
considered numerical illustration. 
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ABSTRACT 


In this study, we give some concepts concerning the neutrosophic sets, single valued neutrosophic sets, interval-valued 
neutrosophic sets, bipolar neutrosophic sets, neutrosophic hesitant fuzzy sets, inter-valued neutrosophic hesitant fuzzy 
sets, refined neutrosophic sets, bipolar neutrosophic refined sets, multi-valued neutrosophic sets, simplified 
neutrosophic linguistic sets, neutrosophic over/off/under sets, rough neutrosophic sets, rough bipolar neutrosophic 
sets, rough neutrosophic hyper-complex set, and their basic operations. Then we introduce triangular neutrosophic 
numbers, trapezoidal neutrosophic fuzzy number and their basic operations. Also some comparative studies between 
the existing neutrosophic sets and neutrosophic number are provided. 


KEYWORDS: Neutrosophic sets (NSs), Single valued neutrosophic sets (SVNSs), Interval-valued 
neutrosophic sets (IVNSs), Bipolar neutrosophic sets (BNSs), Neutrosophic hesitant fuzzy sets 
(NHFSs), Interval valued neutrosophic hesitant fuzzy sets (IVNHFSs), Refined neutrosophic sets 
(RNSs), Bipolar neutrosophic refined sets (BNRSs), Multi-valued neutrosophic sets (MVNSs), 
Simplified neutrosophic linguistic sets, Neutrosophic numbers, Neutrosophic over/off/under sets, 
Rough neutrosophic sets, Bipolar rough neutrosophic sets, Rough neutrosophic sets, Bipolar 
rough neutrosophic sets, Rough neutrosophic hyper-complex set 


1. INTRODUCTION 


The concept of fuzzy sets was introduced by L. Zadeh (1965). Since then the fuzzy sets and fuzzy logic are 
used widely in many applications involving uncertainty. But it is observed that there still remain some 
situations which cannot be covered by fuzzy sets and so the concept of interval valued fuzzy sets (Zadeh, 
1975) came into force to capture those situations, Although Fuzzy set theory is very successful in handling 
uncertainties arising from vagueness or partial belongingness of an element in a set, it cannot model all 
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sorts of uncertainties prevailing in different real physical problems such as problems involving incomplete 
information. Further generalization of the fuzzy set was made by Atanassov (1986), which is known as 
intuitionistic fuzzy sets (IFs). In IFS, instead of one membership grade, there is also a non-membership 
grade attached with each element. Further there is a restriction that the sum of these two grades is less or 
equal to unity. The conception of IFS can be viewed as an appropriate/ alternative approach in case where 
available information is not sufficient to define the impreciseness by the conventional fuzzy sets. Later on 
intuitionistic fuzzy sets were extended to interval valued intuitionistic fuzzy sets (Atanassov & Gargov, 
1989). Neutrosophic sets (NSs) proposed by (Smarandache, 1998, 1999, 2002, 2005, 2006, 2010) which is 
a generalization of fuzzy sets and intuitionistic fuzzy set, is a powerful tool to deal with incomplete, 
indeterminate and inconsistent information which exist in the real world. Neutrosophic sets are 
characterized by truth membership function (T), indeterminacy membership function (I) and falsity 
membership function (F). This theory is very important in many application areas since indeterminacy is 
quantified explicitly and the truth membership function, indeterminacy membership function and falsity 
membership functions are independent. Wang, Smarandache, Zhang, & Sunderraman (2010) introduced 
the concept of single valued neutrosophic set. The single-valued neutrosophic set can independently express 
truth-membership degree, indeterminacy-membership degree and falsity-membership degree and deals 
with incomplete, indeterminate and inconsistent information. All the factors described by the single-valued 
neutrosophic set are very suitable for human thinking due to the imperfection of knowledge that human 
receives or observes from the external world. 


Single valued neutrosophic set has been developing rapidly due to its wide range of theoretical elegance 
and application areas; see for examples (Sodenkamp, 2013; Kharal, 2014; Broumi & Smarandache, 2014; 
Broumi & Smarandache, 2013; Hai-Long, Zhi-Lian, Yanhong, & Xiuwu, 2016; Biswas, Pramanik, & Giri, 
2016a, 2016b, 2016c; 2017; Ye, 2014a, 2014b, 2014c, 2015a, 2016). 

Wang, Smarandache, Zhang, & Sunderraman (2005) proposed the concept of interval neutrosophic set 
(INS) which is an extension of neutrosophic set. The interval neutrosophic set (INS) can represent uncertain, 
imprecise, incomplete and inconsistent information which exists in real world. 

Single valued neutrosophic number is an extension of fuzzy numbers and intuitionistic fuzzy numbers. 
Single valued fuzzy number is a special case of single valued neutrosophic set and is of importance for 
decision making problems. Ye (2015b) and Biswas, Pramanik, and Giri (2014) studied the concept of 
trapezoidal neutrosophic fuzzy number as a generalized representation of trapezoidal fuzzy numbers, 
trapezoidal intuitionistic fuzzy numbers, triangular fuzzy numbers and triangular intuitionistic fuzzy 
numbers and applied them for dealing with multi-attribute decision making (MADM) problems. Deli & 
Subas (2017) and Biswas et al. (2016b) studied the ranking of single valued neutrosophic trapezoidal 
numbers and applied the concept to solve MADM problems. Liang, Wang, & Zhang (2017) presented a 
multi-criteria decision-making method based on single-valued trapezoidal neutrosophic preference 
relations with complete weight information. 


Ye (2014b) proposed the concept of single valued neutrosophic hesitant fuzzy sets (SVNHFS). As a 
combination of hesitant fuzzy sets (HFS) and singled valued neutrosophic sets (SVNs), the single valued 
neutrosophic hesitant fuzzy set (SVNHF) is an important concept to handle uncertainty and vague 
information existing in real life which consists of three membership functions and encompass the fuzzy set 
(FS), intuitionistic fuzzy sets (IFS), hesitant fuzzy set (HFs), dual hesitant fuzzy set (DHFs) and single 
valued neutrosophic set (SVNS). Theoretical development and applications of such concepts can be found 
in (Wang & L1, 2016; Ye, 2016). Peng, Wang, Wu, Wang, & Chen, 2014; Peng &Wang, 2015) introduced 
the concept of multi-valued neutrosophic set as a new branch of NSs which is the same concept of 
neutrosophic hesitant fuzzy set. Multi-valued neutrosophic sets can be applied in addressing problems with 
uncertain, imprecise, incomplete and inconsistent information existing in real scientific and engineering 
applications. 


Tian, Wang, Zhang, Chen, & Wang (2016) defined the concept of simplified neutrosophic linguistic sets 
which combine the concept of simplified neutrosophic sets and linguistic term sets. Simplified neutrosophic 
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linguistic sets have enabled great progress in describing linguistic information to some extent. It may be 
considered to be an innovative construct. 


Deli, Ali, and Smarandache (2015a) defined the concept of bipolar neutrosophic set and its score, certainty 
and accuracy functions. In the same study, Deli et al. (2015a) proposed the A,, and G,, operators to 
aggregate the bipolar neutrosophic information. Furthermore, based on the Ay and Gy operators and the 
Score, certainty and accuracy functions, Deli et al. (2015a) developed a bipolar neutrosophic multiple 
criteria decision-making approach, in which the evaluation values of alternatives on the attributes assume 
the form of bipolar neutrosophic numbers. Some theoretical and applications using bipolar neutrosophic 
sets are studied by several authors (Uluçay, Deli, & Sahin,2016; Dey, Pramanik, & Giri, 2016a; Pramanik, 
Dey, Giri, & Smarandache, 2017;). 


Maji (2013) defined neutrosophic soft set. The development of decision making algorithms using 
neutrosophic soft set theory has been reported in the literature (Deli & Broumi, 2015; Dey, Pramanik, & 
Giri, 2015, 2016b, 2016c; Pramanik & Dalapati (2016), Das, Kumar, Kar, & Pal, 2017). 


Broumi, Smarandache, and Dhar (2014a, 2014b) defined rough neutrosophic set and proved its basic 
properties. Some theoretical advancement and applications have been reported in the literature (Mondal & 
Pramanik, 2014, 2015a, 2015b, 2015c, 2015d, 2015e, 2015f, 2015g, 2015h); Mondal, Pramanik, and 
Smarandache (2016a, 2016b, 2016c, 2016d); Pramanik & Mondal (2015a, 2015b, 2015c); Pramanik, Roy, 
Roy, &Smarandache (2017); Pramanik, Roy, & Roy (2017). 


Ali, Deli, and Smarandache (2016) and Jun, Smarandache, and Kim (2017) proposed neutrosophic cubic 
set by extending the concept of cubic set. Some studies in neutrosophic cubic set environment have been 
reported in the literature (Banerjee, Giri, Pramanik, & Smarandache (2017); Pramanik, Dey, Giri, & 
Smarandache (2017b); Pramanik, Dalapati, Alam, & Roy (20172, 2017b); Pramanik, Dalapati, Alam, Roy 
& Smarandache (2017); Ye (2017); Lu & Ye (2017). 


Another extension of neutrosophic set namely, neutrosophic refined set and its appilication was studied by 
several researchers ( Deli, Broumi, & Smarandache, 2015b; Broumi & Smarandache, 2014b; Broumi,& 
Deli,2014;. Ulugay, Deli, & Sahin, 2016, Pramanik, S., Banerjee, D., & Giri, 2016a, 2016b; Mondal & 
Pramanik, 2015h, 20151.; Ye & Smarandache, 2016., Chen, Ye, & Du, 2017). 


Later on, several extensions of neutrosophic set have been proposed in the literature by researchers to deal 
with different type of problems such as bipolar neutrosophic refined sets (Deli & Subas, 2016), tri-complex 
rough neutrosophic set (Mondal & Pramanik, 2015g), rough neutrosophic hyper-complex set (Mondal, 
Pramanik & Smarandache, 20160), rough bipolar neutrosophic set.(Pramanik a& Mondal, 2016) simplified 
neutrosophic linguistic sets (SNLS) (Tian, Wang, Zhang, Chen, & Wang, 2016), quadripartitioned single 
valued neutrosophic sets (Chatterjee, Majumdar, Samanta, 2016). Smarandache (2016a. 2016b) proposed 
new version of neutrosophic such as neutrosophic off/under/over sets. To have a glimpse of new trends 
of neutrosophic theory and applications, readers can see the latest editorial book (Smarandache & Pramanik, 
2016). Interested readers can find a variety of applications of single valued neutrosophic sets and their 
hybrid extensions in the website of the Journal “Neutrosophic Sets and Systems" namely, 
http://fs.gallup.unm.edu/nss. 


BASIC AND FUNDAMENTAL CONCEPTS 
2.1. Neutrosophic sets (Smarandache, 1998) 


Let ё be the universe. A neutrosophic set (NS) A in £ is characterized by a truth membership function T}, 


an indeterminacy membership function /, and a falsity membership function F where T,,/,and F’,are 
real standard elements of [0,1]. It can be written as 


399 


Florentin Smarandache (author and editor) Collected Papers, VIII 


А= («x (T GIG) FG) xe £,7,,1,,F, e | 0,1'| } 


There is no restriction on the sum of Г, (х), Z; (x)and F, (х) and so 0. € T, (x) - 1,(x) + F,(x) €3* 


2.2 Single valued neutrosophic sets (Wang et al., 2010) 
Let X be a space of points (objects) with generic elements in € denoted by x. A single valued neutrosophic 
set A (SVNS ) is characterized by truth-membership function T, (x) , ап indeterminacy-membership 
function / ,(x), and a falsity-membership function F (x). For each point x in £,T,(x), /,(х), Е,(х) 
€[0, 1]. A SVNS A can be written as 

A= («x D(x), Lx), Е.) >, хе 3} 


2.3 Interval valued neutrosophic sets (Wang et al., 2005) 


Let ё be a space of points (objects) with generic elements in X denoted by x. An interval valued 
neutrosophic set А (ГУМ A) is characterized by an interval truth-membership function T, (x) = [Т УГ A 
, an interval indeterminacy-membership function / ,(x) = | I bol: and an interval falsity-membership 
function F,(x) = DEEST] . For each point x € X T, (х), Lœ), F,(x) c [0, 1]. An IVNS A can be 


written as 
A= {<x: T, (x), F,(x), F,(x)>,x e ë} 


Numerical Example: Assume that X = {X,,xX,,X;}, X; is capability, X, trustworthiness, X, price. The 


values of X; , X, and X, are in [0,1]. They are obtained from questionnaire of some domain experts and the 


result can be obtained as the degree of good, degree of indeterminacy and the degree of poor. Then an 
interval neutrosophic set can be obtained as 


< x,,[0.5,0.3],[0.1,0.6],[0.4, 0.2] >, 
А= 4« x,,[0.3,0.2],[0.4,0.3], [0.4,0.5] >, 
< x,,[0.6,0.3],[0.4, 0.1], [0.5,0.4] > 


2.3 Bipolar neutrosophic sets (Deli et al., 2015) 


A bipolar neutrosophic set A in ¢ is defined as an object of the form 


A={<x, T?(x), I?(x), F^(x) ,T"G), D (x), F"(x) >: x e£), where 7”, 1?,F?:&€— [1, 0] and т", I”, 
Е": [-1, 0] Тһе positive membership degree T? (x), I” (x), F"(x) denote the truth membership, 
indeterminate membership and false membership of an element €¢ corresponding to a bipolar 


neutrosophic set A and the negative membership degree T” (x), /" (x), F” (x) denotes the truth membership, 


indeterminate membership and false membership of an element € £ to some implicit counter-property 
corresponding to a bipolar neutrosophic set А. 
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An empty bipolar neutrosophic set А =< T/^, I? F^, T; 1", Б" > is defined as T? = 0,1? 20, F7 =1 and 
T" =-1,1" =0,F" =0. 


Numerical Example: Let X = {x,,x,,x,}then 


< x,,0.5, 0.3, 0.1,—0.6, —0.4,—0.01 >, 
A= 4« x,,0.3,0.2,0.4, —0.03, -0.004, –0.05 >, 
< x;,0.6, 0.5, 0.4,—0.1, -0.5, —0.004 > 


is a bipolar neutrosophic number. 


2.4 Neutrosophich hesitant fuzzy set (Ye, 2014) 


Let €be a non-empty fixed set, a neutrosophic hesitant fuzzy set (NHFS) on X is expressed Бу: М = 
{(x, E(x), ix), РО) |х € E}, where E(x) = {VIF E E(x)},i(x) = {E| є tx) fandf (x) = {őő є 
f (x)} are three sets with some values in interval [0,1], which represents the possible truth-membership 
hesitant degrees,indeterminacy-membership hesitant degrees, and falsity-membership hesitant degrees of 
the element x € € to the set N , and satisfies these limits : 

y € [0,1], 6 € [0,1], 0 € [0,1Jand 0 € supy* + supó* + supó* < 3 


wheref* = Uzer) тах{ў},6* = Uzer max{ő} and 9* = Uder) max(8) forx € X. 
Then = E, i(x), f (х)} is called а neutrosophic hesitant fuzzy element (NHFE) which is the 
basic unit of the NHFS and is denoted by the symbol fi — {é, i f |е 

2.5 Interval neutrosophic hesitant fuzzy set (Ye, 2016) 

Let ё be a fixed set, an INHFS on ё is defined as 

N- {(х, t(x), i(x), fx E ғ}. 


Here £(x), (x) апаў (x) are sets of some different interval values in [0, 1], representing ће possible truth- 
membership hesitant degrees, indeterminacy-membership hesitant degrees, and falsity-membership 
hesitant degrees of the element x € & to the set N, respectively. Then f(x) reads (x) = (fly € 
t(x)}, where ў = [74,7] is an interval number, y^ = infy and ў” = ѕирӯ represent the lower and 
upper limits of y, respectively; I(x) reads i(x) = (ó ló € E(x)}, whered = [54,6 | is an interval number, 
à" = inf апі 5” = supé represent the lower and upper limits of ô, respectively;f(x) reads f(x) = 
{9|9 Є Ё(х)}, whered = [9,97] is an interval number, 9“ = inf and 9" = supórepresent the lower 
and upper limits of 2, respectively. Hence, there is the condition 


0 < supy* + supó* + supd* < 3 
where? = Uvex) max{7}, d+ = Uzer) max{ő} andó* = Оет) тах{д} forx € X. 


For convenience, M = {t (х), (х), f (х)} is called an interval neutrosophic hesitant fuzzy element (INHFE), 
which is denoted by the simplified symbol ñ = (£ i, f}. 
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2.6 Multi-valued neutrosophic sets (Wang & Li, 2015; Peng & Wang, 2015) 


Let X be a space of points (objects) with generic elements in X denoted by x, then multi-valued 
neutrosophic sets A in X is characterized by a truth-membership function T,(x) , a indeterminacy- 


membership function 7 a(x), and a falsity-membership function F Ох). Multi-valued neutrosophic sets 
can be defined as the following form: 


A - (o T GT G0). А.о) ке Х}, 


where Т О) e [0.1] . I a(x) €[0, 1], F (X) €[0,1], are sets of finite discrete values, and satisfies the 
condition 0€ y, £x1, OS 7 4g +E €x3,y eT (x) mel (х), £e FG), y^ -supT (х), 
n* =зирЇ a(x), 4. =sup Ё Оо). For the sake of simplicity, А = (T wes pF p is called as multi-valued 


neutrosophic number. 


If T. (x) ‚1 400 . Ё 4(X) has only one value, the multi-valued neutrosophic sets is single valued 
neutrosophic sets. If Т (х) = O , the multi-valued neutrosophic sets is double hesitant fuzzy sets. If 


T "x)= F (X) = Ø , the multi-valued neutrosophic sets is hesitant fuzzy sets. 


Numerical example: Investment company have four options (to invest): the car company, the food 
company, the computer company, and the arms company, and it considers three criteria: the risk control 
capability, the growth potential, and the environmental impact. Then the decision matrix based on the multi- 
valued neutrosophic numbers is R. 


{0.4, 0.5}, {0.2}, {0.3}) ({0.4}, {0.2, 0.3}, {0.3}) — (10.2), {0.2}, {0.5}) 
pe {0.6}, {0.1,0.2},{0.2}) (40.63, {0.1}, {£0.2}) — ((0.5),(0.2),(0.1,0.2)) 
{0.3, 0.4}, {0.2}, {0.3})  ({0.5}, {0.2}, {0.3}) ({0.5}, {0.2, 0.3}, {0.2}) | 
) 


{0.7}, {0.1,0.2},{0.1})  ({0.6}, {0.2}, {0.3}) ({0.4}, {0.3}, {0.2}) 


ШМ — — — 


2.7 Neutrosophic overset/ underset/offset (Smarandache, 2016a) 


2.7.1. Definition of neutrosophic overset: Leté bea universe of discourse and 
the neutrosophic set AC £. Let TA(x), 1д(х),Ед(х) be the functions that describe the degree of 
membership, indterminate membership and non-membership respectively of a generic element x € ё with 
respect to the neutrosophic set A. A neutrosophic overset (NOVs) A on the universe of discourse £ is 
defined as: 


A={(x, Та (x), Ід (х), Ед (х)), х € € and T(x), I(x), F(x) € [0,0 ]}, where 


T(x), I(x), F(X): € > [0,0], 0<1<Qand О is called over limit. Then there exist at least one element in 
A such that it has at least one neutrosophic component > 1, and no element has neutrosophic component « 
0. 
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2.7.2 Definition of neutrosophic underset: Leté be a universe of discourse and 
the neutrosophic set AC £. Let Та (х), 14 (х), FA(x) be the functions that describe the degree of 
membership, indterminate membership and non-membership respectively of a generic element x € € with 
respect to the neutrosophic set A. A neutrosophic under set (NUs) A on the universe of discourse ё is 
defined as: 


A={(x, Ta (x), IA (x), Fa(x)),x € é and T(x), I(x), F(x) € [V, 1 1} 
Where 


T(x), I(x), Е(х): č > [V, 1], W<O<1 and Y is called lowerlimit.Then there exist at least one element in 
A such that it has at least one neutrosophic component « 0, and no element has neutrosophic component > 
1. 


2.7.3 Definition of neutrosophic offset: Leté bea universe of discourse and 
the neutrosophic set AC £. Let TA(x), 1д(х),Ед(х) be the functions that describe the degree of 
membership, indterminate membership and non-membership respectively of a generic element x € ё with 
respect to the neutrosophic set A. A neutrosophic offset (NOFFs) A on the universe of discourse € is defined 
as: 


A={(x, Та (x), IA (x), Ед (х)), х € č and T(x), I(x), F(x) € [V, 0 1} where 


T(x), I(x), Е(х): € > [¥,1], W«0«1« Q апа V iscalled underlimit while О is called overlimit. Then 
there existe some elments in A such that at least one neutrosophic component > 1, and at least another 
neutrosophic component < 0. 


Numerical example: A={(x,,<1.2, 0.4,0.1>),(х,,<0.2, 0.3,-0.7>)}, since T(x,) =1.2>1, F(x5) = 
- 0.7 « 0. 


2.7.4 Some operations of neutrosophic over/off/under sets 


Definition 1: The complement of a neutrosophic overset/ underset/offset A is denoted by C(A) 
and is defined by 


C(A) = Gs FA (x), У + 0-14 (x), T4 (x)). XE $5. 


Definition 2: The intersection of two neutrosophic overset/ underset/offset A and B is a 
neutrosophic overset/ underset/offset denoted C and is denoted by 


C- An B and is defined by 
C- An B = {(х,<тіп(Та (х), Тр (х)), тах(/4 (х), Ів (х)), max(F, (x), Ев (х))),хє ©}. 


Definition 3: The union of two overset/ underset/offset A and B is a neutrosophic overset/ 
underset/offset denoted C and is denoted by 


C- AU B and is defined by 
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C= AU B ={(x,<max(T, (x), Tg (x)), min(I4(x), Ip (x)), min(Fy (х), Fg(x))), xe £j. 


Let ë be a universe of discourse and A the neutrosophic set ACU. Let T4 (x), Ід (х),Ед (х) be the functions 
that describe the degree of membership, indterminate membership and non-membership respectively of a 
generic element x € with respect to the neutrosophic set A. A neutrosophic overset (NOV) A on the 
universe of discourse U is defined as: 


A-((x, Та (x), Ід (х), Ед (х)), х € € and T(x), I(x), F(x) € [0,0 ]}, where 


Т(х),1(х),Е(х): U> [0,9], O<1<Qand О is called overlimit.Then there exist at least one element 
in A such that it has at least one neutrosophic component >1, and no element has neutrosophic component 
<0. 


2. OPERATIONS ON SOME NEUTROSOPHIC NUMBERS AND NEUTROSOPHIC 
SETS 
2.1 Single valued neutrosophic number 


Let д = (T, Ij; E) and A, =(T,,1,,F,) be two single valued neutrosophic number. Then, the operations 
for SVNNs are defined as below; 


i. А ® Ay =< T, + T; - T), D, KE, > 
ii. A, ® Ay =< D, 1+ D, b, 5, + Ej RE) > 
iii, ЛА -«1-0- 7), F^)» 
iv. A =(T/,1-(1-1,)*,1-(-F)*) where A > 0 
It is to be noted here that 0, may be defined as follow: 


0, ={< x,(0,L1) >:x eX}. 
2.2 Neutrosophic hesitant fuzzy set (Ye, 2014) 


For two NHFEs fi, = (&, t, fi} , fi; = (£, 0, f;] and а positivescale > 0 , the operations 
operations can be defined as follows: 


(1) fi, D fi; = (ü ® i, i, 8 iz, fi 9 h} = Uy, cf, 51€1, 3, A EA AAV + V2 – 
fa- Yo б\. 62, 9]. 8} 
fh, @ fiz = {Һ 8 iL Diz, f, Bh} = Uy, et, 5, i, D ef y; t, 5,61, So ef, Vi 2 бу + 
$, E) 64. 05, 04 + $; = 1.9} 
E алк ЕКЕ 
(3) кй, = Upei dend ef |1 — (1 — P&H} 
sk ~k а \k ~ \K 

(4) fi," = Uy, ct, 5, ei d, cf, (ӯ, ,1— (1 = б) ,1— (1 Е $i) А 

2.3 Interval neutrosophic hesitant fuzzy set [Ye, 2016] 


(2 


— 


For two ІЧНЕЕЅ Ӯ; = (&. MA fü, = CEJA and a positive scale > 0 , the follwing operations can 
be given as follows: 
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(1) fi; p fi; = G Giz, 8 infi ® h} = Ub, et b cin 9, ef y, ct, 8, i, S, ef, [7° + ўз” = 
don dae Yu ys, [& ЛЕРИ [5,".8,", 8, 5," 
(2) ñ f; = {È @%Ь1, Өт, Bh} = 
ps р aes жр А Aq тз ile ROU? Бы 
Us. ei, 3, ei, di efi y; ct; 9; €t d. ef; ZZ h^. yo |, [6, + бә = ô1 -ô2 ‚61 + бә = 
6 |, [i +, 8,5258," + 8," - 8,8," 
" MER: MER: x L\K pa UNK 
(3) Kf, = Use Bren dyer 1- 0.758) 1-0 7") ]. (8) (8) |. 
onk yank 
COE] 
zi ~ L\K fn k ~ LINK ~ U\K 
(4) йү“ = Us. ct, 5,1, 9, €f, 1 4 (957) |, £ = (1 m Oy ) 1-— (1 & д ) | £ 7 (1 E 
M , 1 m (1 E в”) 
4. SCORE FUNCTION, ACCURACY FUNCTION AND CERTAINTY FUNCTION 
OF NEUTROSOPHIC NUMBERS 


A convenient method for comparing of single valued neutrosophic number is described as follows: 


Let д = (т,,1,5) bea single valued neutrosophic number. Then, the score function д), accuracy function 
a(À, ) and certainty function сд) of a SVNN are defined as follows: 


) s) - 2755 


(ii) «à - п-к 
(iii) «à = 1. 
5. RANKING OF NEUTROSOPHIC NUMBERS 


Suppose that 4, =(7,,1,,F,) and 4, =(7,,1,,F,) are two single valued neutrosophic numbers. Then, the 
ranking method is defiend as follows: 


i. 12504) + s(A,), then 4, is greater than 4, , that is, 4, is superior to 4, , denoted by 4, + 4, 
п. — If s(4,) = =(4,),апа a(A,)> a(4,) then 4, is greater than 4, , that is, 4, is superior to 4, , denoted 
by A, > A, 
iii. — If s(4,)=s(A,), a(A,)=a(4,), and од) - c(4,) then 4, is greater than 4, , that is, 4, is superior 
to 4, , denoted by 4, > 4, 
iv. If s(4,)=5(4,), a(4,) = a(A,), and c(4,) = с(2,) then 4, is equal to 4, , that is, 4, is indifferent 
to 4, , denoted by 4, = 4, 
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6. DIFFERENT TYPES OF NEUTROSOPHIC NUMBERS AND RELATED TERMS 
ASSOCIATED WITH THEM 


6.1 Single valued-triangular neutrosophic numbers (Ye 2015b) 


A single valued triangular neutrosophic number (SVTrN-number) а =< (a),b,,¢));T,,1,,.F, > 15 a special 
neutrosophic set on the real number set R, whose truth membership, indeterminacy-membership, and a 
falsity-membership are given as follows: 


-aj)T, 
(x ы (а £x <b) 
Pues Т, (х= 6) 
И 57: 
(с a es (h <x <q) 
0 otherwise 
d QU ME (a, <x <b) 
L, (x = б) 
1.0) = 
(х) ОУК m (b £x €q) 
i 
1 otherwise 
RM EU ж (a &x € b) 
F, (x=) 
Е (х) = 
(х) en yy, b) (b <x < с|) 
кн! 


1 otherwise 
where 0< T; «1; 0< 1,<1;0< Ё<1 and 0€ T, 1, F,«3; abe eR 


Numerical Example: 


Let а =< (2,4, 6);0.3,0.4,0.5 > bea single valued triangular neutrosophic number, then the truth 
membership, indeterminacy membership and falsity membership are expressed as follows 


o) <x<4 
2 
T, (x)= 0.3,x 24 
0.3(5 – х),4<х<5 
0, otherwise 
4—х+0.3(х—2) pem 
2 
L (x)= 0.4,x=4 
x-44+0.4(5-x),4<x<5 
1, otherwise 
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тыры UE) n e ды 
2 
Е (х) = 0.5,x=4 
x—4+0.4(5-x),4<x<5 
Lotherwise 


6.1.1 Operations on singled valued triangular neutrosophic numbers 


Let 2,-«(a,45,44);3,l,F, > and 2, -«(b,b;,b,);T,,I,,F;» be two single valued triangular neutrosophic 
numbers. Then, the operations for SVTrN-numbers are defined as below; 


(i) A, ® Ay =< (a, + b,a + b5,a4 b); min(T;, T5), тах(1,1,), тах(Е,Б) > 

(ii) 4, & A, =< (a, bj, a5 b2,a3 b); min(Z, 7 ),max(I,,1,),max(F,,F)) 

(ili) 24, =< (Aa,,2a5,Aa,;);min(T,,7,),max(I,,1,),max(F,,F,) > 

6.1.2 Score function and accuracy function of single valued triangular neutrosophic numbers 


The convenient method for comparing of two single valued triangular neutrosophic numbers is described 
as follows: 


Let д =< (a;,a),a3);T;,1,,F, > be a single valued triangular neutrosophic number. Then, the score function 
s(4,) and accuracy function акд) of a SVTrN-numbers are defined as follows: 


(1) s(4) = og +2a, +a; x[2+7, - 1, - Fi] 


(ii) a(4,) = mz + 2a, +a; |x[2+7,-1,+F] 


6.1.3 Ranking of single valued triangular neutrosophic numbers 


Let 4, and 4, be two SVTrN-numbers. The ranking of 4, and 4, by score function and accuracy function 
is defined as follows: 


(i) If s(4,) < s(4,), then 4, « 4, 
(ii) If 5(4,) = s(4,) and if 
(1) a(4,) < a(A,), then 4, < A, 
(2)a(4,)> a(4,), then 4, > 4, 


(3) a(A,) = а(4,) , then А, = А, . 
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6.2 Single valued-trapezoidal neutrosophic numbers (Deli & Subas, 2017) 


A single valued trapezoidal neutrosophic number (SVTN-number) à =< (a;,b,c1,d1);T} la, FE, >is a special 


neutrosophic set on the real number set R, whose truth membership, indeterminacy-membership, and a 
falsity-membership are given as follows 


EL (a <x <b) 
" T, (5 <х<с\) 
х= 
а d. -ƏT 
(4, Ж (с|<х<4,) 
0 otherwise 
ош ат (aj <x <b) 
no-i” Е 
aX) = 
Lx T с) (cy <х<4) 
1 “1 
1 otherwise 
HU "M 
Kj) el T 
a (х—с| +Е(а, p c ) (cy <х<4) 
1S], 
1 otherwise 


where 0< T <1;0< [,<1;05 Ё<1апа 0€ T, +1,+F <3; aibi eR. 
Numerical example: 


Let а =< (1,2,5,6);0.8,0.6,0.4 > bea single valued trapezoidal neutrosophic number. Then the truth 
membership, indeterminacy membership and falsity membership are expressed as follows: 


0.8(x-1),1<x<2 1.4-0.4x,1 E x «2 
0.822€ x&€5 0.6,2<x<5 
T(x) = 1„(х) = 
0.8(6—x),5<x <6 0.8x-1.4,5<x<6 
0, otherwise 1, otherwise 


1.6-0.6x,1<x<2 
0.4,2€ x €5 
0.6x-2.6,5<x<6 


1, otherwise 


F(x) = 


6.2.1 Operation on single valued trapezoidal neutrosophic numbers. 


Let д =< (a1,45,a5,a4); 5, lj, F, > aNd 2, =< (bi b, b3,b4); T3, I5, F; > be two single valued trapezoidal neutrosophic 
numbers. Then, the operations for SVTN-numbers are defined as below; 
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(1) 4 € Ay =< (ap bi a5 by,a3+ b3,a4+ д); тіпт, Г), тах (1,1, ),тах(Е,Е,) > 
(i) 4, & Ay =< (ay bj,a5 b,a; b3,a4 b4);min(T;,T>),max(1,,1,),max(F,,F5)) 
(ill) ДА =< (Ла,,Ла,, даз, дац); min(T;, T; ), max(I Iz), max(F;, Fz) > 


6.2.28core function and accuracy function of single valued trapezoidal neutrosophic 
numbers 


The convenient method for comparing of two single valued trapezoidal neutrosophic numbers is described 
as follows: 


Let 4, =< (a;,a9,43,44);;,1,,F, > be a single valued trapezoidal neutrosophic number. Then, the score function 
s(A,) and accuracy function акд) of a SVTN-numbers are defined as follows: 


(1) s(4) (Ee +a, +a; +a, |x[2+T, -1 -F ] 


(ii) od) = (s; а id S asia Е 


6.2.3 Ranking of single valued trapezoidal neutrosophic numbers 
Let 4, and 4, be two SVTN-numbers. The ranking of 4, and 4, by score function is defined as follows: 
(i) If 504) 9(4,) then å « 4, 
(ii) Ifs(4,) = s(4,) and if 
(1)a(4,) 4 a( 45) then 4, < 4, 
(2)a(4,) ~ а(4,) then 4, > 4, 
(3)a(4,) = а(4„) then 4, = 4, 


Later on, Liang et al. (2017) redefined the score function, accuracy function and certainty function as 
follows: 


Let 4= < [a4,a2,a3,a4], (T4 , 15, Fa) > be a SVTNN. Then, the score function, accuracy function, and 
certainty function of SVTNN а are defined, respectively, as: 


E(&) - COG(K) x = Ра) 
A(&)= COG(K) x (T, - F4) 
C(&)- COG(K) x Ty 


where (COG) denotes the center of gravity of K and can be defined as follows: 
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a if а; =a = a3 = а, 


FORE: z |a: +az2 +a3 +a4— 


d4d3—45a 5 
а , otherwise 
a4ta3—a2—ayz 


6.3 Interval valued neutrosophic number 
6.3.1Operations on interval valued neutrosophic number 


Let 4 =< ee Шы Eod ] > and А =< L2 "ER в.в | > be two interval valued 


neutrosophic numbers. Then, the operations for IVNNSs are defined as below; 


Xon oo ЖОЛДЫ ЛЛ ДИДЕ ГАУ UU] pl pk gU ZU 
(1) À9À-n +05 -ТТуЛү em -TUT Ha 5.1 12 а ELE) р 


(ii) A, ® Ay =< [ает тоту р жгет = ГИК; 


Ls + Fy = REFF, EY + Fy - FU rY | * 


(iii) 44 -«[1-a-15^3-a-rP^ ара || eb. |> 
(iv) 47 ара |i-a-dba-a- po fi-a- -a-F ]> where 4>0 


An interval valued neutrosophic number А =< Inn uta Eod » is said to be empty if and only if 


L U > 
Т” 20,1: 2i =1, and =F =F, and is denoted by 


T, =0 i 


0, = («x,«[0, 0], [L 1], [, 1]>:x e Xj 

6.3.2 Score function and accuracy functions of interval valued neutrosophic number 

The convenient method for comparing of interval valued neutrosophic numbers is described as follows: 
Let 4, =< [л | ңы d aa? | > bea single valued neutrosophic number. Then, the score function 5(4,) 


and accuracy function H(4,) of an IVNN are defined as follows: 


(i) os (1 [ent n 212-210 -F} -FY | 


(ii) i3 - E кше ешш уч a-i- А-0) 


6.3.3 Ranking of interval valued neutrosophic numbers 


Let 4 =< [лл |] ңы RR | > and A4, =< [ay Law MER | > are two interval valued 
neutrosophic numbers. Then, the ranking method for comparing two IVNS is defiend as follows: 


v. Ifs(4,)> s(4,), then д, is greater than 4, , that is, д, is superior to 4, , denoted by 4, > 4, 
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vi. If 504) = =(4,),апан(д) > H(4,)then 4, is greater than 4, , that is, 4, is superior to 4, , 
denoted by 4, > 4,. 


6.4 Bipolar neutrosophic Number 
6.4.1 Operation on bipolar neutrosophic numbers 
Let 4, =< r^ 1? , F^, T V, F/ > and 4, =< T? ,12, F7, T/ V, F7 > be two bipolar neutrosophic numbers and 
A>0 . Then, the operations of these numbers defined as below; 
4 © A, =<Т? +T? —TPTP WP 10,8? Е? 
T'R, -P-P (EP - F7 – FP FP) > 


А 8 Ay =< TTP +I -IPI EP + ЕР – БРЕЈ 


(1) 
CI Т, TT), 1, ҺЕ, > 


Le nim À APA (gb A A A 
(iii) 44 =<1—(1-7)*, 12), PY AY -xoOmy.-x-0-c8»» 
(iV) 44 =< ap a-a- iP a-a- FP- a - or »^- cp -cgny^» Where A70. 


6.4.2 Score function, accuracy function and certainty function of bipolar neutrosophic 
number 


In order to make comparison between two BNNs. Deli et al. (2015) introduced a concept of score function. 
The score function is applied to compare the grades of BNS. This function shows that greater is the value, 
the greater is the bipolar neutrosophic sets and by using this concept paths can be ranked. Let 


A =<Т? Y, FP, T". Y, F" > be a bipolar neutrosophic number. Then, the score function ;(3 ), accuracy 
function акл ) and certainty function сл )of an BNN are defined as follows: 


(i) s(4 »-(2 4r &1- I^ X17 F^ 1T" - I" Е" | 
(ii) (4) - T? -F? +T" -F" 
(iii) (4)-T" -F" 


6.4.3 Comparison of bipolar neutrosophic numbers 


Let 4, =< T^ IP , F^, T, V, F/ > and 4, =< T7, ,FZ,T/ 1, F7 > be two bipolar neutrosophic numbers. 
then 


vii — Ifs(4,) - s(4,), then 4, is greater than 4, , that is, 4, is superior to 4, , denoted by 4, > 4, 
vii. If s(4,)2 s(4,),and a(4,)> а(А„) then 4, is greater than 4, , that is, 4, is superior to 4, , denoted 
by А, > A, 
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ix. If s(4,)=s(4,), a(4) = a(4,), and сд) - c(4,) then 4, is greater than л, , that is, 4, is superior 
to 4, , denoted by 4, > 4, 
x. If s(4,) = 5(4,), a(A,) = a(4,), and сд) = c(A,) then 4, is equal to 4, , that is, 4, is indifferent 
to 4, , denoted by 4, - 4,. 
7. TRAPEZOIDAL NEUTROSOPHIC SETS (Ye, 2015b; Biswas et al., 2014) 


Assume that X be the finite universe of discourse and F [0, 1] be the set of all trapezoidal fuzzy numbers 
on [ 0, 1]. A trapezoidal fuzzy neutrosophic set (TrFNS) A in X is represented as: 


А = Pd ). Г (x), E (ð>, x eX}, where T@:X—>F|01], Го): ХЕ] and 
E) NY 

The trapezoidal fuzzy numbers T (x) = TH Я TO, TA ; TO ), I (x)= (11 (x), Г, (59), Ix), 
I “(x)) and Е (х)= (EO, F f (х), Е y (x), F Él (x)), respectively , denote the truth-membership, 


„>=, 


indeterminacy-membership and a falsity-membership degree of x in A and for every xeX, 0 < T,(x)+ 


Do) Е, (х)<з. 


For notational convenience, the trapezoidal fuzzy  neutrosophic value (TrFNV) А is denoted by 


A —((a,,45,,,a,), (hb, bs, b, ). (&,c,,c5,c,)) where, 
(ті (х) ота (х) та), TOO) = (a,,2,,4,,2,) 

4 
(LOB B(x) L4(X)) = (5, b, b, b), and 


4 
(FAG) FRG) r0) СО) geata) 
The parameters satisfy the following relations a, «a, «a, <а,, b <b, b,xb, andc,<c,<c,<c,. 


The truth membership function is defined as follows 


x-a, 
<х<а, 
a, -4 
2 1, а„<х<а 
2 pou 
Т,(х) = "en 
: a, Sx <a, 
a, -4 
0, otherwise 


The indeterminacy membership function is defined as follows: 
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к АЫ О, 
b, - b, 
Е 1, b, <x <b, 
Laas) 
+, b, <x<b, 
b, —b, 
0, otherwise 


and the falsity membership function is defined as follows: 


x—c 
1 
Я с <х<с, 
€; — С 
Ёо) = 1, ©,<х<с, 
C,—X 
4 
A CG SX<SC, 
с,—с, 
0, otherwise 


A trapezoidal neutrosophic number A = ((4,, 545,44), (6,,b,,b,,b,), REKA is said to be zero 
triangular fuzzy neutrosophic number if and only if 


(a,,45,05,04) -( 0, 0, 0, 0), (b, b, , bs, b.) -( 1, 1, 1, 1) апа bei Son se YL 1, 1, 1, 1). 


Remark: The trapezoidal fuzzy neutrosophic number is a particular case of trapezoidal neutrosophic 
number when all the three vector are equal: (a,,a,,a4,,a,) 7 (bj, b, bs, 54) 7 (6,05, 63,04) - 


7.1 Operation on trapezoidal fuzzy neutrosophic value 


Let А —((a,,35,85,84), (b, b „b ,b4 (6,65, 65:64)) and 4, = ((е,е,,ез,е,), (f. fo» fz, f4) (E1 85. 85.8) be two 


TrFNVs in the set of real numbers, and A470 . Then, the operational rules are defined as follows; 


б + е — аер, аз +e, ае 
| 
: аз + €4 — d3€3,04 + е, — адед 
(2 4 @ À, =( (bi fi, ba 5.6 fs ba fa), 
(c181,02825€383.€484) 


(ауе, 4565, 43€4,4€4), 

b+ fi - by fi bo fo eo 
by fs -bsfa bat fa bafa) 
€ * 81 6151,62 + 82 — C282. 

- 83 —0383,C4* 84 


(ii) 48 A, = | 


413 


Florentin Smarandache (author and editor) Collected Papers, VIII 


(ii) 44 -( (1-072) 1-024) 


LEN PE OU SURE E Яр 
(bi^ bo ba^, ba^), (e 027,03 ^, 04^) 


piu 


ALLIES SAL Я 
(а ‚ау ‚ау ‚ад ), 


(iv) Af =( (a--5^.1- 0755.17 0-55^)1-0-54)^)). ) where 4>0. 


(1-074 1-076 1-0-2)^.1-0-4^) 


Ye (2015b) presented the following definitions of score function and accuracy function. The score function 
S and the accuracy function H are applied to compare the grades of TrFNSs. These functions show that 
greater is the value, the greater is the TrFNS. 


7.2 Score function and accuracy function of trapezoidal fuzzy neutrosophic value 


Let А = ((а,а,,аз,ад), (b,,b,,b;,b,), Cra) be a TrFNV. Then, the score function s(4) and an 
accuracy function H (4,) of TrFNV are defined as follows: 


gx 
(i) 504) - [88 (a +а+аз+а) (b; b,+b;+b4) - (cj 65644 64) | 


(ii) H(A) = ie һаз+аз+ад) - (ci c5 65-04) |. 


In order to make a comparison between two TrFNV, Ye (2015b) presented the order relations between two 
TrFNVs. 


7.3 Ranking of trapezoidal fuzzy neutrosophic value 


Let А —((a,,a,5,4). (bi, b», bs, b4),(c,,c5, c, c4) and A, —((&,65,6,e4).f,, fz: f), (8j 85.85.84) be two 


TrFNVs in the set of real numbers. Then, we define a ranking method as follows: 


хі. = Ifs(4,)> s(4,), then 4, is greater than 4, , that is, 4, is superior to 4, , denoted by 4, > 4, 
Xi. If 504) = =(4,),апа нод)» H(A,)then 4, is greater than 4, , that is, 4, is superior to 4, , 
denoted by 4, > 4,. 


8. TRIANGULAR FUZZY NEUTROSOPHIC SETS (Biswas et al., 2014) 


Assume that X be the finite universe of discourse and F [0, 1] be the set of all triangular fuzzy numbers on 
[ 0, 1]. A triangular fuzzy neutrosophic set (TFNS) 4 in X is represented 


А - «x Tx), ТО), FG х eX}, 


where Ти(х): ХЕ [0.1], L(9):X9F| [0.1] and Fi(x):X>F [0.1]. The triangular fuzzy numbers 
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Т,о) = (Тиб) Таб), Та), Габ) = 0309. ГА), AO) and 


Е (х)= (Fix) Е F? (x), Fi (x)), respectively, denote ће truth-membership, indeterminacy- 


membership and a falsity-membership degree of x in A and for every xeX 
о< Т0) + Г\(х)+ F(x) <3. 
For notational convenience, the triangular fuzzy neutrosophic value (ТЕМУ) А is denoted by 
А =((а с (e sf „в (0 98 tC) where, co 1300 T1069) = (8 b, с), 
(Lœ) (e, f g and. — (Fio) FIG) Fi G9) 7 (5 s, t). 


8.1 Zero triangular fuzzy neutrosophic number 


A triangular fuzzy neutrosophic number А =((a „b,c ) le, f.g rust ) is said to be zero triangular 
fuzzy neutrosophic number if and only if 
(a, b, с) = (0, 0, 0), (e, f, о) = (1, 1, 1) and Ç, s, t) = (1, 1, 1) 
8.2 Operation on triangular fuzzy neutrosophic value 
Let 4 = ((а,ђ,с), (е, 1.2). (0.5.4) апа 4 = (a5. 55,65) (6... 82). (05.55.£5)) be two TFNVs in the set 
of real numbers, and 4>0 . Then, the operational rules are defined as follows; 

x к a, +а —a,a,,b,+b, —ЬЬ»,с, + с» = сус»), 
дэй 2 — Gaz, b+ b — 010,6 +С) m 

(ае, fi f? 882). (01% 5152,40) 


(qa, bib» C105), 
(ii) 484 =| (ej +e —ee, fi ЛР, 81 +82 — 8182). 
(n +5 —%,5 +5) -S1826 +h йә) 


a À ЕС: 
(iii) 3 (ке л-@-һ)®1-@-а) 


A ca a A A.A 
(ey fi ig SO 814) 


A ud 
(a b va), 


(iv) Д = (a (1-4Y^1-0- 4Y^,1- a). where A>0. 


(a-a-5».1-0-5)^ 1-074») 


Ye (2015b) introduced the concept of score function and accuracy function TENS. The score function S 
and the accuracy function Н are applied to compare the grades of TFNS. These functions show that greater 
is the value, the greater is the TFNS. 
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8.3 Score function and accuracy function of triangular fuzzy neutrosophic value 


Let А -((a5,6).(&. | £1 (iS) bea ТЕМУ. Then, the score function s(4,) and an accuracy function 
H(A,) Of ТЕМУ are defined as follows: 


(i) (4) = P [8--(a 25 +0) (а +2 + g) - +25, +4)] 


(ii) HÀ) = а -2b *c)-G +25, +4) 


In order to make a comparison between two ТЕМУ, Үе (20156) presented the order relations between two 
TFNVs. 


8.4 Ranking of triangular fuzzy neutrosophic values 
Let А =((а,№,а), (е, fi.) (1.5.4) and 4b =((@,b,6),(6 5.22) (5.55.05)) be two TFNVs in the set 
of real numbers. Then, the ranking method is defined as follows: 


i. Ifs(4,) > s(4,) , then 4, is greater than 4, , that is, 4, is superior to 4, , denoted by 4, > 4, 
ii. If s(4,) = 5(4,),and H(4,) > H(4,)then 4, is greater than 4, , that is, 4, is superior to 4, , denoted 
by А, > A, - 


9. DIFFERENCE BETWEEN TRAPEZOIDALINTUITIONISTIC FUZZY NUMBER AND 
TRAPEZOIDAL NEUTROSOPHIC FUZZY NUMBER 


9.1 Trapezoidal intuitionistic fuzzy number (Nayagam, Jeevaraj,& Sivaraman, 2016) 


Definition 1. A trapezoidal intuitionistic fuzzy number a=<(a,a,,a,,a);W.,U; > is a convex 


intuitionistic fuzzy set on the set R of real numbers, whose membership and non-membership functions 
are follows 


(x — a)w; / (a, — a) (a € x € aj) 


gz W; (a $ XS а.) 
Pa erat (aes. da casa) 
0 (x «a,x» a), 


[a —х+и„(х—а)]/(а—а) (а<х<а) 


NL (a, <х<а,) 
v= Z Е E 
[x-a +u,(a—x)]/(4—a,) (а, <х<а) 
1 (х<а,х>а). 
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where 0<w, <1, 0 <и, X] and 0< у Tu; ST, W, and И; respectively represent the maximum 
membership degree and the minimum membership degree of à, 7; (x) =1— Lux) ша (x) is called as the 


intuitionistic fuzzy index of an element Xin à. Д and 9, respectively represent the minimum and 
maximum values of the most probable value of the fuzzy number 0, a represents the minimum value of 


the à, and @ represents the maximum value of the à. 
9.2 Trapezoidal neutrosophic fuzzy number 


Definition 2. Let X be a universe of discourse, then a trapezoidal fuzzy neutrosophic set Ñ in X is defined 
as the following form: 


Ñ = (o, T), IQ), Е; (x)) |x e X}, 


where T, О?) c[0, 1] ; I 900) = [0, 1] and Ё, (х) с[0, 1] are three trapezoidal fuzzy neutrosophic numbers, 
T, (x) = (2; (X. (X). (x). (x)) :X >[0,1], £o) — (is (x) i; (x) iz (x) s (x)) : X > [0,1] 


$ 


N N N 


0<0 (х) (х) + f; (x)<3,xe X. 


and F(x) = Er: (x) X (x) f (x), fi (x)) : X — [0,1] with the condition 


9.3 Difference and comparison between trapezoidal intuitionistic fuzzy number and 
trapezoidal neutrosophic fuzzy number 


The difference and comparison between the trapezoidal intuitionistic fuzzy number and trapezoidal 
neutrosophic fuzzy number are represented in the following way: 


First, we give the graphical representation of trapezoidal neutrosophic fuzzy number (TrNFN) and 
trapezoidal intuitionistic fuzzy number (TrIFN), as shown in Figure 1, 


A 


Ty (x). Ig), 
FG) As (x), 
va(x) 
1 
ME e ЧАВЕНЕЕРРЕАРНОСИИЕКЕЗ — 
Р А 1 | 
JE : 
+ 0 а а а, а X 


0 qoc с: m b) Сз bi аз с bà as bi 1 x 


(a) Graphical representation of TrNFN (b) Graphical representation of TrIEN 


Fig.1 Graphical representation of trapezoidal neutrosophic fuzzy number and trapezoidal intuitionistic 
fuzzy number 
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It can be observed from the Fig. 1, there are some differences between trapezoidal intuitionistic fuzzy 
number and trapezoidal neutrosophic fuzzy number. On one hand, the membership degree, non-membership 
degree and hesitancy of trapezoidal intuitionistic fuzzy number are mutually constrained, and the maximum 
value of the sum of them is not more than 1. However, the truth membership, indeterminacy membership 
and falsity membership functions of trapezoidal neutrosophic fuzzy number are independent, and their 
values are between 0 and 3. And the maximum value of their sum is not more than 3. On the other hand, 
trapezoidal neutrosophic fuzzy number is a generalized representation of trapezoidal fuzzy number and 
trapezoidal intuitionistic fuzzy number, and trapezoidal intuitionistic fuzzy number is a special case of 
trapezoidal neutrosophic fuzzy number. 


10. DIFFERENCE BETWEEN TRIANGULAR FUZZY NUMBERS, INTUITIONISTIC 
TRIANGULAR FUZZY NUMBER AND SINGLED VALUED NEUTROSOPHIC SET 


Fuzzy sets have been introduced by Zadeh (1965) in order to deal with imprecise numerical quantities in a 
practical way. A fuzzy number (Kaufmann& Gupta, 1988) is a generalization of a regular, real number in 
the sense that it does not refer to one single value but rather to a connected set of possible values, where 
each possible value has its own weight between 0 and 1. This weight is called the membership function. A 
fuzzy number is thus a special case of a convex, normalized fuzzy set of the real line . 


10.1 Triangular fuzzy number (Lee, 2005) 


A triangular fuzzy number А= [aaa] is expressed by the following membership function 


Qa хха, 
a, —a, 
a,—-Xx 
=: 3 
Au, (x)= „a, S X S d, 
3705 
0, otherwise 


10.2 Triangular intuitionistic fuzzy number (Li, Nan, & Zhang, 2012) 


A TIEN (See Fig. 2) A is a subset of IFS in R with the following membership functions and non-membership function as follows 


x-a, 
‚а Sx<sa, 
Е) а-х , 
А 1 7,4 €x&a, 
uem a, 4 
шб) = |222,4, ха, | ama 
а, –а, V(X) =)"; Sx Sa, 
a-a, 
0, otherwise Lotherwise 


418 


Florentin Smarandache (author and editor) Collected Papers, VIII 


, , 
whered, Sa, Sa, Sa, <a, 


us) 
y (x) 


o 
1 
1 
1 
1 
1 
1 
1 
1 
— RM LR UR E RR 


0 а, а, а, а, а, x 


Fig.2. Graphical represunauon of triangular intuitionisue «өлум... 


It can be observed from the membership functions that in case of triangular intuitionistic fuzzy number, 
membership and non-membership degrees are triangular fuzzy numbers. Further it can be noted that the 
neutrosophic components are best suited in the presentation of indeterminacy and inconsistent information 
whereas intuitionistic fuzzy sets cannot handle indeterminacy and inconsistent information. 

The difference between the fuzzy numbers and singled valued neutrosophic set can be understood clearly 
with the help of an example. Suppose it is raining continuously for few days in a locality. Then one can 
guess whether there would be a flood like situation in that area. Observing the rainfall of this year and 
recalling the incidents of previous years one can only give his judgment on the basis of guess in terms of 
yes or no but still there remains an indeterminate situation and that indeterminate situation is expressed 
nicely by the single valued neutrosophic set. 


Triangular fuzzy numbers (TFNs) and single valued neutrosophic numbers (SVNNs) are both 
generalizations of fuzzy numbers that are each characterized by three components. TFNs and SVNNs have 
been widely used to represent uncertain and vague information in various areas such as engineering, 
medicine, communication science and decision science. However, SVNNs are far more accurate and 
convenient to be used to represent the uncertainty and hesitancy that exists in information, as compared to 
TFNs. SVNNSs are characterized by three components, each of which clearly represents the degree of truth 
membership, indeterminacy membership and falsity membership of a the SVNNs with respect to a an 
attribute. Therefore, we are able to tell the belongingness of a SVNN to the set of attributes that are being 
studied, by just looking at the structure of the SVNN. This provides a clear, concise and comprehensive 
method of representation of the different components of the membership of the number. This is in contrast 
to the structure of the TFN which only provides us with the maximum, minimum and initial values of the 
TEN, all of which can only tell us the path of the TFN, but does not tell us anything about the degree of 
non-belongingness of the ТЕМ with respect to the set of attributes that are being studied. Furthermore, the 
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structure of the TFN is not able to capture the hesitancy that naturally exists within the user in the process 
of assigning membership values. These reasons clearly show the advantages of SVNNs compared to TFNs. 
11. REFINED NEUTROSOPHIC SETS (Smarandache, 2013; Deli et al., 2015b) 


Refined neutrosophic sets can be expressed as follows: 


Let E bea universe. A neutrosophic refined set (NRS) A on E can be defined as follows 


" f x, (4G), а(х), T х), С), А REA 
(F10), Ра (к), ., Ff 09) 


Where 7! (x),7}(x),...T? G6) : E > [0,1], гих), 22 (x),... 12) 1E > [0, Папа Fl (x), F2(x),..., F7? G9: E 
> [0,1] 


12. BIPOLAR NEUTROSOPHIC REFINED SETS 

Bipolar neutrosophic refined sets (Deli et al., 2015a) can be described as follows: 

Let E be a universe. A bipolar neutrosophic refined set (BNRS) A on E can be defined as follows: 
<x (TE OTH C) TP OTH OTH C,- T2 Q9), 


А=+(Т{ GT. E, Т OO T GT; 0), 5 P 09); , Where 
(Fy (x), F7* E). FE (х), Fy (х), F2 (9, FP (x) x xe X 


(Те (х), Та (9... T7 OTOT O.T (9): E > [0,1], 
(I7 (х), D (х),....19* Q0, 17 (х), 27 (0,177 (x) : E > [0, Папа 
(Fl (х), F2* E), F2* (х), Fy (x), ЕЗ7 Q0, 2 (х) : E > [0, 1] such that. 0 € rio) rot Fio) 3 а 


=1,2,3,...,p) 


TOT Q9... OT OTL O- Tf Q9) qt 69,12 (к), 12° 0,17 (0) 27) 4 (0) 


y cry 


(FI (x), F2* Q0, F2* (x), Fl (x), Е27 (х),...,Е27 (x)) 15 respectively the truth membership sequence, 


indeterminacy membership sequence and falsity membership sequence of the element x. Also, P is called 
the dimension of BNRS. 


The set of all bipolar neutrosophic refined sets on E is denoted by BNRS(E). 
13 MULTI-VALUED NEUTROSOPHIC SETS (Peng & Wang, 2015) 


13.1 Operation on multi-valued neutrosophic numbers 


Let 4 =< T,(x),1,(x),F4(x) >> B =< Т, (x), 15 (x), Fp (x) > are two multi-valued neutrosophic numbers. If 
v? ef, УТР e fp, vitel,.vibely, VF? e F}, УЁ eF,,and 12 > Ib, Ва » Fb, T2 » ТЬ, Шеп Bis 
superior to A, denoted as Á< B. 


420 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Let 4 =< Т, (x), LG), FAQ) 5B =< 7, (x), 15 (х), Fy (x) > are any two MVNNS, апа 470. The operations for 
MVNNSs are defined as follows. 


(I) 44- (U, „в, 0-а 40И, ar, Us us (EH) 5 
@) 4^ = (U, ag (G4 IU, ur 0-070, Uf op, 0-076209); 
(3) duum ТИКО, {Уа ъУв Ул РЕР ШУ Us ева, ей i, 4,) 


(4) 4.B = (Uy na tra +В}, ah goats 7+7, 17, Us che ek 15 2106 m D ; 


13.2 Score function, accuracy function and certainty function of multi-valued neutrosophic 
number 


1 | 
(0) ет 1} dg D rora nN à 
A 44 Ёа 


1 
А ————— z E vemm $ 
(2) а(4) E x» пет еб, 017%) 5 


А 


"AC E 


(3) c(A)= =x У 
7, 


13.3 Comparison of multi-valued neutrosophic numbers 


Let 4-« f,G),L, (х), Ё, (x) >, B =< Т, (x), 1, (x), Fy (x) > are two multi-valued neutrosophic numbers. Then 
the comparision method can be defined as follows: 


i. Ifs(4)>s(B), then A is greater than В , that is, A is superior to В , denoted by А> В. 
ii. — Ifs(4)25(B) and a(4) > a(B), then A is greater than В , that is, A is superior to B , denoted by 
A>B. 
iii. — Ifs(4) 2s(B), a(A)=a(B) and c(A)>c(B), then A is greater than B , that is, A is superior to В 
, denoted by А> B. 
iv. Ifs(4) = (B), a(A)=a(B) and c(A)=c(B), then A is equal to В , that is, A is indifferent to В 
, denoted by A~B. 


14. Simplified neutrosophic linguistic sets (SNLSs) (Tianetal., 2016) 
14.1 SNLSs 
Definition 1. Let X be a space of points (objects) with a generic element in X, denoted by x and 


Н = (ho, hj, hy, ,h,,) be a finite and totally ordered discrete term set, where t is a nonnegative real number. 
A SNLS A in X is characterized as 


A- exhi tiS) >E, 


where лє H » (x) e [0,1], i(x) e [0,1], f(x) є [0,1], with the condition 0 < (х) + (х) + f(x) <3 for any 


x€X. Andt,(x),i,(x) and f,(x) represent, respectively, the degree of truth-membership, indeterminacy- 
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membership and falsity-membership of the element x in X to the linguistic term л, . In addition, if [Х| =1 
, a SNLS will be degenerated to a SNLN, denoted by 4 =< ^;,(t,i, /) >. And A will be degenerated to a 
linguistic term ift 21, i=0, and f =0. 

14.2 Operations of SNLNs 

Let a, =< h, , (t, i, fi) > and 4j xh (tl; fj) > be two SNLNs, f* bea linguistic scale function 


and 420. Tee following operations of SNLNs can be defined. 

f(g ti +f hot; fF Og) о) Fa Si f£ ho, Mj, | 
F D+F ho) ^ FO) f£ 0s) F Oe f£ 0) | 

Q) a, Фа, = (£^ MS 09.4.1 i mh fi f T ЛУ) 5 

(3) Aa, ={ FT AF ha Grin) 5 

(4) a^ - (£^ 06.6.17 -11-0- 5) ; 

(5) negla) - (Q0) - 1-4) ; 

15. COMPARISON ANALYSIS 


Refined neutrosophic set is a generalization of fuzzy set, intuitionistic fuzzy set, neutrosophic set, interval- 
valued neutrosophic set, neutrosophic hesitant fuzzy set and interval-valued neutrosophic hesitant fuzzy 
set. Also differences and similarities between these sets are given in Table 1. 

Table 1. Comparison of fuzzy set anditsextensive set theory 


(1) a Da; =| (P(g) + F 0) 


Interval- Interval- Valued Neutrosophic 
intuitionstic Valued neutrosophic Neutro HesitantFuzzy Neutrasaphisre 
Fuzzy fuzzy neutrosophi HesitantFuzzy Set sophic Set БА 
с 
Univer 
Universe of Universe of | Universe of : ; se of Universe of Universe of 
А А : : Universe of discourse А : : 
Domain discourse discourse discourse discour discourse discourse 
se 
А Single-value Two-value mp pum Р 2 : 
Co-domain : К intervalin | Unipolar interval in [0,1] | [01р [0,1 P [0.1 P 
in [0.1] in [0,1] [0,1] 
Number Yes Yes Yes Yes Yes No No 
Membershipf F А 
anchor regular regular Regular irregular regular irregular Regular 
Uncertainty Yes Yes Yes Yes Yes Yes Yes 
True Yes Yes Yes Yes Yes Yes Yes 
Falsity No Yes Yes Yes Yes Yes Yes 
Indeterminac 
у Мо Мо Yes Yes Yes Yes Yes 
Ar Yes in 
Negativity No No No No [0,1] No No 
Membership | Membershipv | Singlevalue Interv- Singlevalued Singlev Singlevalued Multi- valued 
valued alued d valued alued 
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Bosc and Pivert (2013) said that “Bipolarity refers to the propensity of the human mind to reason and make 
decisions on the basis of positive and negative effects. Positive information states what is possible, 
satisfactory, permitted, desired, or considered as being acceptable. On the other hand, negative statements 
express what is impossible, rejected, or forbidden. Negative preferences correspond to constraints, since 
they specify which values or objects have to be rejected (1.e., those that do not satisfy the constraints), while 
positive preferences correspond to wishes, as they specify which objects are more desirable than others 
(1.е., satisfy user wishes) without rejecting those that do not meet the wishes." Therefore, Lee (2000, 2009) 
introduced the concept of bipolar fuzzy sets which is a generalization of the fuzzy sets. Bipolar neutrosophic 
refined sets which is an extension of the fuzzy sets, bipolar fuzzy sets, intuitionistic fuzzy sets and bipolar 


neutrosophic sets. Also differences and similarities between these sets are given in Table 2. 


Table 2. Comparison of bipolar fuzzy set and its various extensions 


Bipolar Bipolar Bipolar Bipolar 
Вїроїаг Fuzz Intuitionistic İnterval- Valued Neutrosophic neutrosophic 
ро коса fuzzy neutrosophic refined 
Universe of Universe of Universe of Universe of Universe of 
Domain discourse discourse discourse discourse discourse 
Co-domain Single-value in Two-value in [- Unipolar interval in Bipolar [-1,1] Bipolar 
unl [-1,1] 1,1] [-1,1] p ; [-1.1P 
Number Yes Yes Yes Yes Yes 
Uncertainty Yes Yes Yes Yes Yes 
True Yes Yes Yes Yes Yes 
Falsity No Yes Yes Yes Yes 
Membership : Я : i . 
valued Singlevalued Singlevalued Singlevalued Singlevalued Multi valued 
Table 3. Comparison of different types of neutrosophic sets 
Multi-valued Trapezoidal rs lar qs 
SVNS | ТУМ BNSs neutrosophic | Neutrosophic NC 
Neutrosophic 
sets sets 
sets 
Universe | Universe | Universe Universe ct Ünivèrsest Universes Universe 
i of of of : : : of 
Domain к ; à discourse discourse discourse я 
discourse | discourse | discourse iscourse 
Unipolar Р 
Co-domain [0,1 P lüierva] | BiPolar |руур [0,1]? [0,1 P [0, 2t] ог 
: [-1.1] [-t, t] 
in [0,1] 
Number Yes Yes Yes Yes Yes Yes No 
Uncertainty Yes Yes Yes Yes Yes Yes Yes 
True Yes Yes Yes Yes Yes Yes Yes 
Falsity Yes Yes Yes Yes Yes Yes Yes 
Indeterminacy Yes Yes Yes Yes Yes Yes Yes 
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CONCLUSIONS 


NSs are characterized by truth, indeterminacy, and falsity membership functions which are independent in 
nature. NSs can handle incomplete, indeterminate, and inconsistent information quite well, whereas IFSs 
and FSs can only handle incomplete or partial information. However, SVNS, subclass of NSs gain much 
popularity to apply in concrete areas such as real engineering and scientific problems. Many extensions of 
NSs have been appeared in the literature. Some of them are discussed in the paper. New hybrid sets derived 
from neutrosophic sets gain popularity as new research topics. Extensions of neutrosophic sets have been 
developed by many researchers. This paper presents some of their basic operations. Then, we investigate 
their properties and the relation between defined numbers and function on neutrosophic sets. We present 
comparison between bipolar fuzzy sets and its various extensions. We also present the comparison between 
different types of neutrosophic sets and numbers. The paper can be extended to review different types of 
neutrosophic hybrid sets and their theoretical development and applications in real world problems. 
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Abstract 


In this paper, we present a hybrid model of Neutrosophic-MOORA 
for supplier selection problems. Making a suitable model for 
supplier selection is an important issue to amelioration 
competitiveness and capability of the organization, factory, project 
etc. selecting of the best supplier selection is not decrease delays in 
any organizations but also maximum profit and saving of material 
costs. Thus, now days supplier selection is become competitive 
global environment for any organization to select the best alternative 
or taking a decision. From a large number of availability alternative 
suppliers with dissimilar strengths and weaknesses for different 
objectives or criteria, requiring important rules or steps for supplier 
selection. In the recent past, the researchers used various multi 
criteria decision-making (MCDM) methods successfully to solve the 
problems of supplier selection. In this research, Multi-Objective 
Optimization based on Ratio Analysis (MOORA) with neutrosophic 
is applied to solve the real supplier selection problems. We selected 
a real life example to present the solution of problem that how 
ranking the alternative based on decreasing cost for each alternative 
and how formulate the problem in steps by Neutrosophic- MOORA 
technique. 


Keywords 
MOORA; Neutrosophic; Supplier selection; MCDM. 
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1 Introduction 


The purpose of this paper 15 to present a hybrid method between MOORA 
and Neutrosophic in the framework of neutrosophic for the selection of suppliers 
with a focus on multi-criteria and multi-group environment. These days, 
Companies, organizations, factories seek to provide a fast and a good service to 
meet the requirements of peoples or customers [1, 2].The field of multi criteria 
decision-making is considered for the selection of suppliers [3]. The selecting of 
the best supplier increasing the efficiency of any organization whether company, 
factory according to [4]. 


Hence, for selecting the best supplier selection there are much of 
methodologies we presented some of them such as fuzzy sets (FS), Analytic 
network process (ANP), Analytic hierarchy process (AHP), (TOPSIS) technique 
for order of preference by similarity to ideal solution, (DSS) Decision support 
system, (MOORA) multi-objective optimization by ratio analysis. A 
classification of these methodologies to two group hybrid and individual can 
reported in [4, 5]. 


We review that the most methodologies shows the supplier selection 
Analytic hierarchy process (AHP), Analytic network process (ANP) with 
neutrosophic in [6]. 


1.1 Supplier Selection Problem 


A Supplier selection is considered one of the most very important 
components of production and vulgarity management for many organizations 
service. 


The main goal of supplier selection is to identify suppliers with the 
highest capability for meeting an organization needs consistently and with 
the minimum cost. Using a set of common criteria and measures for abroad 
comparison of suppliers. 


However, the level of detail used for examining potential suppliers may 
vary depending on an organization's needs. The main purpose and objective 
goal of selection 15 to identify high-potential suppliers. To choose suppliers, 
the organization present judge of each supplier according to the ability of 
meeting the organization consistently and cost effective it's needs using 
selection criteria and appropriate measure. 


Criteria and measures are developed to be applicable to all the 
suppliers being considered and to reflect the firm's needs and its supply and 
technology strategy. 


We show Supplier evaluation and selection process [7]. 
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1. Acknowledge the need for 
supplier sourcing 


7. Contract/ Agreement 2. Determine criteria for 
signing with the selected supplier sourcing 
supplier 


і 


6. Evaluate and select the 3. Identify source: of 
supplier potential suppliers 
4. Shortlist the supplier 
from selection pool 


Figure 1. Supplier evaluation and selection process. 


1.2 MOORA Technique 

Multi-Objective Optimization on the basis of Ratio Analysis (MOORA), 
also known as multi criteria or multi attribute optimization. (MOORA) method 
seek to rank or select the best alternative from available option was introduced 


by Brauers and Zavadskas in 2006 [8]. 


The (MOORA) method has a large range of applications to make decisions 
in conflicting and difficult area of supply chain environment. MOORA can be 
applied in the project selection, process design selection, location selection, 
product selection etc. the process of defining the decision goals, collecting 
relevant information and selecting the best optimal alternative 1s known as 


decision making process. 


The basic idea of the MOORA method is to calculate the overall 
performance of each alternative as the difference between the sums of its 


normalized performances which belongs to cost and benefit criteria. 


This method applied in various fields successfully such as project 


management [9]. 
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Table 1. Comparison of MOORA with MADM approaches 


Mathematical 
Calculations required 


MADM method Computational Time Simplicity 
MOORA Very less Very simple Minimum 
AHP Very high Very critical Maximum 
ANP Moderate Moderately critical Moderate 


TOPSIS Moderate Moderately critical Moderate 


GRA Very high Very critical Maximum 


1.3 Neutrosophic Theory 


Smarandache first introduced neutrosophy as a branch of philosophy which 
studies the origin, nature, and scope of neutralities. Neutrosophic set is an 
important tool which generalizes the concept of the classical set, fuzzy set, 
interval-valued fuzzy set, intuitionistic fuzzy set, interval-valued intuitionistic 
fuzzy set, paraconsistent set, dial theist set, paradoxist set, and tautological 
set[14-22]. Smarandache (1998) defined indeterminacy explicitly and stated that 
truth, indeterminacy, and falsity-membership are independent and lies within ]-0, 
1+/. which is the non-standard unit interval and an extension of the standard 
interval ]-0, 1+ [. 


We present some of methodologies that it used in the multi criteria decision 
making and presenting the illustration between supplier selection, MOORA and 
Neutrosophic. Hence the goal of this paper to present the hybrid of the MOORA 
(Multi-Objective Optimization on the basis of Ratio Analysis) method with 
neutrosophic as a methodology for multi criteria decision making (MCDM ). 


This is ordered as follows: Section 2 gives an insight into some basic 
definitions on neutrosophic sets and MOORA. Section 3 explains the proposed 
methodology of neutrosophic MOORA model. In Section 4 a numerical example 
is presented in order to explain the proposed methodology. Finally, the 
conclusions. 


2 Preliminaries 


In this section, the essential definitions involving neutrosophic set, single 
valued neutrosophic sets, trapezoidal neutrosophic numbers and operations on 
trapezoidal neutrosophic numbers are defined. 
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2.1 Definition 1 

Let X be a space of points and x€X. A neutrosophic set A in X is definite 
by a truth-membership function T4 (x), an indeterminacy-membership function 
I, (x) and a falsity-membership function F4 (х), T4 (x), I4 (x) and F; (x) are real 
standard or real nonstandard subsets of ]-0, 1+/. That is T4(x)X—]-0, 
It[I4 (x):X—]-0, 1+/ and F4 (x):X]-0, 1+/. There 15 no restriction on the sum 


of ТА (x), I4 (x) and F4 (x), so 0— € sup (x) + sup x + sup x <3+. 


2.2 Definition 1 , 11 

Let X be a universe of discourse. A single valued neutrosophic set A over 
X is an object taking the form A= ((x, T4 (х), I, (x), FA (х), ):xEX}, where 
Та (x):X [0,1], I4 (x):X— [0,1] and Fy (x):X[0,1] with 0< Ty (x) + IA (x) + 
Ед (х) <3 for all x€X. The intervals T4 (x), I4 (x) and F; (x) represent the truth- 
membership degree, the indeterminacy-membership degree and the falsity 
membership degree of x to А, respectively. For convenience, a SVN number is 


represented by A= (a, b, c), where a, b, сє [0, 1] and a+b+c<3. 


2.3 Definition 12 

Suppose that аз , а, Pa € [0,1] and a, , az , a3 , a4 € R where a, < az < 
аз <a, . Then a single valued trapezoidal neutrosophic number, a=((a, , az , аз 
, 44); Ag , да, Ва) is a special neutrosophic set on the real line set R whose truth- 


membership, indeterminacy-membership and falsity-membership functions are 


defined as: 
x—a 
um) mess) 
Qa а;<х<а 
Т, (x) = ae (a2 3) (1). 
р a) (аз € x € a4) 
\ 0 otherwise 
(a5—x*043(x—a4)) 
"uuo = ЧАО) 
_ " (a; € x € аз) 
005 -astonas <x< É 
(a4—a3) (as Spe i 
L 1 otherwise , 


37 
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(а2-х+Ва(х-а1)) (a4 <х< az) 


(a2—a4) 
С Oa (а; € x € аз) 
FaG 7 — rasefa taa) <x< и 
(a4—a3) (43 Eis fa) 
L 1 otherwise ; 


where ag , 0g and fand represent the maximum truth-membership degree, 
minimum indeterminacy-membership degree and minimum falsity-membership 
degree respectively. A single valued trapezoidal neutrosophic number à-((a, , 
Az ‚аз , A4); аа, да, Ва) may express an ill-defined quantity of the range, which 
is approximately equal to the interval [a2 , аз]. 
2.4 Definition 11,1 

Let а=((а, ,02,03, a4); аа, Oa , Ba) and b=((by , bz , ba , b4); ар, 05 , 
Bj) be two single valued trapezoidal neutrosophic numbers and Y 0 be any real 
number. Then, 

1. Addition of two trapezoidal neutrosophic numbers 


2. Subtraction of two trapezoidal neutrosophic numbers 


a-b =((а1 - b4, аз - b3, аз - bz, a4 - by); аа ^ ар, Oa v Og, Ba V Dj) 
3. Inverse of trapezoidal neutrosophic number 

v C E E и, сы. - 

а (oru apa Фа ба, Bad where (a # 0) 


4. Multiplication of trapezoidal neutrosophic number by constant value 
К (ая ,Ya;,Yas,Ya4); аа,Өа,Ва) if (Y » 0) 
а= : 
((Ya, , Yaz ,Ya,,Ya;); аа,Өа,Ва) if (Y « 0) 
5. Division of two trapezoidal neutrosophic numbers 


(m og 22,02): далар, ВауӨр, Вау ВБ) if (a4 > 0, by > 0) 


э b, ’ b3 

a А 

Бе mcn nsi балар Ba V 5, Вау) if (а, <0, by > 0) 
(К кь алар, ӨауӨр,Вау Вв) if (a, <0, b, < 0) 


6. Multiplication of trapezoidal neutrosophic numbers 


р ((a4b,,a5b5,a5b3,a4b4); аа лар, дау Өр, Вау Bg) if (ag > 0, b, > 0) 
ab = + ((a1b, ‚azb ,azbz ,a4b1); аа ^ ag, Өау Өр, Вау Bg) if (a4 <0, b,» 0) 
((a4b4 ,азЬз ‚azb ,a4b); аа лар, дау Og, Ba v Bg) if (a4 « 0, b, < 0) 
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3 Methodology 


In this paper, we present the steps of the proposed model MOORA- 
Neutrosophic, we define the criteria based on the opinions of decision makers 
(DMs) using neutrosophic trapezoidal numbers to make the judgments on criteria 
more accuracy, using a scale from 0 to 1 instead of the scale (1-9) that have many 
drawbacks illustrated by 13 . We present a new scale from 0 to 1 to avoid this 
drawbacks. We use (n-1) judgments to obtain consistent trapezoidal neutrosophic 


n x(n-1) 


preference relations instead of to decrease the workload and not tired 


decision makers. (MOORA-Neutrosophic) method is used for ranking and 
selecting the alternatives. To do this, we first present the concept of AHP to 
determine the weight of each criteria based on opinions of decision makers 
(DMs). Then each alternative is evaluated with other criteria and considering the 
effects of relationship among criteria. 

The steps of our model can be introduced as: 

Step - 1. Constructing model and problem structuring. 


a. Constitute a group of decision makers (DMs). 


b. Formulate the problem based on the opinions of (DMs). 


Step - 2. Making the pairwise comparisons matrix and determining the 


weight based on opinions of (DMs). 


a. Identify the criteria and sub criteria C = (C1, C2, C3...Cm}. 


b. Making matrix among criteria n x m based on opinions of (DMs). 


С, C; CES Cm 
Cy [imi miuus) (hi mi Mw ti) e (Ln Mini» Minu Ша) 
- Сә | (121, mau mz1, U21) (122, M221 , m23,, U22) "T (ln, Mant» Тәпи, Чоп) 4 
Wee i б * й (4) 
Сп (2, Marit» Тази Uni) (2, T Ta, и) 2S Can Mant» Туту Unn) 


Decision makers (DMs) make pairwise comparisons matrix between 
criteria compared to each criterion focuses only on (n-1) consensus 


n x(n-1) 


judgments instead of using that make more workload and 


Difficult. 

c. According to, the opinion of (DMs) should be among from 0 to 1 not 
negative. Then, we transform neutrosophic matrix to pairwise 
comparisons deterministic matrix by adding (a, 0, В) and using the 


following equation to calculate the accuracy and score. 


435 


Florentin Smarandache (author and editor) Collected Papers, VIII 


S @)= 5 la, + by + с + di] x@+ aa -03 -Ba ) (5) 
and 
A (Bij) == lay + by + c, + dy) x (2+ 0 - 03 +В) (6) 
d. We obtain the deterministic matrix by using S (3jj). 


e. Fromthe deterministic matrix we obtain the weighting matrix by dividing 


each entry on the sum of the column. 


Step - 3. Determine the decision-making matrix (DMM). The method 


begin with define the available alternatives and criteria 


С, C; bom Cm 
Аг [ima miuus) (hi mi, miuus) 2 (Lin Mint» Minu Ша) 
_ Аз | ov Meu, Mu U21) (152, M221; Този, U22) Li (122, Mant» Manu Uo) 
R= д t S И А (7) 
Ап (Аз, Tat Tni, Uni) (In2, Тә, Ти Un2) vr Cnn тъ, onu, Unn) 


where A; represents the available alternatives where i = 1... n and the 


C; represents criteria 


a. Decision makers (DMs) make pairwise comparisons matrix between 
criteria compared to each criterion focuses only on (n-1) consensus 


n x(n-1) 


judgments instead of using that make more workload and 


Difficult. 

b. According to, the opinion of (DMs) should be among from 0 to 1 not 
negative. Then, we transform neutrosophic matrix to pairwise 
comparisons deterministic matrix by using equations 5 &6 to calculate 
the accuracy and score. 

c. We obtain the deterministic matrix by using S (3;;). 


Step - 4. Calculate the normalized decision-making matrix from previous 
matrix (DMM). 


a. Thereby, normalization is carried out 14 . Where the Euclidean norm is 


obtained according to eq. (8) to the criterionE;. 


i. [Ey;| = VXT E? (8) 
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The normalization of each entry is undertaken according to eq. (9) 


Eij 


(9) 
Step - 5. Compute the aggregated weighted neutrosophic decision matrix 


(AWNDM) as the following: 


à Ё -RXW (10) 
Step - 6. Compute the contribution of each alternative Ny; the contribution 


of each alternative 


1. Ny; = Ў? , Ny; - У ъа Nx; (11) 
Step - 7. Rank the alternatives. 


з 


Figure 2 Schematic diagram of MOORA with neutrosophic. 
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4 Implementation of Neutrosophic - MOORA Technique 


In this section, to illustrate the concept of MOORA with Neutrosophic we 
present an example. An accumulation company dedicated to the production of the 
computers machines has to aggregate several components in its production line. 
When failure occurred from suppliers (alternatives), a company ordered from 
another alternative based on the four criteria C; (j = 1, 2, 3, and 4), the four criteria 
are as follows: С, for Total Cost, C; for Quality, Сз for Service, C4 for On-time 
delivery. The criteria to be considered is the supplier selections are determined 
by the DMs from a decision group. The team is broken into four groups, 
namelyDM,,DM,,DM; and DM,, formed to select the most suitable alternatives. 
This example is that the selecting the best alternative from five alternative. А; (i 
= 1, 2, 3, 4 and 5). Representing of criteria evaluation: 

e Cost (C1) Minimum values are desired. 
e Quality (C2) Maximum evaluations. 
e Service (C3) maximum evaluation. 


e On-time delivery (C4) maximum evaluation. 


Step - 1. Constitute a group of decision makers (DMs) that consist of four 
(DM). 


Step - 2. We determine the importance of each criteria based on opinion of 


decision makers (DMs). 


C C; Сз C, 
W = 
с [00.5 ,0.5,0.5,0.5) (0.6,0.7,0.9,0.1) (0.7 ,0.2,0.4,0.6) (0.3 , 0.6,0.4,0.7) 
c | (0.6 ,0.3,0.4,0.7) (0.5,0.5,0.5,0.5) (0.6,0.7,0.8,0.9) (0.3,0.5,0.2,0.5) 
Сз | (0.3 ,0.5,0.2,0.5) (0.3,0.7,0.4,0.3) (0.5,0.5,0.5,0.5) (0.2,0.5,0.6,0.8) 
(0.4 ,0.3,0.1,0.6) (0.1,0.4,0.2,0.8) (0.5,0.3,0.2,0.4) (0.5,0.5,0.5,0.5) 


Then the last matrix appears consistent according to definition 6. And then 
by ensuring consistency of trapezoidal neutrosophic additive reciprocal 
preference relations, decision makers (DMs) should determine the maximum 
truth-membership degree (a), minimum indeterminacy-membership degree (0) 
and minimum falsity-membership degree (f) of single valued neutrosophic 
numbers. 


C, C; C3 Cy 
И = 
3 (0.5 ,0.5,0.5,0.5) (0.6,0.7,0.9,0.1; 0.4,0.3,0.5) (0.7,0.2,0.4,0.6;0.8,0.4,0.2)  (0.3,0.6,0.4,0.7; 0.4,0.5,0.6) 
c ((0.6,0.3,0.4,0.7; 0.2,0.5,0.8) (0.5 ,0.5,0.5,0.5) (0.6,0.7,0.8,0.9; 0.2,0.5,0.7) (0.3,0.5,0.2,0.5;0.5,0.7,0.8) 
cs |(0.3,0.5,0.2,0.5; 0.4,0.5,0.7) (0.3,0.7,0.4,0.3; 0.2,0.5,0.9) (0.5 ,0.5,0.5,0.5) (0.2,0.5,0.6,0.8; 0.4,0.3,0.8) 
(0.4,0.3,0.1,0.6; 0.2,0.3,0.5) (0.1,0.4,0.2,0.8;0.7,0.3,0.6) — (0.5,0.3,0.2,0.4; 0.3,0.4,0.7) (0.5 ,0.5,0.5,0.5) 
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From previous matrix we can determine the weight of each criteria by using the 
following equation of S (3;;) 
2 1 
S (aij) = == [41 + by + с + d4] x (2+ Og - Ө -Pa ) 
and 
id 1 
A (ài) = [а + bi + c, + di] х (2+ Og -Oa +Ва) 


The deterministic matrix can obtain by S (а; ;) equation in the following step: 
G Q QG C, 


с, 0.5 0.23 0.261 0.163 
w -€ 0.113 0.5 0.188 0.10 
Сз [0.113 0.085 0.5 0.17 


0.123 0.169 0.105 05 


From this matrix we can obtain the weight criteria by dividing each entry by the 
sum of each column. 
CQ C; G б 
0.588 0.234 0.237 0.175 
0.133 0.508 0.171 0.107 
С: [0.133 0.086 0.455 0.182 
0.145 0.172 0.095 0.536 


Step - 3. Construct the (ANDM) matrix that representing the ratings given 
by every DM between the Criteria and Alternatives. 


C, C C3 C4 
R= 


A, (0.5, 0.3,0.2,0.4) 
A, (0.0, 0.1, 0.3, 0.4) 
Аз (0.4, 0.2,0.1,0.3) 
A4 (0.7, 0.3,0.3, 0.6) 
As L (0.5, 0.4,0.2,0.6) 


(0.6, 0.7,0.9,0.1) 
(0.7, 0.6,0.8,0.3) 
(0.3,0.0 ,0.5,0.8) 
(0.6, 0.1, 0.7, 1.0) 
(0.4, 0.6,0.1,0.2) 


(0.7, 0.9,1.0,1.0) 
(0.6 , 0.7,0.8,0.9) 
(0.4, 0.2,0.1,0.3) 
(0.2, 0.4, 0.5, 0.8) 
(0.6, 0.1,0.3,0.5) 


(0.4, 0.7,1.0,1.0) 
(0.3, 0.5,0.9,1.0) 
(0.2, 0.5,0.6,0.8) 
(0.3, 0.4,0.2,0.5) 
(0.7, 0.1,0.3,0.2)1 


Then the last matrix appears consistent according to definition 6. And then by 
ensuring consistency of trapezoidal neutrosophic additive reciprocal preference 
relations, decision makers (DMs) should determine the maximum truth- 
membership degree (a), minimum indeterminacy-membership degree (0) and 
minimum falsity-membership degree (P) of single valued neutrosophic numbers. 


C, C 


(0.6, 0.7,0.9,0.1; 0.3,0.4,0.5) 
(0.7, 0.6,0.8,0.3; 0.4,0.8,0.1) 
(0.3,0.0 ,0.5,0.8; 0.5,0.7,0.2) 
(0.6, 0.1, 0.7, 1.0; 0.2,0.6,0.3) 
(0.4, 0.6,0.1,0.2; 0.1,0.5,0.4) 


R= 

A, (0.5,0.3,0.2,0.4; 0.3,0.4,0.6) 
A, (0.0,0.1, 0.3, 0.4; 0.6,0.1,0.4) 
A; (0.4,0.2,0.1,0.3; 0.3,0.5,0.2) 
A, (0.7, 0.3, 0.3, 0.6; 0.5,0.3,0.1) 
As| (0.5, 0.4,0.2,0.6; 0.9,0.4,0.6) 
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C3 


(0.7, 0.9,1.0,1.0; 0.2,0.5,0.3) 
(0.6 ,0.7,0.8,0.9; 0.2,0.3,0.5) 
(0.4, 0.2,0.1,0.3; 0.5,0.7,0.5) 
(0.2, 0.4, 0.5, 0.8; 0.1,0.4,0.8) 
(0.6, 0.1,0.3,0.5; 0.8,0.6,0.2) 


C4 


(0.4, 0.7,1.0,1.0; 0.1,0.3,0.4) 
(0.3, 0.5,0.9,1.0; 0.2,0.4,0.6) 
(0.2, 0.5,0.6,0.8; 0.1,0.2,0.5) 
(0.3, 0.4,0.2,0.5; 0.3,0.8,0.7) 
(0.7,0.1,0.3,0.2; 0.3,0.9,0.6)] 


Florentin Smarandache (author and editor) Collected Papers, VIII 


From previous matrix we can determine the weight of each criteria by using the 
following equation of S (3;;) 
" 1 
S (aij) = == [41 + by + c1 + d4] х (2+ оз - Ө -Pa ) 
and 
Є 1 
А (ài) = 7g lai + by + c, + di] x (2 + Og -Oa +Ва) 
The deterministic matrix can obtain by S (а; ;) equation in the following step: 
G Q CG C, 
A, 011 020 0.32 0.27 
A; 011 023 0.26 0.20 
В = Аз 0.10 0.16 0.08 0.18 
A4 К 0.19 0.11 А 
As 10.20 0.09 0.19 0.07 


Step - 4. Calculate the normalized decision-making matrix from previous 


matrix. 
By this equation = |х | = lyn , 
X; A 
NXij = 
Ix; 


a. Sum of squares and their square roots 


C Q Q C, 


Ay 0.11 0.20 0.32 0.27 
A5 0.11 0.23 026 0.20 
Аз 0.10 0.16 0.08 0.18 
A4 0.25 0.19 0.11 0.07 
As 0.20 0.09 0.19 0.07 


ио 0.16 0.22 nl 
Squareroot *0.37 040 0.47 0.40 


b. Objectives divided by their square roots and MOORA 


A, 0.30 0.50 0.68 0.67 
A5 0.80 0.58 0.55 0.50 
R= Аз 027 040 0.17 0.45 
A,,0.68 0.48 0.23 0.18 
As [0.54 0.23 0.40 0.18] 
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Step - 5. Compute the aggregated weighted neutrosophic decision matrix 
(AWNDM ) as the following: 


0.30 0.50 068 0.67 0.588 0.234 0.237 0.175 


dE D ao 0.30 0.133 0.508 0.171 0.107| _ 
0027 баб. 3047 вазе odse aaa se 
0.68 048 023 018 : | 


Kea Gos бао. б! 0.145 0.172 0.095 0.536 


0.43 0.20 049 0.59 
0.0 0.49 047 048 
= 029 059 025 0.36 
052 045 0.36 0.31 
[0.42 0.31 0.37 029] 


Step - 6. Compute the contribution of each alternative Ny; the contribution 
of each alternative 


Ny; Dia Nyi - У оу Nx 
C, С, C3 C, Y; Rank 


Ai 043 0.20 0.49 0.59 0,85 
A; 040 049 0.47 0.48 0.99 
Аз 029 0.59 025 0.36 0.91 
A, 10.52 045 0.36 0.31 0.60 
As [042 0.31 0.37 0.29 0.55 


л PNR оо 


— 


Step - 7. Rank the alternatives. The alternatives are ranked according the 
min cost for alternative as alternative Az > Аз > A, > A4 > А5 


Mean priority 


1,2 


0,8 
0,6 
0,4 
0,2 

0 


Alt1 Alt2 Alt3 Alt4 Alt5 


Figure 3. The MOORA- Neutrosophic ranking of alternatives. 
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5 Conclusion 


This research presents a hybrid of the (MOORA) method with 
Neutrosophic for supplier selection. We presented the steps of the method in 
seven steps and a numerical case was presented to illustrate it. The proposed 
methodology provides a good hybrid technique that can facilitate the selecting of 
the best alternative by decision makers. Then neutrosophic provide better 
flexibility and the capability of handling subjective information to solve problems 
in the decision making. As future work, it would be interesting to apply MOORA- 
Neutrosophic technique in different areas as that is considered one of the decision 
making for selection of the best alternatives. For example, project selection, 
production selection, etc. The case study we presented is an example about 
selecting the alternative that the decision makers (DMs) specify the criteria and 
how select the best alternatives. 
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Abstract 


In this chapter, we introduce a new algorithm for finding a minimum 
spanning tree (MST) of an undirected neutrosophic weighted 
connected graph whose edge weights are represented by an interval 
valued neutrosophic number. In addition, we compute the cost of 
MST and compare the de-neutrosophied value with an equivalent 
MST having the detereministic weights. Finally, а numerical 
example is provided. 


Keywords 


Interval valued Neutrosophic Graph, Score function, Minimum 
Spanning Tree (MST). 


1 Introduction 


In order to express the inconsistency and indeterminacy that exist in real- 
life problems reasonably, Smarandache [3] proposed the concept of neutrosophic 
sets (NSs) from a philosophical standpoint, which is characterized by three totally 
independent functions, i.e., a truth-function, an indeterminacy function and a 
falsity function that are inside the real standard or non-standard unit interval ]-0, 
1+[. Hence, neutrosophic sets can be regarded as many extended forms of 
classical fuzzy sets [8] such as intuitionistic fuzzy sets [6], interval-valued 
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intuitionistic fuzzy sets [7] etc. Moreover, for the sake of applying neutrosophic 
sets in real-world problems efficiently, Smarandache [9] put forward the notion 
of single valued neutrosophic sets (SVNSs for short) firstly, and then various 
theoretical operators of single valued neutrosophic sets were defined by Wang et 
al. [4]. Based on single valued neutrosophic sets, Wang et al. [5] further 
developed the notion of interval valued neutrosophic sets (IVNSs for short), some 
of their properties were also explored. Since then, studies of neutrosophic sets 
and their hybrid extensions have been paid great attention by numerous scholars 
[19]. Many researchers have proposed a frutiful results on interval valued 
neutrosophic sets [12,14,16,17,18,20,21-31] 


MST is most fundamental and well-known optimization problem used in 
networks in graph theory. The objective of this MST is to find the minimum 
weighted spanning tree of a weighted connected graph. It has many real time 
applications, which includes communication system, transportation problems, 
image processing, logistics, wireless networks, cluster analysis and so on. The 
classical problems related to MST [1], the arc lengths are taken and it is fixed so 
that the decision maker use the crisp data to represent the arc lengths of a 
connected weighted graph. But in the real world scenarios the arch length 
represents a parameter which may not have a precise value. For example, the 
demand and supply, cost problems, time constraints, traffic frequencies, 
capacities etc., For the road networks, even though the geometric distance is 
fixed, arc length represents the vehicle travel time which fluctuates due to 
different weather conditions, traffic flow and some other unexpected factors. 
There are several algorithms for finding the MST in classical graph theory. These 
are based on most well-known algorithms such as Prims and Kruskals algorithms. 
Nevertheless, these algorithms cannot handle the cases when the arc length is 
fuzzy which are taken into consideration [2]. 


More recently, some scholars have used neutrosophic methods to find 
minimum spanning tree in neutrosophic environment. Ye [8] defined a method to 
find minimum spanning tree of a graph where nodes (samples) are represented in 
the form of NSs and distance between two nodes represents the dissimilarity 
between the corresponding samples. Mandal and Basu [9] defined a new 
approach of optimum spanning tree problems considering the inconsistency, 
incompleteness and indeterminacy of the information. They considered a network 
problem with multiple criteria represented by weight of each edge in neutrosophic 
sets. Kandasamy [11] proposed a double-valued Neutrosophic Minimum 
Spanning Tree (DVN-MST) clustering algorithm to cluster the data represented 
by double-valued neutrosophic information. Mullai [15] discussed the MST 
problem on a graph in which a bipolar neutrosophic number is associated to each 
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edge as its edge length, and illustrated it by a numerical example. To the end, no 
research dealt with the cases of interval valued neutrosophic arc lengths. 


The main objective of this work is to find the minimum spanning tree of 
undirected neutrosophic graphs using the proposed matrix algorithm. It would be 
very much useful and easy to handle the considered problem of interval valued 
neutrosophic arc lengths using this algorithm. 


The rest of the paper is organized as follows. Section 2 briefly introduces 
the concepts of neutrosophic sets, single valued neutrosophic sets, interval valued 
neutrosophic sets and the score function of interval valued neutrosophic number. 
Section 3 proposes a novel approach for finding the minimum spanning tree of 
interval valued neutrosophic undirected graph. In Section 4, two illustrative 
examples are presented to illustrate the proposed method. Finally, Section 5 
contains conclusions and future work. 


2 Preliminaries 


Definition 2.1 [3] Le 2 be an universal set. The neutrosophic set A on the 


universal set &categorized in to three membership functions called the true 


T,(x), indeterminate /,(x)and false F,(x)contained in real standard or non- 


standard subset of Т0, 1'[ respectively. 
70 €supT,(x)- ѕир/ (х) + supl,(x)<3* (1) 


Definition 2.2 4 Let 2 bea universal set. The single valued neutrosophic 


sets (SVNs) A on the universal & is denoted as following 
А = (9x: T(x), L(x), FX)? x € ¢} (2) 


The functions T4,(x)e [0. 1], 7,(x) e [0. Папа F,(x)e [0. 1] are named 


degree of truth, indeterminacy and falsity membership of x in A, satisfy the 
following condition: 


0 <T,(x)+1,(x)+T,(x)< 3 (3) 


Definition 2.3 5 . An interval valued neutrosophic set A in X is defined 
as an object of the form 


Á Ex b uf xxex]. 


where 7 -|[rz, T? ? -[r, 7]. 7 - | R2. 77]. 


А? A 
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and Tr = IZ, JN F7 :Х — [0, 1].The interval membership 


degree where T. En e I P ak А ‚ЕК? ‚ Ё т denotes the lower and upper truth 


membership, lower and upper indeterminate membership and lower and upper 
false membership of an element e X corresponding to an interval valued 


neutrosophic set A where O<TE +10 + Б <3 


In order to rank the IVNS, TAN [18] defined the following score function. 


Definition 2.4 [18]. Let А =<T yl Y > be an interval valued 


neutrosophic number , where t= [r: 70], i- le x р f = [82d Then, 


A?^ A A” A 
the score function s(4 ), accuracy function а(А ) and certainty function с(4 )of 
an IVNN can be represented as follows: 

L L L U U U 
6 


S(A ) e[o.1] (4) 


(1) SENE )= 


> 


(T; -F)- Gy -F1) 
2 


(ii) apy(A ) = a(À )e - 11] (5) 


TAN [18] gave an order relation between two IVNNs, which is defined as 
follows 


Let Á, =<7 2 у] > and A, =< р "b Ns >be two interval valued 
neutrosophic numbers then 
i If 5(А) > s(Ay) , then A, is greater than A, , that is, A, is superior to A, 5 

denoted by 4, > А, 

ii. If s(4) = 5(4,) and а(А) - а(А,) Шеп А is greater than A, , that is, А 
is superior to A, , denoted by 4, > A, 

iii, If s(4)=s(4), a(A4) =a(A,), then А is equal to 4,, that is, 4 is 
indifferent to 4,, denoted by А = А 


Definition 2.5 17 : Let A em en be an IVNN, the score 


function S of A is defined as follows 


Ss (4)- ert +T! 212-219 - FE - FL), S(A)e[-L1]. (9 
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Definition 2.6 17 : Let A- (Iri. 77 [55 [ELF ]) be an 


IVNN, the accuracy function Н of А is defined as follows 


Нам (2) == mud Ws е H(A) e[-1.1]. (7) 
l 20:0-1,))-D0-2)-F/-I)-F,0-£5) 


To rank any two IVNNs ALT LESE ЕЕ] and 
B-(Ir.7 |1518 LP ES |), 

Ridvan [17] introduced the following method. 

Definition 2.7 17: Let A and B be two IVNNs, S (4) and s(B) be 


scores of A and B respectively, and H (4) and H (8) be accuracy values of 


А and B respectively, then 


i If S(A)>S(B) then A is larger than В, denoted А> В. 
ii. — If S(4) = S(B) then we check their accuracy values and decide as 
follows: 
(a) If H(A)=H(B), then A=B. 
(b) However, if H(A) > H(B) , then Á is larger than B , denoted A» В. 
Definition 2.8 12: Let A cron ss DRE be an 


IVNN, the score function S of А is defined as follows 


L U L U L L L U pL pL 
jes Оа ys Fi (4- T; +T} —F, Fi) s(4)¢[o.1 


Remark 2.9: In neutrosophic mathematics, the zero sets are represented by the 
following form 0y={<x, [0, 0], П, 1], [1,1])> :xe Xj. 
3 The proposed algorithm 


The following algorithm is a new concept of finding the MST of undirected 
interval valued neutrosophic graph using the matrix approach. 


Algorithm: 


Input: the weight matrix M ZLA „ for the undirected weighted interval 
valued neutrosophic graph G. 


Output: Minimum cost Spanning tree T of G. 


448 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Step 1: Input interval valued neutrosophic adjacency matrix A. 
Step 2: Convert the interval valued neutrosophic matrix into a score matrix 
[5, | using the score function. 
nxn 
Step 3: Iterate step 4 and step 5 until all (n-1) entries matrix of S are either 
marked or set to zero or other words all the nonzero elements are marked. 


Step 4: Find the weight matrix M either columns-wise or row-wise to 
determine the unmarked minimum entries 5, which is the weight of the 


corresponding edge e; in M. 


Step 5: If the corresponding edge e, of selected S у produces a cycle with the 


previous marked entries of the score matrix S then set 5, = 0 else mark S, . 


Step 6: Construct the graph T including only the marked entries from the score 
matrix S which shall be desired minimum cost spanning tree of G. 


4 Practical example 


4.1 Example 1 


In this section, a numerical example of IVNMST is used to demonstrate 
of the proposed algorithm. Consider the following graph G- (V, E) shown Figure 
1, with fives nodes and seven edges. Various steps involved in the construction 
of the minimum cost spanning tree are described as follow — 


Fig.1. Undirected interval valued neutrosophic graphs 
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Table 1. 
e; Edge length 
i 
<3, 4)... 2.42 А> 
е 
<[.4, 5], L2, .6], <, .6]> 
её; 
< < > 
" 1, 3], L6, .8], <[.8, -9] 
4, 5], [.8, 9], 4.3, AP» 
езд 
<2, 4,13, A], <[7, 8P 
€34 
<[.4, 5], L6, 7], <[.5, .6]> 
ез5 
7 <[5, 6], [.4, 5]. T3, 4] 
45 


0 е2 ез C14 0 
€12 0 0 C24 0 
A= €13 0 0 езд 35 
C14 024 еза 0 ед5 
lo о eg ед 0] 


Applying the score function proposed by Tan [18], we get the score matrix: 


0 0.633 0.517 0.217 0 


0.633 0 0 0.5 0 
S= 0.517 0 0 0.45 0.4 

0.217 0.5 0.45 0 0.583 

| 0 0 04 0.583 0 | 


In this matrix, the minimum entries 0.217 is selected and the corresponding 
edge (1, 4) is marked by the green color. Repeat the procedure until termination 
(Figure 2). 
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Fig.2. Marked interval valued neutrosophic graphs 


The next non-zero minimum entries 0.4 is marked and corresponding edges (3, 
5) are also colored (Figure 3). 


0 0.633 0.517 0.217 0 


0.633 0 0 0.5 0 
S= 0.517 0 0 0.45 0.4 

0.217 0.5 0.45 0 0.583 

| 0 0 0.4 0.583 0 | 


Fig. 3. Marked interval valued neutrosophic graphs in next iteration 


0 0.633 0.517 0.217 0 


0.633 0 0 0.5 0 
S= 0517 0 0 0.45 0.4 

0.217 0.5 0.45 0 0.583 

| 0 0 04 0.583 0 | 


The next non-zero minimum entries 0.45 is marked. The corresponding 
marked edges are portrayed in Figure 4. 
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Fig. 4. Marked interval valued neutrosophic graphs in next iteration 


0 0.633 0.517 0.217 0 


0.633 0 0 0.5 0 
S= 0.517 0 0 0.45 0.4 

0.217 0.5 0.45 0 0.583 

| 0 0 0.4 0.583 0 | 


The next non-zero minimum entries 0. 5 is marked. The corresponding marked 
edges are portrayed in Figure 5. 


0 0.683 05440 0.217 0 
0.633 0 0 0.5 0 
S= 0.517 0 0 0.45 0.4 
0.217 0.5 0.45 0 0.583 
| 0 0 0.4 0.583 0 | 
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The next minimum non-zero element 0.517 is marked. However, while 
drawing the edges, it produces the cycle so we delete and mark it as 0 instead of 
0.517 (Figure 6). 


The next minimum non-zero element 0.583 is marked. However, while 
drawing the edges, it produces the cycle so we delete and mark it as 0 instead of 
0.583 (Figure 7). 


0 0.633 0:517 0 0.217 0 
0.633- 0 0 0 0.5 0 
S= 0.517 0 0 0.45 0.4 
0.217 0.5 0.45 0 0.583 
| 0 0 0.4 0.583 0 0 | 
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The next minimum non-zero element 0.633 is marked. However, while 
drawing the edges, it produces the cycle so we delete and mark it as 0 instead of 
0.633 (Figure 8). 


Fig. 8. Marked edges in the next round 


Finally, we get the final path of minimum cost of spanning tree of G is 
portrayed in Figure 9. 


Fig. . Final path of minimum cost of spanning tree of the graph 


And thus, the crisp minimum cost spanning tree is 1.567 and the final path of 
minimum cost of spanning tree is{2, 4},{4, 1},{4, 3},{3, 5}. The procedure is 
termination. 


4.2 Example 2 


The score function is used in machine learning involved in manipulating 
probabilities. Here the score functions in the proposed algorithm plays a vital role 
in identifying the minimum spanning tree of undirected interval valued 
neutrosophic graphs. Also based on the order of polynomial time computation the 
score function used are approaching towards different MST for an Neutrosophic 
graph. We compare our proposed method with these scoring methods used by 
different researchers and hence compute the MST of undirected interval valued 
neutrosophic graphs. 
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Using the score function proposed by Nancy [12]. we | Using the score function proposed by RIDVAN [17 
get the score matrix ], we get the score matrix 
3 . 0 T T 


5=|0.517 
—0.47 —0.46 0.05 0 . , —0.3 
0 —0.19 0.115 0 —0.225 0.15 
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The crisp minimum cost spanning tree is -1.07 and The crisp minimum cost spanning tree is -l and 
the final path of minimum cost of spanning tree 15{2, | the final path of minimum cost of spanning tree 
4},{4, 1}.{4, 3}.{3, 5). The procedure is termination. | 15{2, 4}.{4, 1}.{4, 3},{3. 5). The procedure is 


termination. 


5 Comparative study 


In what follows we compare the proposed method presented in section 4 with 
other existing methods including the algorithm proposed by Mullai et al [15] as 
follow 


Iteration 1: 
Let C, = (1) and Ci={2, 3, 4,5} 
Iteration 2: 
Let C,={1, 4} and C2={2, 3 ,5} 
Iteration 3: 
Let C,7(1, 4, 3} and C3={2, 5} 
Iteration 4: 
Let C,={1,3, 4, 5) and C4-(2) 


Finally, the interval valued neutrosophic minimal spanning tree is 


Fig .10. IVN minimal spanning tree obtained by Mullai's algorithm. 


So, it can be seen that the interval valued neutrosophic minimal spanning 
tree (2, 4},{4, 1},{4, 3},{3, 5}.obtained by Mullai’s algorithm, After 
deneutrosophication of edges’ weight using the score function, is the same as the 
path obtained by proposed algorithm. The difference between the proposed 
algorithm and Mullai's algorithm is that our approach is based on Matrix approch, 
which can be easily implemented in Matlab, whereas the Mullai's algorithm 15 
based on the comparison of edges in each iteration of the algorithm and this leads 
to high computation. 
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7 Conclusions and Future Work 


This article analyse about the minimum spanning tree problem where the 
edges weights are represented by interval valued neutrosophic numbers. In the 
proposed algorithm, many examples were investigated on MST. The main 
objective of this study 1s to focus on algorithmic approach of MST in uncertain 
environment by using neutrosophic numbers as arc lengths. In addition, the 
algorithm we use is simple enough and more effective for real time environment. 
This work could be extended to the case of directed neutrosophic graphs and other 
kinds of neutrosophic graphs such as bipolar and interval valued bipolar 
neutrosophic graphs. In future, the proposed algorithm could be implemented to 
the real time scenarios in transportation and supply chain management in the field 
of operations research. On the other hand, graph interpretations (decision trees) 
of syllogistic logics and bezier curves in neutrosophic world could be considered 
and implemented as the real-life applications of natural logics and geometries of 
data [31-36]. 
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Abstract 


The most widely used technique for solving and optimizing 
a real-life problem is linear programming (LP), due to its 
simplicity and efficiency. However, in order to handle the 
impreciseness in the data, the neutrosophic set theory plays a 
vital role which makes a simulation of the decision-making 
process of humans by considering all aspects of decision 
(1.е., agree, not sure and disagree) By keeping the 
advantages of it, in the present work, we have introduced the 
neutrosophic LP models where their parameters are 
represented with a trapezoidal neutrosophic numbers and 
presented a technique for solving them. The presented 
approach has been illustrated with some numerical examples 
and shows their superiority with the state of the art by 
comparison. Finally, we conclude that proposed approach is 
simpler, efficient and capable of solving the LP models as 
compared to other methods. 


1 Introduction 


One of the most extremely used OR methods in real-life 
problems according to empirical surveys is linear pro- 
gramming [1—4]. It is a mathematical programming which 
contains a linear objective function and a group of linear 
equalities and inequalities constraints. The petroleum 
manufacture was the first and most productive application 
of linear programming. Well-defined data which contain a 
greater cost of information are required for LP problems. 
But in real-life problems, the precision of data is 


overwhelmingly deceitful and this affects optimal solution 
of LP problems. Probability distributions failed to transact 
with inaccurate and unclear information. Also fuzzy sets 
were introduced by Zadeh [5] to handle vague and 
imprecise information. But also fuzzy set does not repre- 
sent vague and imprecise information efficiently, because it 
considers only the truthiness function. After then, Ata- 
nassove [6] introduced the concept of intuitionistic fuzzy 
set to handle vague and imprecise information, by con- 
sidering both the truth and falsity function. But also intu- 
itionistic fuzzy set does not simulate human decision- 
making process. Because the proper decision is funda- 
mentally a problem of arranging and explicate facts the 
concept of neutrosophic set theory was presented by 
Smarandache, to handle vague, imprecise and inconsistent 
information [7-10]. Neutrosophic set theory simulates 
decision-making process of humans, by considering all 
aspects of decision-making process. Neutrosophic set is a 
popularization of fuzzy and intuitionistic fuzzy sets; each 
element of set had a truth, indeterminacy and falsity 
membership function. So, neutrosophic set can assimilate 
inaccurate, vague and maladjusted information efficiently 
and effectively [11, 12]. We now can say that NLP problem 
is a problem in which at least one coefficient is represented 
by a neutrosophic number due to vague, inconsistent and 
uncertain information. The NLP problems are more useful 
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than crisp LP problems because decision maker in his/her 
formulation of the problem is not forced to make a delicate 
formulation. The use of NLP problems is recommended to 
avert unrealistic modeling. In this research, it is the first 
time to present LP problems in a neutrosophic environment 
with trapezoidal neutrosophic numbers. Two ranking 
functions are introduced according to the problem type, for 
converting NLP problem to crisp problem. The proposed 
model was applied to both maximization and minimization 
problems. 

The remaining part of this research is marshaled as 
follows: We survey the pertinent fuzzy and intuitionistic 
FLP problems literature review in Sect. 2. The important 
concepts of neutrosophic set arithmetic are presented in 
Sect. 3. The formularization of NLP models is presented in 
Sect. 4. The proposed method for solving NLP problems is 
presented in Sect. 5. Numerical examples are disbanded 
with the suggested method, a comparison of results with 
different researchers is illustrated and the drawbacks of 
existing methods are listed in Sect. 6. Finally, conclusions 
and future trends are clarified in Sect. 7. 


2 Literature review 


Linear programming problems in the fuzzy environment 
have classified into two groups which are, symmetric and 
non-symmetric problems according to Zimmermann [13]. 
Objectives and constraints weight are equally significant in 
symmetric FLP problems, but non-symmetric problem 
weights of objectives and constraints are not equal [14]. 
Another classification of FLP problems was introduced by 
Leung [15]: (1) problems with crisp values of objective and 
fuzzy values of constraints; (2) problems with crisp values 
of constraints and fuzzy values of objectives; (3) problems 
with fuzzy objectives and fuzzy constraints; and finally (4) 
robust programming problems. Three types of fuzzy linear 
programming models were proposed by Luhandjula [16], 
which are flexible, mathematical and fuzzy stochastic 
programming models. Another six models of FLP prob- 
lems was introduced by Lnuiguchi et al. [17], which are as 
follows: flexible, possibility programming, possibility LP 
by using fuzzy max, possibility linear programming with 
fuzzy preference relations, possibility linear programming 
with fuzzy objectives and robust programming. An FLP 
problem with equality and inequality constraints are 
introduced by Kumar et al. [18]. Various approaches for 
disbanding FLP with inequality constraints were proposed 
by several authors [19—21], by firstly converting FLP 
problems to its equivalent crisp model and then get the 
optimal fuzzy solution of the original case. A large number 
of authors have deliberated different properties of FLP 
problems and suggested various models for finding 
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solutions. The first introduction of fuzzy programming 
theory was suggested by Tanaka et al. [22]. The first for- 
mulation and solving of FLP problems are presented by 
Zimmerman [23]. Tanaka and Asai [24] suggested an 
approach for getting the fuzzy optimal solution of FLP 
problems. Verdegay solved FLP problems by depending on 
fuzzification principle of objective [25]. The fuzzified 
version of mathematical problems was examined by Her- 
rera et al. [26]. An FLP problem with fuzzy values of 
objective function coefficients were proposed by Zhang 
et al. [27]. They converted FLP problems into multi-ob- 
jective problems. Another model of FLP problems with 
fuzzy values of objective function coefficients and con- 
straints was introduced by Stanciulescu et al. [28]. An FLP 
model with symmetric trapezoidal fuzzy numbers was 
presented by Ganesan and Veeramani [29]. They obtained 
the optimal solution of a problem without converting it to 
the crisp form. A revised version of Ganesan and Veera- 
mani method was proposed by Ebrahimnejad [30]. A 
ranking function for arranging trapezoidal fuzzy numbers 
of FLP problems was introduced by Mahdavi and Naasseri 
[31]. The idealistic stipulation for FLP problems was 
derived by Wu [32], by presenting the concept of a non- 
dominated solution of multi-objective programming. By 
utilizing a defuzzification function, Wu [33] converted the 
problem into optimization problems. The full FLP prob- 
lems were introduced by Lotfi et al. [34]. Some researchers 
have proposed a ranking function for converting FLP 
problems into its tantamount crisp LP model and then 
solving it by standard methods. The primal simplex method 
was extended by Maleki et al. [35], for solving FLP 
problems. Tavana and Ebrahimnejad introduced a new 
approach for solving FLP problems with symmetric 
trapezoidal fuzzy numbers [36]. The fully intuitionistic 
FLP problems introduced by Bharati and Singh [37] 
depend on sign distance between triangular intuitionistic 
fuzzy numbers. A ranking function was used by Sidhu and 
Kumar [38] for solving intuitionistic FLP problems. 
Nagoorgani and Ponnalagu [39] introduced an accuracy 
function to defuzzify triangular intuitionistic fuzzy number. 
The previous researches motivated us to propose a study 
for solving NLP problems. There does not exist any 
researches which solve neutrosophic linear programming 
problems with trapezoidal neutrosophic numbers [40—45]. 


3 Preliminaries 
A review of important concepts and definitions of neutro- 
sophic set is presented in this section. 


Definition 1 [43] A single-valued neutrosophic set N 
through X taking the form N={0x, Ty(x), Iy(x), Fy (x)U: 
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xD X), where X be a universe of discourse, Ty(x): Х [0, 
1], Zy(x): X—[0, 1] and Fy(x): X—[0, 1] with O<Ty(x) 
+Iy(x)+Fy(x)<3 for all x (X. Ty(x), Iy(x) and Fy(x) 
represent truth membership, indeterminacy membership 
and falsity membership degrees of x to N. 


Definition 2 [43] The trapezoidal neutrosophic number А 
is a neutrosophic set in R with the following truth, inde- 
terminacy and falsity membership functions: 


a2 — а] 
Тд(х) = 4 a (a? X x € a3), (1) 
х4 (a5 <х< аз) 
0 otherwise 


-d)) 


L(x) = 2 
Fu ) X— аз + 05 (a x)) (assa ( ) 
(d, - as) "X; 
otherwise 


(a2 —x + Ba(x — а)) a; <х<а 
СНК 
ХХ) = - nin 
F(x) (x — as + Ba (ai — х)) (as «x X a1) i 
(aj — аз) "i 


otherwise 


where «;, 0; and f; represent the maximum degree of 
truthiness, minimum degree of indeterminacy, minimum 
degree of falsity, respectively, ж, 0; and f; c [0,1]. 
Also ат € a, € d, € a» € a3 € d € a4 € aj. 
The membership functions of trapezoidal neutrosophic 
number are presented in Fig. 1. 


Definition 3 
trapezoidal 


[43] The mathematical operations on two 


neutrosophic numbers А= 


Тд(х), I(x), Раб) 
1 


а 1 Q4 ay аз 
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(( (a1, 42, 43, a4); az, Oe: Bx) and B 
« (bi, b2, b3, ba); tg, 08, Ba) are as follows: 

A+B ((a 4 
A B (ai b3,a3 b5,d4 


ды E B X3, 05, 2 
ал аз a» a 


Il 


by, а + bo, a3 + b3,a44 ba); og ^ ав, 04 V Og, Ba V Bg) 
bi); t ^ ов, 05 V Og, Ba V Ba) 


b4, а2 


where (А # 0) 


ie { ((ya1, уаз, аз, уаз); жд, Өл, BA) if (y > 0) 
| ((ya4, Уаз, уаз, уаз); ®, Өл, B4) if (y 0) 
(BBB) iaa nag ts v Oa Ba Вв) if (ay > 0,b4 > 0) 
= (Gegen Aag, 0a V Oa Pa V Pa) if (a4(0, b4)0) 
(gm i A ap, Oa V Om Ba V Pa) if (а, <0, b4 <0) 


D 


(aibi , azb2, a3b3, a4b4); Qs Л ад, 05 V Og. Ba V Ва) if (a4 > 0, b4 > 0) 
В = | ((aiba, аз, азЬ›, a4b1); ад ^ ав, 05 V Og, Ba V Bg) if (a4 (0, b4)0) 

((aaba, a3b3, аЬ», a1b1); Qs Л ад, 05 V 05. Вх V Ва) if (a4 <0, b4 <0) 
Definition 4 А ranking function of neutrosophic numbers 
is a function R: N(R) — R, where N(R) is a set of neu- 
trosophic numbers defined on set of real numbers, which 
convert each neutrosophic number into the real line. 


Let А = ((а1,а,аз,ад);ад,04, В) and B= 
((b1, b2, b3, ba); Ağ, 08, Вв) are two trapezoidal neutro- 
sophic numbers, then 
1. If R(A)>R(B) then A > 
2. If R(A)<R(B) then A< 


3. If R(A)=R(B) then A= B. 


4 Neutrosophic linear programming 
problem (NLP) 


In this section, various types of NLP problems are 
presented. 


аз a, ал а' 4 


Fig. 1 Truth membership, indeterminacy and falsity membership functions of trapezoidal neutrosophic number 
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The first type of NLP problem is the problem in which 
coefficients of objective function variables are represented 
by trapezoidal neutrosophic numbers, but all other 
parameters are represented by real numbers. 


n 
Maximize/minimize Z ~ X Сх} 


j=l 
Subject to 
n (4) 
X ayxj <, =, > bi; i — 1,2,...,m, 
j=l 
j21L12,...n, xj > 0. 


In this type of problem, c; is a trapezoidal neutrosophic 
number. 

The second type of NLP problem is the problem in 
which objective function variables and coefficients are 
exemplified by real values but coefficients of constraints 
variables and right-hand side are represented by trapezoidal 
neutrosophic numbers. 


n 
Maximize/minimize Z — 1 CjXj 
j=l 
Subject to 


(5) 


Here, both a; and b; are trapezoidal neutrosophic numbers. 

The third type of NLP problem is the problem in which 
all parameters are represented by trapezoidal neutrosophic 
numbers, except variables are exemplified only by real 
values. 
Maximize / minimize Z ~ 5 Сух; 

j=l 

Subject to 


X ägs, 2 bi; i=1,2, ‚т, 
j=l 
j= 1,2, п, xj > 0. 


Here, cj, а; and b; are trapezoidal neutrosophic numbers. 

The NLP problem may also be a problem with neutro- 
sophic values for variables, coefficients in goal function 
and right-hand side of constraints. 


463 


Collected Papers, VIII 


де 
^2 


Maximize/minimize 


Subject to 


j212,.4n x20. 


Here, cj, X; and b; are trapezoidal neutrosophic numbers. 
Here, x; is defined as trapezoidal neutrosophic numbers, if 
authors want to obtain results in the form of neutrosophic 
numbers. But in reality, any manager or decision maker 
want to obtain the crisp optimal solution of problem, 
through considering vague, imprecise and inconsistent 
information when defining the problem. So, if we obtain 
the crisp value of decision variables, this problem can be 
considered as another formulation of NLP (6). 


5 Proposed NLP method 


A new approach suggested to find the neutrosophic optimal 
solution of NLP problems is introduced in this section. 

Step 1 Let decision makers insert their NLP problem 
with trapezoidal neutrosophic numbers. Because we always 
want to maximize truth degree, minimize indeterminacy 
and falsity degree of information, and then inform decision 
makers to apply this concept when entering trapezoidal 
neutrosophic numbers of NLP model. 

Step 2 Regarding to definition 4, we propose a ranking 
function for trapezoidal neutrosophic numbers. 

Step 3 Let (à = al, a"! a", a", Ta, Ig, Fa) be a trape- 
zoidal neutrosophic number, where а!, а"!, а"2, a", аге 
lower bound, first, second median value and upper bound 
for trapezoidal neutrosophic number, respectively. Also 
Ta, la, Еа are the truth, indeterminacy and falsity degree of 
trapezoidal number. If NLP problem is a maximization 
problem, then: 

Ranking function for this trapezoidal neutrosophic 
number is as follows: 


к(а) = (He +a") 


a 


degree. 


5 ) +confirmation 


Mathematically, this function can be written as follows: 


al а“ ат! а"? 
ка = ( aa САВ, ) (8 


T; — l; — Е; 
м 


If NLP problem is a minimization problem, then: 
Ranking function for this trapezoidal neutrosophic 
number is as follows: 


al a" —3 а"! а"? 
к(а) = (ze degree. 


У ) -Fconfirmation 


Mathematically, this function can be written as follows: 
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3(а"! E a) 
2 


к(а) = = — 


Step 4 According to the type of NLP problem, apply the 
suitable ranking function to convert each trapezoidal neu- 
trosophic number to its equivalent crisp value. This lead to 
convert NLP problem to its crisp model. 

Step 5 Solve the crisp model using the standard method 
and obtain the optimal solution of problem. 


)+-һь-кә. (9) 


6 Numerical examples 


In this section, to prove the applicability and advantages of 
our proposed model of NLP problems, we solved the same 
problem which introduced by Ganesan and Veeramani [29] 
and Ebrahimnejad and Tavana [36]. 

The difference between fuzzy set and neutrosophic set is 
that fuzzy set takes into consideration the truth degree only. 
But neutrosophic set takes into consideration the truth, 
indeterminacy and falsity degree. The decision makers and 
problem solver always seek to maximize the truth degree, 
minimize indeterminacy and falsity degree. Then, in the 
following example, we consider truth degree (T)=1, inde- 
terminacy (J) and falsity (F) degree=0, as follows (1,0,0) 
for each trapezoidal neutrosophic number and this called 
the confirmation degree of each trapezoidal neutrosophic 
number. We should also note that, according to Ganesan, 
Veeramani and Ebrahimnejad, Tavana each trapezoidal 
number is symmetric with the following form: 


a= (a' a, a, a), 

where a!, а“, а, а represented the lower, upper bound and 
first, second median value of trapezoidal number, respec- 
tively. The median values of trapezoidal numbers accord- 
ing to Ganesan, Veeramani and by Ebrahimnejad, Tavana 


are with equal vales (a). Now let us apply our proposed 
method on the same problem. 


6.1 Example 1 


Maximize Z ~ (13, 15,2, 2)x, + (12, 14,3,3) + (15, 17, 2, 2)x3 
Subject to 

12x; + 13x2 + 12x3 < (475, 505, 6, 6), 

14x, + 13x3 < (460, 480, 8, 8), 


12x, + 15% € (465,495, 5, 5), 


X1, X2, X3 > 0. 


(10) 


Because this NLP problem is a maximization problem, then 
by using Eq. (8) each trapezoidal number will convert to its 
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equivalent crisp number. Remember that confirmation 
degree of each trapezoidal number is (1, 0, 0) according to 
decision maker opinion as we illustrated previously at the 
beginning of example. Then, the crisp model of previous 
problem will be as follows: 

Maximize Z = 19x, + 20x2 + 21x3 

Subject to 

12x, + 13x2 + 12x3 < 503, 

14x; + 13x3 < 487, 

12x; + 15x2 < 491 


X1, X2, X3 >0. 


(11) 


We can structure the standard form of previous problem 
(11) as follows: 

Maximize Z = 19x, + 20x2 + 21x3 

Subject to 

12x; + 13x2 + 12x3 + s4 = 503, 

14x, + 13x3 + 55 = 487, 

12x; + 15x2 + sg = 491, 


X1, X2, X3, S4, 55, 56 2 0. 


where 54, 55,56 are slack variables. 

The previous standard form can be solved by the sim- 
plex approach. The initial tableau of simplex is presented 
in Table 1. 

The coming variable in Table 2 is x4 and departing 
variable is 55. 

The entering variable is x? and leaving variable is s4 as 
shown in Table 3. 


Table 1 Initial simplex form 


Basic variables ХІ X2 X3 54 55 56 RHS 
54 12 13 12 1 0 0 503 
55 14 0 13 0 1 0 487 
56 12 15 0 0 0 1 491 
7 19 20 21 0 0 0 0 


Table 2 First simplex form 


Basic variables xı Хә Хз $4 55 so RHS 

54 — 12/13 13 0 1 = 12/13 0 695/13 
X3 14/13 0 1 0 113 О 487/13 

56 12 15 0 0 0 1 491 

Z —4713 20 0 0 -21/413 0 10,227/13 
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Table 3 Optimal form 


Basic variables Xi 


x, — 12/169 
X 14/13 

56 2208/169 
7 — 371/169 


X2 Xa 54 85 56 RHS 

1 0 1/13 — 12/169 0 695/169 
0 1 0 1/13 0 487/13 
0 0 — 15/13 180/169 1 429 

0 0 — 20/13 — 33/169 0 869 


6.2 Comparisons between our proposed model 
and other existing models 


By comparing proposed model results with Ebrahimnejad 
and Tavana [36] results of the same problem, we noted 
that: 


1. Our proposed model results are better than Ebrahim- 
nejad and Tavana results. Let us look at the optimal 
tableau of our proposed model as shown in Table 3, it 
is obvious that the objective function value equal 869 
but in Ebrahimnejad and Tavana, the objective func- 
tion equal 635 by knowing that, the problem is a 
maximization problem. To make this more obvious, let 
us introduce the optimal tableau of Ebrahimnejad and 
Tavana model as presented in Table 4. 

Ebrahimnejad and Tavana proposed their model to 
solve only symmetric trapezoidal numbers. But our 
model can solve symmetric and non-symmetric 
numbers. 

When entering symmetric trapezoidal numbers of 
Ebrahimnejad and Tavana, it take the following form: 


а= (а! ‚а“,@, a), and they did not utilize the value of « 
in their calculations of ranking function for obtaining the 
equivalent crisp value, so let us ask ourselves a question 
“what is the rule of «?”. But in our proposed model, we 
take all values into considerations. Our ranking function 
has not any missing values of trapezoidal numbers, and 
then it is very accurate and comprehensive. 


4. | 


As we know,a',a”“,«,a represented the lower, upper 
bound, first and second median value of trapezoidal 
number, respectively. Because two values of « are 
equals, then the triangular numbers will be more 
logical than trapezoidal numbers. 

To solve a problem with not symmetric trapezoidal 


numbers using Ebrahimnejad and Tavana method, we 


Table 4 Ebrahimnejad and Tavana optimal tableau 


Basis xi X2 X3 54 55 s6 RHS 

хә = 12/169 1 0 1/13 = 12/169 О 730/169 
X3 14/13 0 1 0 1/13 О 470/169 

56 1848/169 0 0 = 15/13 180/169 1  70,170/169 
2 42/13 0 0 | 52/169 0 6346 
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need to approximate all not symmetric trapezoidal 
numbers into the closest symmetric numbers. This 
approximation will make obtained results which are 
not delicate. 

The big drawback of Ebrahimnejad and Tavana fuzzy 
model is the taking of truthiness function only. But in 
real life, the decision-making process takes the 
following form "agree, not sure and disagree." We 
treated this drawback in our model by using neutro- 
sophic. Since, beside the truth function, we take into 
account the indeterminacy and falsity function. 


Also by comparing our model with Ganesan and 
Veeramani at the same problem, we also noted that: 


1. Our model is more simple and efficient than Ganesan 
and Veeramani model. 

Since obtained results of Ebrahimnejad, Tavana and 
Ganesan and Veeramani are equals then, our results are 
also better than Ganesan and Veeramani model. 

Our model represents reality efficiently than Ganesan 
and Veeramani model, because we consider all aspects 
of decision-making process in our calculations (i.e., the 
truthiness, indeterminacy and falsity degree). 
Ganesan and Veeramani model represented to solve 
only the symmetric trapezoidal numbers. Our model 
can solve both the symmetric and non-symmetric. 


Also, by comparing our model with Kumar et al. [18] for 
solving the same problem we founded that: 


1. In their model, they convert the FLP problem to its 
tantamount crisp model. But their model has more 
variables and constraints. 

2. Their models increase the complexity of solving linear 
programming problem by simplex algorithm. 

3. Our model reduces complexity of problem, by reduc- 
ing the number of constraints and variables. 

4. Their model is a time-consuming and complex, but our 
model is not. 

5. Also our model represents reality efficiently and better 


than their model. 


By solving the previous example according to Saati 
et al. [44] proposed method, then the model will be as 
follows: 
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Maximize Z = 13x, + 12x? + 15x3 
Subject to 

12x, + 13x), + 12х < 475, 
12x* + 13x% + 12x4 < 505, 
12x + 13x31 + 12]! <6, 
1237? + 1337? + 1237? < 6, 
14x1 + 135 < 460, 

14x] + 13x3 < 480, 

14x" + 1335! <8, 

14x7? + 13х72 < 8, 

12x. + 15x} < 465, 

12x} + 15x5 < 495, 

12x71 + 15x3! < 5, 

12x7? + 15х07 < 5, 


и 
x, + Х| >0, 


(13) 


х +5 20, 
хз +2520, 
а + x71? >0, 
Xy xy 20, 


[d + at >0. 


As an effect, the numbers of constraints and variables are 
increased, and this lead to increase complexity of problem, 
increase the space of recording binary bits and also 
increase computational time when solving it by simplex 
method. If the numbers of constraints of the original 
problem are increased, then the solution will become very 
difficult to apply. But our proposed method solves the same 
problem with less variables and constraints, and then, with 
less complexity and also less computational time when 
solving by simplex method. 


6.3 Example 2 


In this example, we solve a NLP problem with trapezoidal 
neutrosophic numbers. The order of element for trapezoidal 
neutrosophic numbers is as follows: lower, first median 
value, second median value and finally the upper bound. 
The decision makers’ confirmation degree about each value 
of trapezoidal neutrosophic number is (0.9, 0.1, 0.1). This 
example belongs to the second classification of NLP 
problems as listed in Sect. 4. 
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Table 5 Initial simplex form 


Basic variables Х\ X2 $3 54 $5 RHS 
53 33 46 1 0 0 90,041 
54 53 15 0 1 0 48,046 
55 44 34 0 0 1 56,031 
7 25 48 0 0 0 0 
Maximize Z = 25x, + 48x2 
Subject to 
(14, 15,17, 18)x, + (25, 30, 34, 38)x2 

< (44,980, 45, 000, 45, 030, 45,070) 
(21, 24, 26, 33)x, + (4, 6, 8, 11)x2 (14) 


< (23, 980, 24, 000, 24, 050, 24, 060) 
(17, 21, 22, 26)x + (12, 14, 19, 22)x2 
< (27,990, 28, 000, 28, 030, 28, 040) 


л, > 0. 


By using Eq. (8), each trapezoidal number will convert to 
its equivalent crisp number. Then, the crisp model of pre- 
vious problem will be as follows: 

Maximize Z = 25x, + 48x2 

Subject to 

33x, + 64x, < 90,041, 

53x, + 15x? < 48,046, 

44x, + 34x2 < 56,031, 

x1,X2 > 0. 


(15) 


We can structure the standard form of previous problem 
(15) as follows: 

Maximize Z = 25x; + 48x 
Subject to 

33x, + 64x2 + 53 = 90,041 

53x, + 15x; + s4 = 48, 046 
44x, + 34x. + 55 = 56,031 


X1,%2, 83,54, 55 > 0. 


(16) 


where 5з, 54, 55 are slack variables. 

The previous standard form can be solved by the sim- 
plex approach. The initial tableau of simplex is presented 
in Table 5. The entering variable in Table 6 is x? and 
leaving variable is 5з. 

The coming variable is x; and departing variable is 55 as 
in Table 7. 
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Table 8 Optimal simplex form 


Basic variables — xi X2 8% s4 ss RHS Basis Xj X2 $3 S4 RHS 
Xo 33/64 1 1/64 0 0 1406.89 53 0 — 7/3 1 — 2/3 10 
54 2897/64 0 = 15/64 1 О 26,942.6 Хү 1 4/3 0 = 1/3 2 
55 847/32 0 = 17/32 0 1 8196.72 2 0 2 0 2 12 
2 0.25 0 — 0.75 0 0 67530. 

Table 7 Optimal form Table 9 Departments 

Basic variables хү ж 53 S4 55 RHS Products Wiring Drilling Assembly Inspection Unit profit 
хә 0 1 2/7 0 —3/154 1247.21 Pl 0.5 3 0.5 9$ 

54 0 0 571847 1 -171015 12,925 P2 1.5 1 1 12$ 

xi i. 0 = ы 0 32/847 23,845/TT P3 L5 2 1 0.5 158 

Z 0 0 -6031847 0 -8/847 67,608.2 P4 1 3 2 0.5 n 


6.4 Example 3 


Let us introduce another type of problems in this example 
and making a comparison with other research at the same 
example. 

By solving the same problem which introduced by Saati 
et al. [44]: 
Minimize Z = 6x, + 10x? 
Subject to 
2x4 + 5x; > (5,8,3, 13), 
3x1 + 40 > (6,0,4, 16), 


x1,%2 2 0. 


Let confirmation degree is (1, 0, 0) according to our 
assumptions and note that, here the order of trapezoidal 
neutrosophic number is as follows: lower bound, first, 
second median value and finally the upper bound, respec- 
tively. Let us use Eq. (9) for transforming the previous 
model to its crisp model as follows: 


Minimize Z — 6x, 4- 10x; 
Subject to 

2x; + 5x2 > — 6, 

3x, + 4x2 > 6, 

x1,X2 > 0. 


The previous problem can be solved by the simplex 
approach. The optimal tableau of simplex method is pre- 
sented in Table 8. 

From the previous table, the value of objective function 
=12, xı = 2 and x; = 0. 

When Saati et al. [35] solved the previous example, the 
results are nearly equal with our result. Since the value of Z 
according to their model is equal to 12.857, the value of 
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xı = 1.429 and x2 = 0.429. It is obvious that two approach 
results are nearly equal, but our proposed method has 
several advantages over their method: 


1. We obtain the results which also obtained by Saati 
et al. [44] but with easy and simple method. 

Number of constraints in our model is the same of the 
original model, but when Saati solved their model, the 
number of variables and constraints is significantly 
increased. Since in Saati et al. [44] model, number of 
constraints of the previous problem becomes 20 
constraints when they trying to solve the previous 
problem. 

Due to the big increase in number of variables and 
constraints of Saati model, the complexity of solving 
the problem by simplex will increase and computa- 
tional time will increase sure. 

Their proposed approach is difficult to apply in large 
scale of problems. 

Also their approach does not represent vague, incon- 
sistent information efficiently. 


6.5 Case study 


A company for electronic industries manufactures four 
technical products for aerospace companies that conclude 
NASA contracts. The outputs must get through four parts 
before they are shipped. These departments are: Wiring, 
Drilling, Assembly and finally Inspection. The required 
time for each unit manufactured and its profit is presented 
in Table 9. The minimum production quantity for fulfilling 
contracts monthly is presented in Table 10. The objective 
of company is to produce products in such quantities for 
maximizing the total profits. 
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Table 10 Time capacity and 


minimum production level Departments Capacity (in hours) Products Minimum production level 
Wiring 1500 P1 150 
Drilling 2350 P2 100 
Assembly 2600 P3 300 
Inspection 1200 P4 400 
The confirmation degree of previous information Maximize Z = 27x, + 34x; + 43x3 + 31x4 


according to decision makers’ opinions is (0.9, 0.1, 0.1). 
Let number of units of pl producedzx;, 
Let number of units of p2 producedzx», 
Let number of units of p3 produced=x3, 
Let number of units of p4 produced=x,. 
The formulation of previous problem is as follows: 


Maximize Z zz 9x, + 12x; + 15x + Tix, 
Subject to 

0.5x1 + 1.5x2 + 1.5x3 + x4 < 1500, 

3x1 + x» + 2x3 + 3x4 < 2350, 

2x4 + 4x2 + хз + 2x4 < 2600, 

0.5x, + х + 0.5хз + 0.5x4 < 1200, 

Xx > 150, 

X22 100, 

X32 300, 


x4 > 400. 


(19) 


X1, X2, X3, X4 > 0. 


Note that the values of each neutrosophic number repre- 
sented by a trapezoidal neutrosophic number as follows: 


9 = (6,8,9,12), 12 = (9, 10, 12, 14), 

15 = (12, 13, 15,17), 11 = (8,9, 11, 13), 

150 = (120, 130, 150, 170), 

100 = (70, 80, 100, 120), 

300 = (270, 280, 300, 320), 400 = (370, 380, 400, 420), 


1500 = (1200, 1300, 1500, 1700), 
2350 = (2200, 2250, 2350, 2400) 
2600 = (2200, 2400, 2600, 2800), 
1200 = (1000, 1100, 1200, 1300). 


By using Eq. (8), the previous problem transform to the 
following crisp model as follows: 
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Subject to 

0.5x, + 1.5x2 + 1.5x3 + x4 < 4251, 
3x, + хә + 2x3 + 3x4 < 6901, 

2x1 + 4x» + хз + 2x4 < 7501, 

0.5х + x» + 0.5x3 + 0.5x4 < 3451, 
xı > 426, 

хә > 276, 

x3 > 876, 

x4 > 1176. 


X1, X2, X3, X4 > 0. 


(20) 


By solving the previous model using simplex approach, ће 
results are as follows: 


xı = 426, 
хә = 343, 
x3 = 876, 
x4 = 1176, 
7 = 97,288. 


7 Conclusions and research directions 


By applying the neutrosophic set concept to the linear 
programming problems, we treated imprecise, vague and 
inconsistent information efficiently. We also have a better 
representation of reality through considering all aspects of 
the decision-making process. We proposed two ranking 
functions for converting trapezoidal neutrosophic numbers 
to its equivalent crisp values. The first ranking function is 
for maximization problems and the second-ranking func- 
tion is for minimization problems. After using the suit- 
able ranking function and transforming the problem to its 
equivalent crisp model, then we solve the problem using 
the standard methods. By comparing our proposed model 
with other existing fuzzy models, we concluded that our 
proposed model is simpler, efficient and achieve better 
results than other researchers. It is also revealed that pro- 
posed method is equivalently applied for solving with the 
symmetric and non-symmetric trapezoidal numbers. 
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Abstract For any organization, the selection of suppliers is a very important step to 
increase productivity and profitability. Any organization or company seeks to use the best 
methodology and the appropriate technology to achieve its strategies and objectives. The 
present study employs the neutrosophic set for decision making and evaluation method 
(DEMATEL) to analyze and determine the factors influencing the selection of SCM 
suppliers. DEMATEL is considered a proactive approach to improve performance and 
achieve competitive advantages. This study applies the neutrosophic set Theory to adjust 
general judgment, using a new scale to present each value. A case study implementing the 
proposed methodology is presented (i.e. selecting the best supplier for a distribution 
company). This research was designed by neutrosophic DEMATEL data collection survey 
of experts, interviewing professionals in management, procurement and production. The 
results analyzed in our research prove that quality is the most influential criterion in the 
selection of suppliers. 


Keywords Supply chain management (SCM) - Supplier selection - Neutrosophic set - 
DEMATEL 
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1 Introduction 


Itcannot be denied that the success or the failure of any organization depend on how it chooses 
the appropriate supply chain management system and suppliers. Many organizations are cur- 
rently seeking to contract many suppliers from around the world to create a collaborative 
commerce, and to increase trade, profitability and productivity. Experts are interested in 
purchasing and holding contracts with major suppliers, since the supplier selection is one 
of the most important functions of saving raw materials cost, of procurement management, 
and of increasing competitive advantage. The supply chain is an integral part of the new 
business management in the design of services from suppliers to customers. Supply chain 
management enables business participants to effectively combine products and services for 
a long-term relationship [1]. The effective coordination on information flows between enter- 
prises, material, delivery, product, payment and trading partners can be defined extensively as 
supply chain management [2]. The economic environment forces organizations and collec- 
tive institutions to seek competitive alternatives to meet the needs of customers and market. 
Organizations must have better production technology for internal and external competitive- 
ness. Companies are an important part of the process of increasing the supply chain. Projects 
seeking to increase the production and compete in the international market must manage the 
supply chain in a highly effective way, and the suppliers selection is considered a key point of 
the process [3]. The process of integrating all activities in order to create satisfied customers 
is called supply chain management, and it is applied by the best companies around the world 
to control the flow of information, services and materials [4]. Supply chain management 
improves the competitive position of a company. Companies are always striving to maintain 
their competitiveness by developing issues such as improved model analysis, road planning, 
pregnancy planning, or supply chain management. Usually, the managers focus on organizing 
processes within the company to maximize profits, but the supply chain management seeks 
to link internal processes and decisions with external enterprise partners to improve and cre- 
ate competitiveness [5]. In recent years, supply chain management has attracted increasing 
awareness in academic publications. Supply chain management has been used to promote 
efficiency of the value chain on a wide range of products, services and other manufactured 
materials. Disagreement may occur in the process of selecting criteria. Many studies have 
tried to help managers and decision makers in any organization to take a relevant decision in 
selecting the best criterion suiting their organizations. 

The process of supplier evaluation, appraisal, evaluation and contracting is called supplier 
selection [6]. There are some distinguishing features among suppliers, such as manufacturing 
procedures, technology, geographical location and larger processes that adopt better suppliers 
in pursuit of competitiveness [7]. Many researchers are tempted in displaying performance 
to make the supply chain more and more efficient [8], and consequently an intuitionistic 
fuzzy sets DEMATEL method was proposed to analyze the influential criteria practices, 
suggesting that empirical studies should be conducted as future research [9]. DEMATEL, an 
extended technique for formulating and analyzing influential relationships among difficult 
criteria, has been extensively used to extract the texture of a complex problem. The current 
literature review indicates that most papers used traditional intuitionistic fuzzy set to level 
the ambiguity of experts judgments and opinions (Fig. 1). 

Fuzzy set focuses only on membership function and it does not take into account the 
non-membership and indeterminacy, so it fails to deal with uncertainty and indeterminacy 
existing in the real world. To overcome the drawbacks of fuzzy set, we integrated DEMATEL 
method in neutrosophic environment. The neutrosophic set is an extent or generalization of 
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Truth membership 


Function 


Indeterminacy 
Membership 


Function 


Falsity membership 


Function 


XI xi 


Fig. 1 Neutrosophication process [16] 


Neutrosophic set 


Interval 
neutrosophic set 


Interval valued 
intuitionstic fuzzy set 


Fig. 2 From classical sets to neutrosophic sets 


the intuitionistic fuzzy set. It represents real world problems effectively and efficiently by 
considering all aspects of a decision situations (i.e. truthiness, indeterminacy and falsity) [10, 
11], as shown in Fig. 2. 
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Neutrosophy was introduced by Smarandache [12, 13] as a branch of philosophy that 
studies the origin and scope of neutralities. Neutrosophy has been used in various applications 
to solve various problems as a critical path problem [14], obtaining PERT three times in 
project management [15]. Normally, the criteria have a degree of interactivity and related 
relationships. In such cases, it is very difficult for decision makers and experts to avoid 
interference between criteria and to obtain a specific goal. The main contributions of this 
research are: 


e It introduces a new methodology by aggregating the neutrosophic set and DEMATEL 
method. 

e It presents a case study showing how an organization increases its practices and activities 
according to specific criteria. 


In this research, the DEMATEL method is used to develop mutual relationships and interde- 
pendencies. We present a causal diagram to describe relationships and their influence degrees 
on criteria. 

Itis important to evaluate the weakness and the strength of each criterion against another. 
One advantage of this method is showing the relationships and interdependence between fea- 
tures. Neutrosophic set theory is used in this research to express decision maker's preferences 
[17]. Neutrosophic sets (NSs) are an extension of the intuitionistic fuzzy sets (IFs), presenting 
more accurately the opinions and better interpreting the ambiguity, where the membership 
of a value or an element is defined as a number between 0 and 1, by resorting on a hesitation 
degree in IFs, whilst in NSs on an indeterminacy degree. Neutrosophic Set moves one step 
further by examining the membership of truth, the membership of indeterminacy and the 
non-membership of a member of a given set. Also, it is necessary to acquire experts opinions 
to evaluate influences. Neutrosophic Set has the following benefits: 


e It introduces the indeterminacy degree that helps experts to express their opinions more 
accurately. 
e It represents the extent of decision makers disagreements. 


The proposed model also combines different interests of decision makers in one opinion in 
order to eliminate inconsistencies or to address the inconsistencies of expert judgments and 
improve consistency. A case study is solved to explain the model’s suitability. 

This research is organized as follows: Sect. 2 is a literature review that presents papers 
about DEMATEL for supplier selection. Section 3 illustrates the basic definitions of neutro- 
sophic sets. Section 4 presents a methodology of the proposed model. Section 5 validates the 
model by solving a case study. Section 6 concludes the research and determines the future 
directions of the work. 


2 The related work 


In this section, we present some supplier selection related work. The two important stages 
in supply chain management, which considers all the activities from the purchasing of raw 
material to the final delivery of the product, are the supplier's selection and the evaluation. 
The supplier selection problem requires high accuracy methods of multiple criteria decision 
making for solving it. According to the literature reviews, many researchers proposed meth- 
ods based on DEMATEL. Chang et al. [18] applied DEMATEL with fuzzy to evaluate and 
select the best supplier and to improve performance with respect to organizational factors 
and strategic performances, which included ten evaluating criteria. Dey et al. [19] applied 
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DEMATEL to establish a long-term relationship with a company and its suppliers, with 
respect to their criteria. Hsu et al. [20] explored and used DEMATEL for decision making 
within the green supply chain, and focused on the components of green supply chain manage- 
ment and how they serve as a foundation for the decision framework and for recognizing the 
influential criterion of carbon footprint in environment. Lin [21] used DEMATEL to enhance 
environment performance, which is shaped by criteria as green purchasing, green design and 
product recovery practices. Dalalah et al. [22] employed DEMATEL for a supplier selection 
problem, implementing and applying it on an industrial case for the selection of cans suppliers 
at a factory in Amman, with respect to various supplier evaluation criteria. Govindan et al. 
[23] developed and used intuitionistic fuzzy with DEMATEL for decision making within the 
green supply chain, and focused on the components of green supply chain management to 
handle the causal relationships between GSCM practices and performances. 

In this study, we aim to select the best supplier with respect to the various criteria using 
DEMATEL in neutrosophic environment. The selection of supplier problem is still challeng- 
ing, and selecting the right supplier becomes a critical activity within a company, consequently 
affecting its efficiency and profitability. Due to its strategic importance, important research 
is being done to cope with the supplier evaluation and selection problem. 


3 Neutrosophic sets 


In this section, we give definitions involving neutrosophic sets, single valued neutrosophic 
sets, trapezoidal neutrosophic numbers, and operations on trapezoidal neutrosophic numbers. 


Definition 1 [24] Let X bea space of points and x € X. A neutrosophic set in X is defined by a 
truth-membership function Та (х), an indeterminacy-membership function ГА (x) and a falsity- 
membership function FA(x), TA(x), Га(х) and FA(x) are real standard or real nonstandard 
subsets of ]—O, 1+[. That is TA(x):X — 1—0, 1+[, ZA(x):X — ]—0, 14[ and F4(x):X —> ]—0, 
1+[. There is no restriction on the sum of TA(x), [4(x) and F(x), so 0— < sup (x) sup x 
+sup x x34. 


Definition 2 [16, 24—26] Let X be an universe of discourse. A single valued neutrosophic 
set over X is an object taking the form ={ (х, TA(x), [4(x), Ед(х),):х € X}, where TA(x):X 
— [0, 1], JA(x):X — [0, 1] and FAGQO:X — [0, 1] with 0 € Та(х) + ZAQO + FA(x) <3 for 
all x € X. The intervals TA(x), [4(x) and FA(x) represent the truth-membership degree, the 
indeterminacy-membership degree and the falsity membership degree of x to , respectively. 
For convenience, a SVN number is represented by = (a, b, c), where a, b, c € [0, 1] and a +b 
tc <3. 


Definition 3 [27, 28] Suppose o, 62, Ba є [0,1] and а, аз, аз, a4 € R, where ај x a? «аз 
X ад. Then, a single valued trapezoidal neutrosophic number 2 = ((a4, a2, аз, a4); oz, Өх, Вх) 
is a special neutrosophic set on the real line set К, whose truth-membership, indeterminacy- 
membership and falsity-membership functions are defined as: 


o (<=) (ay < x € a2) 


T2] 93 (a2 < x € аз) а) 
> — 
ош (а=) (as < x < a4) 
0 otherwise 
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Ty(x) = 


Fax) = 


(a2 —x03 (x —a1)) (ay <x< a2) 


(a2—a1) 
ой (a? < x < аз) 
(x—a3403 (a4—x)) 
"— (me) (35х50) 
1 otherwise 
m (aq € x € a2) 
ой (a2 € x < a3) 
(x—aatBa(a4—x)) d 
(Gian s (аз < x < a4) 
1 otherwise 
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(2) 


(3) 


where ag, 0; and fy typify the maximum truth-membership degree, the minimum 
indeterminacy-membership degree and the minimum falsity-membership degree, respec- 
tively. A single valued trapezoidal neutrosophic number d = ((a1, a2, аз, ад); оз, 05, Bz) may 
express an ill-defined quantity of the range, which is approximately equal to the interval [a2, 


аз]. 


Definition 4 [16, 28] Let à = ((а\, a, аз, a4); a7, Өх, Вх) and Б 


= ((bi, ро, b3, рд); ат, Өл, 


Ва) be two single valued trapezoidal neutrosophic numbers, and Y £0 be any real number. 


Then: 


1. Addition of two trapezoidal 


= (a + by, a + b2, аз + b3, a4 + b4) ; 


neutrosophic numbers: 


2. Subtraction of two trapezoidal neutrosophic numbers: 


~ 


а—Ь 


b4, a2 


= ((aı 


b3, аз — ba, ад — bi); 


3. Inverse of trapezoidal neutrosophic numbers: 


- 1 
ЕС 
а4 


1 1 1 
—,—, ~) ; ад, Өй, в) where (d # 0) 


аз а) a 


4. Multiplication of trapezoidal neutrosophic numbers by constant value: 


үх ((Ya1, Yaz, Таз, Тад) io, Өх, Ba) 
((Тад, Таз, Ya», Та); оа, 05, Bz) 


if(Y > 0) 
if (Y <0) 


5. Division of two trapezoidal neutrosophic numbers: 


ai a2 аз a4 
ba? рз? Бо? 


Өз 05, Ba V Bp) if (a4 > 0, by > 0) 


SYR 


= a4 аз а 
b4’ рз? Бо? 


a4 аз a 
bi^ bo? b3’? 


$1) saa ^ or; Өл V OF, Ba v Pz) if (a4 < 0, ba > 0) 


6L) saa ^ ap, bä V 0р, Ba V Bs) if (a4 < 0, b4 < 0) 


6. Multiplication of trapezoidal neutrosophic numbers: 


((aibi, a2b», a3b3, a4b4) ; аз ^ org, Өх 
((a1ba, a2b3, a3b2, a4b1) ; oa ^ org, Өд V OF, Ba V B) if (ад < 0, рд > 0) 
Өд V Oz, Ba V Ву) if (a4 < 0, b4 < 0) 


ар = 


((a4b4, a3b3, a2b2, a1b1) ie A org, 
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Fig. 3 The general neutrosophic DEMATEL framework 


4 Neutrosophic DEMATEL approach 


Atanassov [29] developed the intuitionistic fuzzy set theory. To overcome some of its limits, 
Smarandache [17] proposed the neutrosophic set theory. Neutrosophy handles vagueness and 
uncertainty, and attend the indeterminacy of values. Neutrosophy has some of advantage with 
DEMATEL: 


e Neutrosophy provides the ability to present unknown information in our model using the 
indeterminacy degree, so the experts can present opinions about the unsure preferences. 

e Neutrosophy depicts the disagreement of decision makers and experts. 

e Neutrosophy heeds all aspects of decision making situations by considering truthiness, 
indeterminacy and falsity altogether. 


DEMATEL is used to solve some complex and interrelated problems. In DEMATEL all 
criteria or factors fall into two categories: cause and effect. 

In this section, we present the steps of the proposed model based on the neutrosophic 
DEMATEL analysis as shown in Fig. 3. 

The procedures are explained as follows: 


Step 1. Identifying decision goals: collecting relevant information presenting the problem. 


1. Selection of experts and decision makers that have experience in the field. 
2. Identifying the relevant criteria to the problem. 


Step 2. Pairwise comparison matrices between relevant criteria. 


1. Identify the criteria, Criteria = (Fl, F2, ЕЗ... Fm). 
2. Experts make pairwise comparisons matrices between criteria. 
a. Interpret each value for each criterion compared to other in a trapezoidal neutro- 
sophic number (lnm, nm], Mnm, Unm). 
b. Make comparisons between criteria by each expert as shown in Table 1. 
c. Focuses only on (n— 1) consensus judgments using a scale from 0 to 1 [30, 31]. 


3. Experts should determine the maximum truth-membership degree (a), the minimum 
indeterminacy-membership degree (В) and the minimum falsity membership degree 
(8) of single valued neutrosophic numbers as shown in Table 2. 

4. Determine the crisp value of each opinion as shown in Table 3, using the following 
equations: 
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Table 1 The pairwise comparison matrix between criteria 


Criteria Fi F5 5 Fn 

Fi (11, M111, mius 411) (11, mir, түн, u11) s (lin, т\п, Minu, 15) 
F2 (101, M211, тоди, U21) (102, M221, M22u , U22) = (lon, maj], топи, U2n) 
Fn Cnt ‚тп, Таи Uni) (In2, Mn21,™Mn2u,Un2) tee (lnn, туп], Mnnu, Unn) 


Table 2 The pairwise comparison matrix between criteria with the а, В and 0 degree 


C F F5 e. Fy 

Fi (i, түу, miss 1159, 8,0). Gr, три, Milu, “113%, 8,0) ... (Па, Minl, Minu, u15;05 P, 0) 
Fo (01, тоу, толи, 42150, 8,0) (102, M221, m224, 42250, B, 0) ... (Ion, тәп, тәпи, u25;05 P, 0) 
Fn nts ails mius Ип1;9, B,0) (1,2, Mn21, тди, 52:0, В,0) ... (nn; Mnni, Mnnu, Ипп;9, P, 0) 


Table 3 The crisp values of 


Й t C Fi F2 PR Fn 
comparison matrix 
Fi СҮ CV21 das CV imi 
F2 CV15 CVa m CV m2 
Fn CVin CVon ias CVmn 
Tapie 4 Integration of the Fi Ps 7 Fn 
average opinions of all experts 
Fi CV11 CV»5| is CV imi 
Fy CV 12 CV 22 ses CV m2 
Fn CVin CVon pus CVmn 
= 1 
S (aij) «e barby ter s di (2 +о@— Oa — pa) (4) 
1 
A @ij) = 7g lator ter tdi] x (2 + оз — Өх — Ba) (5) 


Step 3. Integration of matrices. 
All opinions of experts need to be integrated into one matrix presenting the average opinions 
of all experts about each criterion, as shown in Table 4. 
Суп  CVjin2 + CVijnm 
Сү = (6) 


n 


where n, number of experts. We obtain the average for all values as in the following matrix. 
Step 4. Generating the direct relation matrix. 
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This matrix is obtained from previous step (3), i.e. the integrating of all averaged opinions 
of experts. An initial direct relation matrix A is an x n matrix obtained by pairwise compar- 


isons, S — E а Sij denotes the degree to which the criterion i affects the criterion j. 


Step 5. Normalizing the direct relation matrix. 
The normalized direct relation matrix can be obtained using the equation: 


1 
= " (7) 
Maxizizn У)у=1@) 
S=KxA (8) 


Step 6. Attaining the total relation matrix. 

This step requires use of the Matlab software. The total relation matrix is acquired using 
the formula (9) from the generalized direct relation matrix S. A total relation matrix (T), 
in which (I) denotes the identity matrix, is shown as follows: 


Т=8 xr $7 (9) 


Step 7. Obtaining the sum of rows and columns. 

The sum of rows is denoted by (D), and the sum of columns is denoted by (R). Calculate 
R+D апав - D. 

Calculate T, where Т = [aijj]nx5, i, j= 1, 2... n 


p- РЯ е T 
1xn 


R- Ya| = [23], (11) 


1xn 


Step 8. Drawing cause and effect diagram 

The causal diagram is obtained by the horizontal axes is presented by (D+R) and the 
vertical axes (D — R) which is a degree of relation and it depicts the steps of proposed 
model in Fig. 4. 


5 The proposed methodology in a case study 


In this section, we describe the details of the proposed methodology of a hybrid approach 
of neutrosophic sets and DEMATEL method for developing supplier selection criteria. This 
section is divided into five subsections: (1) the case study, (2) the Neutrosophic DEMATEL 
questionnaire design, (3) the calculation process of the Neutrosophic DEMATEL Method, 
(4) the analysis of the evaluation criteria shown in Fig. 5. 


5.1 Case study 


Flopater Trading Company was established in 2003. The company specializes in supplying 
plastic pipe fittings, soon becoming one of the largest distributors for large companies in the 
production of PVC pipes and joints. The company started importing from abroad and took 
large contracts of polypropylene pipes and fittings produced by Cosmo Plast UAE. Cosmo 
Plast in the United Arab Emirates is one of the largest factories in the Gulf region, and 
the company has started to support this plant in projects and accreditation with consultants. 
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Fig. 4 Schematic diagram of DEMATEL in neutrosophic environment 
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Fig. 5 Main criteria selected for evaluation 


The company also imports chips produced by a major company in Turkey, Zir Kelipas, also 
providing full procurement to all contracting companies or contractors in projects, helping 
them to deliver all supplies to the place of the project or their stores. The company offers 
appropriate ways for payment, committing to always deliver on time. Since it intends to 
expand trade and increase the number of contracts with customers, one of the most important 
problems facing the company is the selection criteria of suppliers. 


5.2 Neutrosophic DEMATEL questionnaire design 


In this research, the design of questionnaire is structured as following: In the first part, we 
determine the selection criteria. Then, we need to understand each criterion, its definition 
and its importance in the evaluation of selecting supplier. We employed seven (7) evaluation 
criteria: (1) cost, (2) time delivery, (3) quality, (4) innovation, (5) reputation, (6) response 
to customers, (7) location. The influence of every criterion on selecting the best supplier 
gets evaluated by Neutrosophic DEMATEL method. In the second part, we perform pairwise 
comparisons matrices to evaluate each criterion based on points of views from experts, using 
the neutrosophic scale of 0, 1. 


5.3 The calculation process of Neutrosophic DEMATEL method 


For collecting data, we interviewed three professionals in the management of purchasing and 
setup of contracts. The three experts determined the most important evaluation criterion to 
be used. The criteria symbols in this research are as follows: Cost (F1), Time delivery (F2), 
Quality (F3), Innovation (F4), Reputation (F5), Response to customers (F6), Location (F7). 
The data collected from the three experts were analyzed by the Neutrosophic DEMATEL 
method. The steps that were conducted are the following: 
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Step 1. Choosing the experts team 
The first step of Neutrosophic DEMATEL method is selection of the best experts in the 
field of management purchasing and setup contracts. We selected three expert, to which 
we further refer as the first expert, the second expert, and the third expert. 

Step 2. Identification of main criteria and practices 
We sorted seven evaluation criteria as selected by the team of experts, namely: Cost (F1), 
Time delivery (F2), Quality (F3), Innovation (F4), Reputation (F5), Response to customers 
(F6), Location (F7). 
Step 3. Performing pairwise comparisons matrices based on trapezoidal neutrosophic 
numbers. 


1. Pairwise comparisons matrices to evaluate each feature or criterion against each other, 
as shown in Tables 5, 6, and 7. 

2. Experts should determine the maximum truth membership degree (o), the minimum 
indeterminacy membership degree (0) and the minimum falsity membership degree 
(B) of single valued neutrosophic numbers, as shown in Tables 8, 9, 10. 

3. Convert the matrices into crisp values, as shown in Tables 11, 12, 13. 


Step 4. Integrating the matrices 

We process the integration of the three matrices according to formula (6), where a diagonal 
is 0.5. The initial direct-relation matrix (S) is shown in Table 14. 

Step 5. Normalizing the initial direct relation matrix 

We apply the Eq. (7) to obtain the value of K and then the formula (8) to obtain the 
generalized direct relation matrix X. 

Calculation of each row: 


Row 1 1.86 
Row 2 1.76 
Row 3 1.58 1 
Row4 1.82 | Max = 1.86 k = —— 
Row 5 1.78 1.86 
Row 6 1.77 

Row 7 1.83 


The generalized direct relation matrix X is presented in Table 15. 
Step 6. Attaining the total relation matrix 
This step is performed using the Matlab software. The total relation matrix is acquired 
using the formula (9) from the generalized direct relation matrix X. A total relation matrix 
(T) is obtained, where (I) denotes the identity matrix. The total relation matrix is presented 
in Table 16. 
Step 7. Obtaining the sum of rows and columns 
The sum of rows is denoted by (D), and the sum of columns is denoted by (R), using the 
formulas (10, 11). 

Sum of rows and columns 


Coll 8.2182 Rowl 8.8362 
Col2 8.3654 Row2 8.2445 
Col3 8.2309 Row3 7.2893 
Col4 7.3264 Row4 7.5221 
Col5 6.6465 Row5 7.1926 
Col6 7.5996 Row6 7.1994 
Col7 7.3456 Row7 7.4485 
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Table 11 The crisp values of 


ане а Criteria Fy Р Ез F4 Fs F6 F7 
Fi 0.5 0288 0.428 0.426 0.214 0.270 0.220 
F2 0.100 0.5 0.244 0.371 0.273 0.181 0.263 
F3 0.113 0.200 0.5 0.263 0.158 0.228 0.130 
F4 0.261 0.255 0.226 0.5 0.158 0.169 0.098 
F5 0.188 0.169 0.191 0.214 0.5 0.303 0.181 
F6 0.289 0.203 0.191 0.234 0.180 0.5 0.250 
F7 0.296 0.263 0.270 0.149 0.220 0.195 0.5 
Table 12 The crisp values of Criteria F] P Ез F4 Е; Fe Fy 
comparison matrix 
Fi 0.5 0.180 0.203 0.180 0.146 0.141 0.110 
F2 0.180 0.5 0.124 0.216 0.184 0.132 0.193 
F3 0.170 0.219 0.5 0.169 0.226 0.130 0.150 
F4 0.361 0.253 0.181 0.5 0.238 0.138 0.118 
F5 0.180 0.213 0.113 0.197 0.5 0.288 0.303 
Fg 0178 0.214 0.103 0158 0158 0.5 0.300 
F7 0.214 0.223 0.144 0.140 0.202 0.263 0.5 
Table 13 The crisp values of Criteria Fi Fy F3 Б; Е; F6 F 
comparison matrix 
Fi 0.5 0.105 0.275 0.214 0.160 0.236 0.285 
F2 0.159 0.5 0.154 0.234 0.281 0.248 0.230 
Ез 0.191 0.117 0.5 0.195 0.158 0.245 0.181 
F4 0.315 0.344 0.210 0.5 0.184 0.202 0.178 
Fs 0140 0230 0.180 0.135 0.5 0.316 0.315 
F6 0.255 0.151 0225 0.195 0.149 0.5 0.317 
F7 0.163 0.191 0.245 0.179 0.202 0.131 0.5 
Table 14 The integration matrix Criteria F] P Ез Е; Е; Fe Fy 
Fi 0.5 0.191 0.302 0.273 0.173 0.216 0.205 
F2 0.146 0.5 0.174 0.274 0.246 0.187 0.229 
F3 0.158 0.179 0.5 0.209 0.181 0.201 0.154 
F4 0.312 0.284 0.206 0.5 0.193 0.170 0.155 
F5 0.169 0.204 0.161 0.182 0.5 0.302 0.266 
F6 0.241 0.189 0.173 0.196 0.162 0.5 0.307 
F7 0.224 0.226 0.220 0.156 0.208 0.208 0.5 
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Table 15 Normalized matrix 


Criteria Бү F2 F3 F4 F5 Fg F7 
Fi 0.269 0103 0.162 0.147 0.093 0.116 0.110 
Р 0.079 0.269 0.094 0.147 0.132 0.101 0.123 
Ез 0.085 0.096 0.269 0.112 0.097 0.108 0.083 
F4 0.168 0.153 0.111 0.145 0.104 0.091 0.083 
F5 0.091 0.110 0.087 0.098 0.145 0.162 0.143 
F6 0.130 0.102 0.093 0.105 0.087 0.147 0.165 
Еу 0.120 0.122 0.118 0.084 0.112 0.159 0.145 
Table 16 The total relation matrix 
Criteria Fi Fo F3 F4 Fs Fg F7 
Fi 1.4895 1.3104 1.3747 1.2188 1.0546 1.2165 1.1717 
F5 1.1796 1.4323 1.1966 1.1458 1.0406 1.1287 1.1209 
F3 1.0597 1.0920 1.2834 0.9900 0.8920 1.0158 0.9564 
F4 1.1941 1.1955 1.1315 1.0582 0.9272 1.0271 0.9885 
F5 1.0599 1.0988 1.0526 0.9618 0.9330 1.0672 1.0193 
F6 1.1090 1.0905 1.0660 0.9717 0.8729 1.0503 1.0390 
F7 1.1264 1.1459 1.1261 0.9801 0.9262 1.0940 1.0498 


Row + Column and Row — Column 


0 Row + Col Row — Col 
1 17.0544 — 0.618 
2 16.6099 0.1209 

3 15.5202 0.9416 

4 14.8485 — 0.1957 
5 13.8391 — 0.5461 
6 14.799 0.4002 

7 14.7941 — 0.1029 


Step 8. Drawing cause and effect diagram 
The causal diagram is obtained by the horizontal axes, presented by (D + R), and the vertical 
axes (D — R), which is a degree of relation, as depicted in Fig. 6. 


5.4 Analyzing the evaluation criteria 


The final step is the analysis of collected data according to the causal diagram. This article 
integrates several questionnaires from expert interviews to find out the evaluation criteria and 
to calculate the average of each criterion. The research results determine the most important 
criterion. From this causal chart, according to the Neutrosophic DEMATEL Method, the 
importance of all criteria was established. According to experts' opinions, Quality (F3) had 
the greatest impact and Cost (F1) had the lesser impact on the selection of the company 
supplier. 
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1.2 


R+D 
o 
ю 


-0.8 


Fig. 6 The causal diagram for evaluation criteria 


6 Conclusions and recommendations 


This study presents the criteria selected by experts in the field of production and procurement 
in collective organizations, affecting the productivity and profitability of any organization. 
Potential supply chain management practices have been developed and performed using the 
Neutrosophic DEMATEL Method to select the best standards that have a greater impact on 
other criteria. The proposed approach succeeded in developing the DEMATEL Method by 
applying to it the Neutrosophic Set Theory, using a new scale from 0 to 1 and employing the 
maximum truth membership degree (a), the minimum indeterminacy membership degree (0) 
and the minimum falsity membership degree (В) of a single valued neutrosophic number. 
The opinions were collected from experts by interviews, and consequently analyzed using 
the Neutrosophic DEMATEL Method, by comparisons of each criterion, according to each 
individual expert, and their formulation of each value according to a single valued neutro- 
sophic number. Finally, we extracted the most important criterion or feature that proved 
to be important for any organization in order to effectively choose its suppliers. However, 
this research contains some limitations and difficulties due to the fact that the multitude of 
standards and features require a large processing team and complex calculation. 
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Neutrosophic Logic Based Quantum Computing 


Ahmet Cevik, Selcuk Topal, Florentin Smarandache 


Ahmet Cevik, Selguk Topal, Florentin Smarandache (2018). Neutrosophic Logic Based Quantum 
Computing. Symmetry 10, 656; DOI: 10.3390/sym10110656 


Abstract: We introduce refined concepts for neutrosophic quantum computing such as neutrosophic 
quantum states and transformation gates, neutrosophic Hadamard matrix, coherent and decoherent 
superposition states, entanglement and measurement notions based on neutrosophic quantum 
states. We also give some observations using these principles. We present a number of quantum 
computational matrix transformations based on neutrosophic logic and clarify quantum mechanical 
notions relying on neutrosophic states. The paper is intended to extend the work of Smarandache 
by introducing a mathematical framework for neutrosophic quantum computing and presenting 
some results. 


Keywords: neutrosophic computation; neutrosophic logic; quantum computation; computation; 
logic 


1. Introduction 


1.1. Neutrosophy Theory 


Neutrosophic set concept, introduced by Smarandache [1/2], is a more universal structure that 
extends the concepts of the classic set, fuzzy set [3] and intuitionistic fuzzy set [4]. Unlike intuitionistic 
fuzzy sets, the indeterminacy is explicitly defined in neutrosophic sets. A neutrosophic set has three 
basic components defined separately: Truth T, indeterminacy I and falsity F, regarding membership. 
Neutrosophy was proposed as an ambitious project by Smarandache as a new branch of philosophy 
as well, concerning "the origin, nature, and scope of neutralities, as well as their mutual effects with 
different intellectual spectra". The key assumption of neutrosophy is that every idea has not only 
a certain degree of truth, as is generally taken in many-valued logic contexts, but also degrees of 
falsity and indeterminacy need to be considered independently from each other. Neutrosophy has 
settled the baseline for a number of new mathematical theories generalizing both their classical and 
fuzzy counterparts, such as neutrosophic set theory, geometry, statistics, topology, analysis, probability, 
and logic. The neutrosophic framework has already been applied to practical applications in many 
different fields, such as decision-making, semantic web, and data analysis in medicine. 

Now, let us look at the concepts of some subfields of neutrosophy. Neutrosophic set has a 
formal definition as follows: Let U be a universe of discourse or space, and M be a set in И. 
An element x from U is stated related to the set M as x(T, I, F) and belongs to M in the following 
way: it is t % true in the set, i % indeterminate in the set, and f % false, where t varies in T, i 
varies in I, f varies in F. Statically T, I, F are subsets, but dynamically T, I, F are functions/operators 
depending on many known or unknown parameters. Neutrosophic logic is a general framework 
for the unification of many existing logics. The main idea of neutrosophic logic is to characterize 
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each logical statement in a 3-dimensional neutrosophic space, where each dimension of the space 
represents respectively the truth (T), the falsehood (F), and the indeterminacy (I) of the statement 
under consideration, where Т, I, Р are standard or non-standard real subsets of [07,17]. For instance, 
a statement can be between [0.21, 0.55] true, 0.23 or between (0.35,0.45) indeterminate, and either 
0.32 or 0.75 false. Neutrosophic statistics is the analysis of events characterized by the neutrosophic 
probability. The function that models the neutrosophic probability of a random variable x is called 
neutrosophic distribution: NP(x) — (T(x),I(x), F(x)), where T(x) represents the probability that 
value x occurs, F(x) represents the probability that value x does not occur, and I(x) represents 
the indeterminate/unknown probability of value x. Neutrosophic probability is an extension of the 
classical probability and imprecise probability where a case, event or fact A occurs is t % true—where 
t varies in the subset T, i % indeterminate—where i varies in the subset I, and f % false—where f 
varies in the subset F. In classical probability пир < 1, while in neutrosophic probability пир < 3*. 
In imprecise probability, the probability of an event is a subset T in [0,1], not a number p in [0,1], 
the rest was supposed to be the opposite, subset F (also from the unit interval [0, 1]); there is no 
indeterminate subset I in imprecise probability. 


1.2. Quantum Mechanics and Computing 


Quantum mechanics was started with Planck [5] and interpreted as real life problem by Einstein [6]. 
The mechanics was developed by Bohr, Heisenberg, Broglie, Schródinger, Born, Dirac, Hilbert, 
Sommerfeld, Dyson, Wien, Pauli, Von Neumann and others [7-12] in the first 30 years of the 20th 
century. Computers are mechanisms that support transaction information by executing algorithms. 
An algorithm is a well-defined process to perform an information processing task. The task can always 
be translated into a realization. When creating complicated algorithms for a variety of tasks, working 
with some improved computational models is very useful, probably very important. However, when 
examining the actual limitations of a computation mechanism, it is key to remember the connection 
between computation and realization. Quantum computation explores how efficiently nature allows us 
to compute. The standard computational model is based on classical mechanics; the mechanics of the 
Turing machine relies on classical mechanics. Quantum information processing changes not only the 
physical paradigm used for computing and communication but also the concepts of knowledge and 
computation. Quantum computation is not synonymous with quantum effects to make calculations. 
Actual computing mechanisms of the quantum are based on a larger physical reality than is represented 
by the idealized computational model. Quantum information processing is the result of the use of 
the physical reality that quantum theory states to perform tasks that were previously thought to 
be infeasible or impossible. The mechanisms that perform quantum information processing are 
known as quantum computers. In the last few decades of the twentieth century, researchers tried 
to follow two of the most influential and revolutionary theories: information science and quantum 
mechanics. Their success provided an unfamiliar computation and information range of vision. This 
new insight has significantly changed how the relationship between quantum information theory, 
computation, knowledge, and physics is considered and has given rise to new applications and 
epoch-making algorithms. The theory of information, which contains the foundations of computer 
science and communication, made possible to address the important issues in computer science and 
communication. The Turing machine is a classical model that behaves entirely according to classical 
mechanical principles. Quantum mechanics has become an increasingly significant line in the progress 
of developing more efficient computing mechanisms. Until recently, the effect of quantum mechanics 
had been limited to low-level applications and it had no effect on how computation or communication 
was carried or worked. At the beginning of the 1980s, a number of scientists found that quantum 
mechanics had eye-opening effects that could be used in information processing. Richard Feynman [13], 
Yuri Manin [14], and other influential scientists realized that some quantum mechanical phenomena 
could not be efficiently simulated by a standard Turing machine. This observation has led to speculation 
that perhaps these quantum phenomena could be used to make computations more efficient in general. 
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Such programme required re-thinking the underlying theoretical model of informatics and completely 
removed it from the classical circle. Quantum computing, a field that includes quantum information, 
quantum algorithms, quantum cryptography, quantum communication, and quantum games, explores 
the effects of using quantum mechanical phenomena for information modeling and processing instead 
of using the rules of classical mechanics in computations. 

In the following sections, we will introduce a mathematical framework of the unification of 
neutrosophic theory and quantum theory, in a fully computational approach. In this context, we will 
reveal how one can have a computational approach to the solution of mathematical and algorithmic 
problems of a model that can be encountered in both the neutrosophic and quantum universes. 
In this sense, this paper presents a more computational approach to the neutrosophic quantum 
concept, i.e., neutrosophic quantum computation, whose groundwork was laid by the work of 
Smarandache [15]. 


2. Neutrosophic Quantum Computing 


In this part, we define some fundamental notions of neutrosophic quantum computing. 
Some concepts will involve new interpretations and others will be straightforward generalizations. 
As also mentioned in Smarandache [15], we should note in the beginning of our paper that the 
reversibility condition of quantum computing has some challenging issues in the neutrosophic 
counterpart of this ambitious field. It is mainly due to the fact that neutrosophic states involve 
indeterminacy, so the inverse function of such states might not always be definable, hence the domain 
may not be uniquely recovered from the image. We propose an interesting open problem regarding a 
special case of this issue at the end of the paper. 

We assume some basic familiarity with linear algebra and complex numbers including their basic 
properties like the norm of a complex vector, complex conjugation, complex number multiplication, 
etc. The reader may refer to Yanofsky and Mannucci's [16] or Nielsen and Chuang’s [17] book for a 
detailed account on quantum computing and quantum information. 


Definition 1. A neutrosophic quantum bit (neutrobit) is a three-dimensional complex vector 


10) = |B| = &0) + BIT) +710 
Y 


such that x, В, y € C are called coefficients (or amplitudes) and |x|? + |B|? + |y|? = 1, where we define the 
basis vectors |0), |1), |I) in the canonical basis as 


1 0 0 
lo =o esp gie 
0 0 1 


In comparison to classical quantum computation, the reader may have noticed a new basis vector 
|I) introduced above. We call this vector the indeterminacy basis. 

A coherent neutrosophic quantum state |i) is a linear combination (superposition) of the basis vectors 
10), |1) and |I) which is in the form 


[ф) = «J0) + B[T) +710) 


such that a, В, y € C and that |a? + |B[? + |y|? = 1. 
Thus, a coherent neutrosophic quantum state is three-dimensional complex vector, which is of 
unit length. 
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Quantum systems evolve via special kind of matrix transformations. We define neutrosophic Pauli 
gates as given below: 


1 
010 100 1.0 0 5 00 
І 1 
Xe], ү=<=|0 i OJ, е. 0|, w=|0 — 0 
1 1 
0 0 1 0 0 1 0 0 —1 a owe 


The matrix X is actually the NOT gate which the reader might be familiar from classical quantum 
computation. That is, if k € {0,1}, then X|k) = |1 — К). Notice that X|I) = |I). Thus, we define 
the negation of the indeterminacy basis as itself. The next two gates are Y-rotation and Z-rotation 
(phase change). The new gate here is the W-transformation which can be simply thought of as a 
rotation around the |I) basis with an equal coefficient distribution of the bases between |I) and the 
basis on which the rotation is applied. The intuition behind these rotation gates will be understood 
better once we give the unit ball representation of neutrobits later on. 

An important quantum gate in classical quantum computing is the Hadamard transform, which is 
defined as the matrix 

Н = 


1 1 
ak d^ Us 
V y 


1 1 1 1 


Standard Hadamard transform is defined оп a single qubit since it is a 2 х 2 matrix. Hadamard 
matrix used in classical quantum computing is a unitary matrix. Thus, it is reversible, and is actually its 
own inverse. To introduce the neutrosophic counterpart of this transformation, we first need to define 
the notion of indeterminate (decoherent) superpositions to make sense of the use of the Hadamard 
transform in neutrosophic quantum computing. The terms coherent and decoherent superpositions 
of neutrobits were first introduced by Smarandache [15] for denoting quantum states with some 
indeterminacy. We modify these notions to make the Hadamard transform work on neutrobits. 


Definition 2. The reserved three-dimensional vector 


1 
|0) = |0 
UE 
is called the decoherent state of the |0) basis vector. We define |1;) similarly. That is, 
0 
[1) = |1 
01, 
is defined to be the decoherent state of |1). Any linear combination that includes either of these vectors is called a 


decoherent superposition. 


The motivation behind this definition is to mix the coherent (stable) basis state |0) with the intrinsic 
property of neutrosophic logic, which is indeterminacy. A quantum system may still have a degree 
of indeterminancy even if the system appears to be in a pure basis state. A scalar a for any of these 
decoherent vectors is denoted by ду. Thus, when we write ду, for some number a, the reader should 
understand that we are refering to the coefficient of a decoherent state. For example, the vector 
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denotes the decoherent superposition state 


js 


E |0; E |10). 

We could also define а decoherent state for |I), but, since the state |I) naturally involves 
an indeterminacy regarding which classical bit the state refers to, there is no need to repeat this 
decoherence. Thus, we adopt |0;) and |1;) as reserved basis vectors that will be used in decoherent 
superposition states. We should once again emphasize that |0;) is different than the coherent basis 
state |0). It is also different than the coherent superposition state |j) = 75 |0) + 5 |I). The latter 
says that the system is in a superposition of basis states |0) and |I), the former says that the system 
is in a possibly indetermined state |0). If |y) = |0), this tells us that |y) is for certain in the basis state 
10). The state |0;) + |I) says that the system is in a decoherent superposition of |I) and a possibly 
indetermined state |0). The distinction between coherent and decoherent states should now be clear. 
However, another way to imagine [0;) as the state |0) with a bounded error e > 0. 

Given the information above, we define the neutrosophic Hadamard transform as 


alt, E E d. 

Z V3 (5), 

к= vE 75 (5), 
3 eas 0 
УЗ V3 


Then, it is easy to verify that 


2310) | 2310) | 1D, 


3. Observables and Measurement 


In classical mechanics, it is intuitively understood what is meant by an observable. An observable 
in classical mechanics is a quantity like velocity, momentum, position, temperature, etc. It is intuitively 
clear what these quantities are. In quantum mechanics, one needs to be more specific when talking 
about observables. 


Definition 3. Let A bean n x n matrix. We say that A is Hermitian if A! A = AAt, where А? is called the 
Hermitian conjugate of A and is defined as the transpose of the complex conjugate matrix of A. An n x n matrix 
A is called unitary if AtA = АА? = Id, where Id is the identity matrix. 


We note that, in classical quantum computing, state evolution is obtained by applying unitary 
operators. There are two reasons for this. The first reason is that classical quantum computations 
are reversible. The second reason is that unitary transformations preserve inner products, hence 
they preserve the norm of the vectors. As we shall discuss later, this requirement is questionable in 
neutrosophic quantum computing. 
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In classical quantum computing, it is assumed that, for every observable, there corresponds a 
Hermitian operator. We use the same postulate for the neutrosophic case. 


Measurement postulate. Observables in neutrosophic quantum computing are Hermitian operators. 


Measurements are the outcomes of observables applied on the physical system in consideration. 
Classical quantum computing usually takes projective measurements in the sense that when we measure 
a state, the new state of the system becomes one of the basis states of the system. Thus, after the 
measurement, a general superposition state gets projected onto one of the basis vectors. We shall not 
adopt this requirement in neutrosophic quantum computing. The reason is the following. If the 
outcome were to be projected onto one of the basis states, the logic used here would be no different 
than the classical interpretation. Even if the state of the quantum system is projected onto a single 
basis state, we would still require a degree of probability of the same basis state being on other basis 
states. This is one reason why we should decoherent superposition states into account in neutrosophic 
quantum computing. It relies on the very nature of neutrosophic logic. For that matter, observables we 
take into consideration are non-projective. 

Measuring an observable on a neutrosophic quantum bit yields not a single classical state, but 
a probability distribution of the basis states |0), |1), |I). This is perhaps one of the most important 
difference between classical quantum computation and neutrosophic quantum computation. Given a 
neutrobit |y) = «|0) + B|1) + |I), making a measurement on state |i) yields a triplet 


(Plo; Py Pi? 


where pjo) denoting the probability of |y) being in state |0), руу denoting the probability of |y) being 
in state |1), and pj; denoting the probability of |y) being in the indetermined basis state |I). Thus, 
the outcome of observing a neutrobit gives a probability distribution of basis states. In classical 
quantum computing, the outcome of measurement on a qubit is a classical bit information. 

Let us illustrate this idea. For example, given the neutrobit 


1 1 1 
#) = 7410 + I) + 5510, 


in a coherent superposition, measuring some observable О on the state |y} should yield а neutrosophic 
quantum state |^) = «|0) + B|1) + |I), of decoherent superposition. 

It should be noted that the neutrosophic quantum state should not be confused with an ordinary 
superposition state of a classical quantum system. Thus, a pure state in a neutrosophic quantum system 
always looks like a superposition. A neutrosophic quantum state is in a coherent superposition of three 
basis states |0), |1), |I). However, as soon as we make a measurement on state |y), it yields a decoherent 
superposition, which is merely a triplet containing the information of probability distributions for each 
basis states. We state this as a theorem. 


Theorem 1. Let |y) = «|0) + B|1) + y|I) be a coherent neutrosophic quantum state. The outcome 
of a measurement on |y) is a three-dimensional real vector, particularly а decoherent neutrosophc 
quantum superposition. 


Proof. Suppose that we are given a coherent state |) = «|0) + В|1) + y |I). Without loss of generality, 
we may assume that the state is in a superposition rather than in a single coherent basis. Assume that 
we are given a Hermitian operator О which is not necessarily unitary and projective. Applying О 
on |), since we assumed that Q is non-projective, will still yield a linear combination of vectors, 
particularly a three-dimensional vector. Since the probability of seeing a single coherent basis state is a 
magnitude square of the coefficient corresponding to that basis vector, the probability of observing 
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10) is some pio. Similarly, the probability of observing |1) is ру and the probability of seeing |I) is 
some pj. Since О is non-projective, we observe a vector containing these probabilites as elements. 
However, since the outcome is decoherent, it should be that each probability value can be taken to be 
indetermined. That is, the outcome of the observation will be a vector 


(p 0) ) 
(p 1) ) 
(p I) )1 
Since |I); = |I), we have 
(Ploy )r 
(Pity )r 

(Pin) 
The vector above is a decoherent superposition state with numbers pjo), рт), and ру. Since each 


number is the magnitude square of the coefficients of the state vector being measured, they cannot be 
complex valued. Thus, each of these numbers are real valued. 


4. Tensor Products and Entanglement 


The usual tensor product of classical qubits generalizes to the neutrosophic case. Given two neutrobits 


ay 2 
0) = ||, |ф)= | Bo], 
Yı "ya 
the tensor product is defined as 
0102 
01 Bo 
&1'y2 
01 ®э @1&2 
lp) @ |) = | Bi} ® | Bo] = |8182 
yı Y2 Pir 
'y1&2 
71B2 
172 


The tensor product of measurement outcomes can also be defined. Assume that |p’) = ( Ploy: 


Phys Pin) and |g’) = (Poy Phy Pir) are two probability distributions of two decoherent quantum states. 
Then, we define 


3 
= 
| 
в 
© к 
x 
Ке 
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Then, we write the tensor product as |p’) & |$^) = Or PIS РУ) 


The tensor product of measurement outcomes provides us with the ability to use compound 
outcome information of multiple neutrobit systems. We shall now look at the neutrosophic 
entanglement property. In classical quantum computation, a two qubit system is entangled if it 
is not the tensor product of two single-qubit systems. We adopt the same definition for neutrosophic 
coherent superposition states. However, entanglement is not defined on decoherent states. Suppose 
that we are given two neutrobits |j) = «4|0) + B1|1) + 111) and |ф) = а2|0) + B2|1) + 2| I), the tensor 
product is defined exactly the same as in the classical case. That is, 


|y) & |p) = 2102 |00) + 238201) + 01207) +--+ + тәтә |1). 


This is completely a coherent superposition. If we measure this two-neutrobit system, though, 
we get a 9-tuple containing probability distributions where each element of the 9-tuple denotes the 
probability of the compound system |y) & |ф) being in the ith basis state for a two-neutrobit system. 
The reader should easily be able to verify that, for an n-neutrobit system, there are 3" basis states. 


5. More on Quantum Operators 


As noted earlier, most quantum transformations are defined similarly as in the classical case. 
For a better understanding though, we shall discuss more about the action of the neutrosophic 
Hadamard transform. The neutrosophic Hadamard transform is defined as 


1 1 1 
Уз МЗ (4), 
1 1 1 
V3 V3 (5), 


The indeterminate values J in the neutrosophic Hadamard transform denote the indeterminate 


decoherent counterpart of the basis states |0} and |1). Any state which involves any of these decoherent 
vectors is also decoherent. Despite that we leave Ну|0;) and Hy|1;) undefined, we define the logical 
NOT operator over the decoherent states as 


NOT|0;) = |1), 


NOT|1;) = |0). 


We leave the action of Hy on two reserved decoherent vectors |0;) апа |17) undefined for the 
reason that creating a superposition from an already decoherent neutrosophic quantum state might 
prevent us to obtain the original input decoherence from the output decoherence. Thus, due to this 
reversibility problem, it is better if we leave the mentioned transformations undefined. Since |I) is a 
legitimate coherent state in neutrosophic quantum computation, we defined 


нм) = 35100) + 2510). 


1 
E. 
у 

We may imagine а coherent neutrobit as a vector on a three-dimensional unit ball as given in 
Figure 1. 
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010) + 81) +72 


0) 


Figure 1. Representation of a neutrobit vector on a unit ball with real coefficients. 


Of course, we assume in this image, for simplicity, that the amplitudes are real values. Allowing 
complex coefficients would require us to represent a neturobit on a four-dimensional geometry since 
an additional imaginary axis would need to be introduced. The basis vectors here are all mutually 
orthogonal. That is, the inner product of any of the two basis vectors is 0. 

When we make a measurement on the state |), we get a triplet (pip, pi, pj) which was 
defined earlier, where pjo) = |х|?, Ру = Pelee Pin = |y|?. The new state of the system in this case is а 
decoherent superposition of |0), |1) and |I) each with a degree of probability pio, рл), рү), respectively. 


6. Results 


We introduced a refined mathematical framework for neturosophic quantum computing based on 
the original work of Smarandache [15] and we gave a few standard transformations and notions that 
are to be used in neutrosophic quantum computations. Perhaps the most important difference from 
the classical quantum computation is the involvement of the indeterminacy basis and the separation 
between coherent and decoherent states. Treating the Hadamard transform as a function creating a 
superposition from a coherent state, we introduced the reserved decoherent vectors for this purpose. 
The measurement process is also slightly different in this case. The outcome of any measurement on a 
neutrobit gives a probability distribution, a decoherent state, of all possible basis states each with a 
certain degree of probability determined by the corresponding coefficients. 

The computational complexity of the neutrosophic quantum gates, when applied to a quantum 
state, would be the same as their classical counterparts since the size of the transformation matrices in 
the neutrosophic counterpart does not change asymtotically. That is, for the neutrosophic Hadamard 
transform for instance, multiplying a 3 x 3 matrix with a three-dimensional vector does not give any 
difference in terms of computational complexity compared to its classical counterpart. The same 
Observation can be easily seen with the other gates. The only complexity difference is with the tensor 
product that, since we are not working on a three-dimensional vector space, the size of the vector space 
grows by factors of 3 instead of 2 when taking tensor products of n many neutrobits. It should be 
noted that this is still a constant difference. 

A practical application of neutrosophic quantum computing in the future would be used to 
solve hard problems involving indeterminate cases of multiple states when taken as a whole system. 
For example, it may not be known which one of the many possible channels that a quantum information 
is transferred through quantum communication channels. If we were to study the behavior of the 
transferred superposition quantum state, we would have to use neutrosophic quantum computing 
notions to describe the state of the transfer process that will involve the probability of the information 
being transferred on one particular channel, probability of the information not being transferred on 
the same channel, and a degree of indeterminacy of the information being transferred on that channel. 
This is required for a single channel. Thus, we would have a superposition of all possible probability 


distributions if we consider every channel taken together. The entire distribution will naturally define 
a decoherent quantum superposition state. 
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As stated in Smarandache [15], satisfying the reversibility condition of quantum computing is 
more problematic in the neutrosophic case due to the inclusion of indeterminate states. The first attempt 
to settle this problem is to try to make the neutrosophic Hadamard transform unitary, and hence 
reversible. We shall give the following open problem, for which we hope to encourage researchers in 
neutrosophic computation or quantum computing for finding a possible solution. 


Open problem. Define a "reasonable" neutrosophic Hadamard transformation matrix, which 
is unitary. 


By "reasonable", we mean preserving the original properties of the standard Hadamard transform 
such as creating a superposition of basis states, etc. 

Another future work is to find a legitimate protocol for the teleportation of the state of a neutrobit 
from one location to another. This particularly has many applications in networks and communication. 
A typical quantum teleportation of a standard qubit is performed through classical bit channels. 
In order to send the state of a qubit, the first party sends two classical bits and the second part recovers 
the state of a qubit from the received classical bits. What kind of channels do we need to transport the 
state of a neutrobit? A classical channel may be a solution. A quantum channel, on the other hand, 
may not be sufficient to teleport a neutrobit due to the fact that the preservation of indeterminate states 
through the teleportation process becomes questionable. One idea is to separate the indeterminate 
state from the superposition and treat it as a classical quantum superposition state of all coherent basis 
states and then use the classical quantum teleportation protocol on this system. 

Neutrosophic quantum computing is at its very early stage of development. We believe that 
this new field will attract many researchers in computer science, physics and mathematics for further 
advancement along with discovering many useful future applications. 
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Abstract.The objective of this work is to validate the implementation of the pedagogical strategy for the development of the 
competence to undertake as a contribution to the comprehensive education in senior high students in *10 de Octubre" borough 
in Havana, Cuba.The research seeks to increase scientific knowledge; so it is necessary to objectify the requirements of valid- 
ity and reliability on which it is based. Validity is understood as the consistency and stability shown by the results of research 
when applying different demonstration methods, based on the assumption that these are conceived and structured with the ca- 
pacity to determine and measure.Reliability allows establishing that the conclusive results of the research are balanced and re- 
fers to the degree to which the same action submitted to a measurement by the same investigative or different subject produces 
similar results. For the authors, investigative reliability constitutes the degree of stability that when applying the validation they 
tend not to vary.In order to sustain the derivations of the development of this strategy, a survey instrument was applied to train- 
ing and recipients whose results were evaluated through a complex methodology, which integrates the Iadov technique and the 
neutrosophic logic, determining the transcendences and strategic training repercussions and its consequences on the performers 
of senior high education. 


Keywords:Iadov, Neutrosophic, Indeterminacy, Group Satisfaction Index 


1 Introduction 

The systematization of several definitions led the authors to define the entrepreneurship competence as the com- 
plex and systemic set of knowledge, abilities, skills, attitudes and values that interact synergistically and make 
viable the autonomous and effective performance of the individual, by providing it with tools to create, manage, 
interpret, understand and transform the social environment with a critical, proactive and innovative vision, sus- 
taining a life model, personal development in present and in future[ 1]. 

The formation of competence to undertake makes the learner a protagonist of the community context by enabling 
the application of knowledge through the selection of methods, procedures and disjunctive proposals, which mo- 
bilize the cognitive and attitudinal structures developed during the process, complex arrangements that pay tri- 
bute to the integral development of student[2 ]. 

In order to contribute to the development of the comprehensive education of the student of senior high education, 
this pedagogical strategy for the development of entrepreneurship competition was conceived and applied. This 
moment is concretized in the strategic performance of modeling of ventures, based on proposals resulting from 
the student's identification of possible solutions to problems that arise from the social demands of the surround- 
ing епуігоптепі[ 3]. 

In the provisions of stages and phases, students are encouraged in the search of alternatives, of conformation of 
factical schemes, which allows the application, in the social context, of knowledge, skills, attitudes,and values. 
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The determination of the actors' assessment of the strategy's impact makes up a significant indicator of the va- 
lidity of the strategy. This action needs to validate the results by the investigation and with this purpose, the Ia- 
dov technique is applied. Iadov constitutes an indirect way to study of satisfaction, in this case, the actors' devel- 
opers and evaluators of the process and the addressees[4]. 

Iadov's technique uses, as suggested by the original method[5], the related criteria of answers to intercalated 
questions whose relationship the subject does not know, at the same time the unrelated or complementary ques- 
tions serve as an introduction and support of objectivity to the respondent who uses them to locate and contrast 
the answers.The results of these questions interact through what is called the "Iadov Logical Table"[6, 7]. In this 
paper, the satisfaction of emitting actors (teaching staff and training activity) and those who are beneficiaries of 
the development strategy, the receiving actors are combined.User criterion techniques should be used as a way to 
assess results in those cases in which the evaluators are users of what is proposed, that is, in addition to having 
control over the problem being studied, they are "contextualized", immersed in the context in which 15 the appli- 
cation of the result[7]. 

The degree of satisfaction-dissatisfaction is a psychological state that manifests itself in people as an expression 
of the interaction of a set of affective experiences that move between the positive and negative poles insofar as in 
the activity that the subject develops, the object, responds to their needs and corresponds to their motives and in- 
terests[8]. The relationship between indeterminacy and user importance has not yet been clarified and 
include in Iadov. 

Recently a new theory has been introduced in decision making which is known as neutrosophiclogic and set 
developed by Florentin Smarandache in 1995[9]. The term neutrosophy means knowledge of neutral thought and 
thisneutral represents the principal distinction between fuzzy and intuitionistic fuzzy logicand sets [10]. With 
neutrosophy theory, a new logic is introduced in which each proposition is estimated to have a degree of truth 
(T), adegree of indeterminacy (Т) and a degree of falsity (F)[11]. Many extensions of classical decision-making 
methods have been proposed for dealing with indeterminacy based on neutrosophy theory like DEMATEL [12] 
AHP [13], VIKOR[14]and TOPSIS [15]. 

The original proposal of the Iadov method does not allow an adequate management of the indetermination nor 
the management of the importance of the users[11].The introduction of the neutrosophic estimation seeks to 
solve the problems of indeterminacy that appear universally in the evaluations of the surveys and other instru- 
ments, by taking advantage of not only the opposing positions but also the neutral or ambiguous ones[16]. Under 
the principle that every idea <A> tends to be neutralized, diminished, balanced by other ideas, in clear rupture 
with binary doctrines in the explanation and understanding of phenomena[17]. 

This work continues as follows: Section 2 is about some important concepts about neutrosophy and Iadov . A 
case study is presented and discussed in section 3. The paper ends with conclusions and some recommendation 
for future work. 


2 Materials and methods 

In Iadov technique the questionnaire used to determine the degree of user satisfaction with the proposed system 
of indicators to predict, design and measure the impact of the researcher's strategy has a total of seven questions, 
three of which are closed and four open, whose relationship is ignored by the subject[18].These three closed 
questions are related through the "Iadov logical table", which is presented adapted to the present investigation. 
The resulting number of the interrelation of the three questions indicates the position of each subject in the satis- 
faction scale, that is, your individual satisfaction This satisfaction scale is expressed by SVN numbers[19]. The 
original definition of true value in the neutrosophic logic is shown below [20]: 

Be N = ((T,L,F): T,LF € [0,1]}a neutrosophical valuation is a mapping of a group of proportional formu- 


las toN, and for each p sentence we have: 


vip) = (ТЬЕ) (1) 


In order to ease the practical application to a decision making and engineering problems, it was carried out the 
proposal of single valued neutrosophic sets (SVNS ) this allows the use of linguistic variables[21, 22], this in- 
crease the interpretation of models of recommendation and the usage of the indetermination. 


Be X an universe of discourse. A SVNS Aon Xis an object of the form. 
А = (ou C0, ru G0, v4 G0): x € XJ Q) 


where,u,(x):X [0,1], r4 (х),:Х > [0,1Jand v4(x): X э [0,1] with O < и, (х) + т, (х)  v4(x):s 3 for all 
x€X. The intervals u4(x), r4(x)and v4(x) denote the memberships to true, indeterminate and false of x in A, 
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respectively. For convenience reasons, an SVN number will be expressed asA = (a, b, c), where a, b, cE [0, 1], y 
at Ь+с<3. 


In order to analyze the results, it is established a scoring function. To order the alternatives it is used a score 


function[23 Jadapted : 
s(V) 2T-F-I (3) 


In the event that the assessment corresponds to indeterminacy(not defined) (Т) a process of de-neutrosophication 
developed as proposed by Salmerón and Smarandache[24]. In this case, I € [-1,1].Finally, we work with the av- 
erage of the extreme values/ € [0,1]to obtain a single one. 


A(a,,a;]) = 2792 (4) 


2 


Subsequently, the results are aggregated and the weighted average aggregation operator is used to calculate the 
group satisfaction index (GSI). The weighted average (WA) is one of the most mentioned aggregation operators 
in the literature[25, 26]. A WA operator has associated a vector of weights,V, withv; € [0,1] арау? = 1, hav- 
ing the following form: 


WA(a,,..,a4) = Ут viai (5) 


Where т; represented the importance of the source. This proposal allow to fill a gap in the literature of the Iadov 
techniques extending it to deal with indeterminacy and importance of user due to expertise or any other reason 


[27]. 


3 Survey of teachers and methodologists of senior high education: 

The case study was developed for the validation of a pedagogical strategy for the development of the compe- 
tence to undertake as in *10 de Octubre" borough in Havana, CubaA scale with individual satisfaction and its 
corresponding score value was used (Table 1). 


Expression Number SVN Scoring 
Clearly pleased (1, 0, 0) 1 
More pleased than unpleased (1, 0.25, 0.25) 0.5 
Not defined I 0 
More unpleased than pleased (0.25, 0.25, 1) -0.5 
Clearly unpleased (0,0,1) -1 
Соштайсїогу (1,0,1) 


Table 1. Individual satisfaction scale. 

A sample of 21 teachers and methodologists from senior high education were surveyed. The survey was elabo- 
rated with 7 questions, three closed questions interspersed in four open questions; of which 1 fulfilled the intro- 
ductory function and three functioned as reaffirmation and sustenance of objectivity to the respondent. 


Would you consider postponing the development of the competence to un- 
dertake as a contribution to the comprehensive education of the student of 
senior high education? 


No Idon't know yes 


Do your expectations meet the application | If you could choose freely, a strategy for the formation of competencies in 
of the strategy for the development of the | students of senior high education would you choose one with similar charac- 
competence to undertake as a contribution | teristics to the one used for the development of the competence to under- 
to the comprehensive education of the stu- | take? 

dent of senior high education? 


yes Idont | No yes Idont | No | yes | Idon't | No 
know know know 


504 


Florentin Smarandache (author and editor) 


Collected Papers, VIII 


Very pleased. 1 2 6 2 2 6 6 6 6 
(14) (2) 
Parcially pleased. 2 2 3 2 3 3 6 3 6 
(2) (2) (Q) 
It's all the same to me 3 3 3 3 3 3 3 3 3 
More unpleased than pleased. 6 3 6 3 4 4 3 4 4 
Not pleased 6 6 6 6 4 4 6 4 5 
I don't know what to say 2 3 6 3 3 3 6 3 4 
Table 2. The logical picture of the Iadov technique for teachers and methodologists from senior high education. 
In this case,the following results are as follows: 
Expression Total % 
Clearly pleased 14 66 
More pleased than unpleased 7 33 
Not defined 0 0 
More unpleased than pleased 0 0 
Clearly unpleased 0 0 
Contradictory 0 0 


Table 3.Results of the application to teachers and methodologists. 


The calculation of the score is carried out and it is determined by I. in this case, it was given the same value to 
each user. The final result of the index of group satisfaction (GSI) that the method portrays, in this case, is: GSI 


=0.82 


This shows a high level of satisfaction according to the satisfaction scale. 


For the students, a survey similar to that of the teachers was prepared, and a total of 101 senior high students 
were interviewed who received the training program with the following results: 


Can you do without undertaking and achieve your professional realization? 


No 


I don't know 


yes 


Are you satisfied with the way in which the 
program was applied to develop your skills 
and knowledge to learn to undertake? 


Would you like to be an entrepreneur and take on the challenges in your fu- 


ture personal performance? 


yes Idont | No | yes | Idont | No | yes | Idont | No 
know know know 

Very pleased. 1 2 6 2 2 6 6 6 6 
(71) (2) 

Parcially pleased. 2 2 3 2 3 3 6 3 6 
Q3) (1) (1) (1) 

Its all the same to me. 3 3 3 3 3 3 3 3 3 
(1) (Q) 

more unpleased than pleased. 6 3 6 3 4 4 3 4 4 

(1) 
Not pleased 6 6 6 6 4 4 6 4 5 
I don't know what to say 2 3 6 3 3 3 6 3 4 


Table 4.Logical picture of Iadov students of senior high education. 


In this case, the following results are obtained: 
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Expression Total % 
Clearly pleased 71 70.3 
More pleased than unpleased 27 26.7 
Not defined 3 2.97 
More unpleased than pleased 0 0 
Clearly unpleased 0 0 
Contradictory 0 0 


Table 5.Results of the application of the students in senior high. 

The calculation of the score is carried out. In this case, it was given the same value of importance to each user. 
The final result of the index of group satisfaction (GSI) that the method portrays, in this case, is: GSI=0.837 this 
shows a high level of satisfaction according to the satisfaction scale. 

By locating the values reached in the satisfaction scale 

- Actors developers: 0.809 

- Recipients — actors: 0.837 

In both cases, the results are positive, which certifies the effectiveness of the implementation of the strategy, as 
shown in the graph. 


PLEASED 
1 
N 
o 
T 
D 0.5 
E | o4 ШЕШЕН PLEASED 
I 
х |. NOT DEFINED OR CONTRARY 
D 
0 ШШЕ unPLEASED 
о 
R 
с 
о 
x 0.5 
T 0.4 
R 
A 
R 
Y 
4 
UNPLEASED 


Figure 1. Scale with group satisfaction index 

The proposal of extending Iadov method with neutrosophyresults to be easy to use and practical in real-world 
application. The inclusions of indeterminacy allow a more powerful way to represent information compared with 
the classical application of the technique. The inclusion of the aggregation operator extends the traditionalladov 
method including the importanceof information sources[28]. The application in the real world of the proposal 
validates the pedagogical strategy for the formation of the competence entrepreneurship in high education. 
Conclusions 

In this paper, the Iadov method was extended allowing an adequate management of the indeterminacy and the 
management of the importance of users. Іайоу'ѕ method with the inclusion of neutrosophic analysis showed its 
applicability and ease of use in a case study. Among the advantages with respect to the original approach is that 
it can incorporate the indetermination and contradiction more naturally. Another advantage is that it allows the 
use of aggregation operators which makes it possible to express, in this case, the importance or expertise of users 
according to experience or some other criteria. 

The validation process using the neutrosophic Iadov technique in users of the implementation of the pedagogical 
strategy for the formation of the competence entrepreneurship in high education in *10 de Octubre" borough in 
Havana, Cuba confirmed its feasibility of use. The results were expressed quantitatively in a high Group Satis- 
faction Index in the two applications presented in the case study. 

Future works will concentrate on the uses of the 2-tuplelinguistic model for giving a linguistic output and the use 
of different aggregation operator. The development of a software tool supporting the proposal is another area of 
future research. 
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About Nonstandard Neutrosophic Logic (Answers to Imamura's 


"Note on the Definition of Neutrosophic Logic") 
Florentin Smarandache 


Florentin Smarandache (2018). About Nonstandard Neutrosophic Logic (Answers to Imamura's 
*Note on the Definition of Neutrosophic Logic"). arXiv, 16, 
arxiv.org/ftp/arxiv/papers/1812/1812.02534.pdf 


Abstract. 


In order to more accurately situate and fit the neutrosophic logic into the framework of 
nonstandard analysis, we present the neutrosophic inequalities, neutrosophic equality, 
neutrosophic infimum and supremum, neutrosophic standard intervals, including the cases 
when the neutrosophic logic standard and nonstandard components T, J, F get values outside of 
the classical unit interval /0, 1], and a brief evolution of neutrosophic operators. 


The paper intends to answer Imamura's criticism that we found benefic in better understanding 
the nonstandard neutrosophic logic — although the nonstandard neutrosophic logic was never 
used in practical applications. 


1. Uselessness of Nonstandard Analysis in Neutrosophic Logic, Set, Probability, et al. 


Imamura's discussion [1] on the definition of neutrosphic logic is welcome, but it is useless, 
since from all neutrosophic papers and books published, from all conference presentations, and 
from all MSc and PhD theses defended around the world, etc. (more than one thousand) in the 
last two decades since the first neutrosophic research started (7998-2018), and from hundreds of 
neutrosophic researchers, not even a single one ever used the nonstandard form of neutrosophic 
logic, set, or probability and statistics in no occasion (extended researches or applications). 


АП researchers, with no exception, have used the Standard Neutrosophic Set and Logic [so 
no stance whatsoever of Nonstandard Neutrosophic Set and Logic], where the neutrosophic 
components T, /, F are subsets of the standard unit interval /0, 1]. 


Even more, for simplifying the calculations, the majority of researchers have utilized the 
Single-Valued Neutrosophic Set and Logic (when Т, I, F are single numbers from /0, //}, on the 
second place was /nterval-Valued Neutrosophic Set and Logic (when T, I, F are intervals 
included in /0, 1/4, and on the third one the Hesitant Neutrosophic Set and Logic (when T, I, F 
were discrete finite sets included in /0, //}. 


In this direction, there have been published papers on single-valued *neutrosophic standard 
sets" [12, 13, 14], where the neutrosophic components are just standard real numbers, 
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considering the particular case when 0 € T + / + F < 1 (in the most general case0 <7T+/+F < 
3). 


Actually, Imamura himself acknowledges on his paper [1], page 4, that: 


“neutrosophic logic does not depend on transfer, so the use of non-standard analysis is not 
essential for this logic, and can be eliminated from its definition". 


Entire neutrosophic community has found out about this result and has ignored the non- 
standard analysis in the studies and applications of neutrosophic logic for two decades. 


2. Applicability of Neutrosophic Logic et al. vs. Theoretical Nonstandard Analysis 


Neutrosophic logic, set, measure, probability, statistics and so on were designed with the 
primordial goal of being applied in practical fields, such as: 

Artificial Intelligence, Information Systems, Computer Science, Cybernetics, Theory 
Methods, Mathematical Algebraic Structures, Applied Mathematics, Automation, Control 
Systems, Big Data, Engineering, Electrical, Electronic, Philosophy, Social Science, Psychology, 
Biology, Biomedical, Engineering, Medical Informatics, Operational Research, Management 
Science, Imaging Science, Photographic Technology, Instruments, Instrumentation, Physics, 
Optics, Economics, Mechanics, Neurosciences, Radiology Nuclear, Medicine, Medical Imaging, 
Interdisciplinary Applications, Multidisciplinary Sciences etc. [2], 

while nonstandard analysis is mostly a pure mathematics. 

Since 1990, when I emigrated from a political refugee camp in Turkey to America, working as a 
software engineer for Honeywell Inc., in Phoenix, Arizona State, I was advised by American co- 
workers to do theories that have practical applications, not pure-theories and abstractizations as 
"art pour art". 


3. Theoretical Reason for the Nonstandard Form of Neutrosophic Logic 


The only reason I have added the nonstandard form to neutrosophic logic (and similarly to 
neutrosophic set and probability) was in order to make a distinction between Relative Truth 
(which is truth in some Worlds, according to Leibniz) and Absolute Truth (which is truth in all 
possible Words, according to Leibniz as well) that occur in philosophy. 


Another possible reason may be when the neutrosophic degrees of truth, indeterminacy, or 
falsehood are infinitesimally determined, for example a value infinitesimally bigger than 0.8 (or 
0.8*), or infinitesimally smaller than 0.8 (or 0.8). But these can easily be overcome by roughly 
using interval neutrosophic values, for example (0.80, 0.81) and (0.79, 0.80) respectively. 


I wanted to get the neutrosophic logic as general as possible [6], extending all previous logics 
(Boolean, fuzzy, intuitionistic fuzzy logic, intuitionistic logic, paraconsistent logic, dialethism), 
and to have it able to deal with all kind of logical propositions (including paradoxes, nonsensical 
propositions, etc.). 

That's why in 2013 I extended the Neutrosophic Logic to Refined Neutrosophic Logic | from 
generalizations of 2-valued Boolean logic to fuzzy logic, also from the Kleene’s and 
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Lukasiewicz’s and Bochvar’s 3-symbol valued logics or Belnap’s 4-symbol valued logic to the 
most general n-symbol or n-numerical valued refined neutrosophic logic, for any integer n > 1 ], 
the largest ever so far, when some or all neutrosophic components 7, J, F were respectively 
split/refined into neutrosophic subcomponents: Ту, 72, ...; Г, Iz ...; Fi, F2, ... which were 
deduced from our everyday life [3]. 


4. From Paradoxism movement to Neutrosophy branch of philosophy and then to 
Neutrosophic Logic 
I started first from Paradoxism (that I founded in 1980's as a movement based on 
antitheses, antinomies, paradoxes, contradictions in literature, arts, and sciences), then I 
introduced the Neutrosophy (as generalization of Dialectics, neutrosophy is a branch of 
philosophy studying the dynamics of triads, inspired from our everyday life, triads that 
have the form: 
<A>, its opposite <antiA>, and their neutrals <neutA>, (1) 
where <A> is any item or entity [4]. 
(Of course, we take into consideration only those triads that make sense in our real and 
scientific world.) 
The Relative Truth neutrosophic value was marked as /, while the Absolute Truth 
neutrosophic value was marked as /* (a tinny bigger than the Relative Truth's value): /* 
>y 1, where > is a neutrosophic inequality, meaning /* is neutrosophically bigger than 
1. 
Similarly for Relative Falsehood / Indeterminacy (which falsehood / indeterminacy in 
some Worlds), and Absolute Falsehood / Indeterminacy (which is falsehood / 
indeterminacy in all possible worlds). 

5. Introduction to Nonstandard Analysis [15, 16] 


An infinitesimal number (€ ) 15 a number = such that |= K 1/7, for any non-null positive 


integer n. An infinitesimal is close to zero, and so small that it cannot be measured. 
The infinitesimal is a number smaller, in absolute value, than anything positive nonzero. 
Infinitesimals are used in calculus. 
An infinite number ( о ) is a number greater than anything: 
1+ 1 +1 +... + 1 (for any finite number terms) (2) 
The infinites are reciprocals of infinitesimals. 


The set of hyperreals (non-standard reals), denoted as Ё*, is the extension of set of the 
real numbers, denoted as R, and it comprises the infinitesimals and the infinites, that may be 
represented on the hyperreal number line 


1/6 = 0/1. (3) 
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The set of hyperreals satisfies the transfer principle, which states that the statements of 
first order in R are valid in R* as well. 

A monad (halo) of an element a є R^, denoted by u(a), is a subset of numbers 
infinitesimally close to a. 


Let's denote by R+* the set of positive nonzero hyperreal numbers. 

We consider the left monad and right monad, and we have introduced the binad [5]: 
Left Monad { that we denote, for simplicity, by Са) or only ~a } is defined as: 

иба) = (а) = а = {a - x, x E€ R+* | x is infinitesimal}. (4) 
Right Monad { that we denote, for simplicity, by (a^) or only by a* } is defined as: 
u(a*) = (at) = a* = {а + x, x eR«' | x is infinitesimal). (5) 
Bimonad { that we denote, for simplicity, by (a*) or only га“ } is defined as: 

ца?) = (a^) =a" 


= fa- x, x €eR«' | x is infinitesimal} O (a + x, x €R«' | x is infinitesimal} 


= f{a+x,x єЁ+ | x is infinitesimal}. (6) 


The left monad, right monad, and the bimonad are subsets of R*. 


6. Neutrosophic Strict Inequalities 


We recall the neutrosophic inequality which is needed for the inequalities of nonstandard 
numbers. 


Let a, D be elements in a partially ordered set M. 


We have defined the neutrosophic strict inequality 


a >n p (7) 
and read as 

“а is neutrosophically greater than В” (8) 
if 


а in general is greater than В, 
or a is approximately greater than В, 


or subject to some indeterminacy (unknown or unclear ordering relationship between a and 
B) or subject to some contradiction (situation when a is smaller than or equal to 3) a is 
greater than р. 
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It means that in most of the cases, on the set M, a is greater than p. 


And similarly for the opposite neutrosophic strict inequality а <n f. 


7. Neutrosophic Equality 


We have defined the neutrosophic inequality 


a=np (9) 
and read as 

“a is neutrosophically equal to В” (10) 
if 


a in general is equal to В, 
or a is approximately equal to p, 


or subject to some indeterminacy (unknown or unclear ordering relationship between a and 
B) or subject to some contradiction (situation when a is not equal to B) a is equal to p. 


It means that in most of the cases, on the set M, a is equal to В. 


8. Neutrosophic (Non-Strict) Inequalities 


Combining the neutrosophic strict inequalities with neutrosophic equality, we get 
the >x and sw neutrosophic inequalities. 


Let а, B be elements in a partially ordered set M. 


The neutrosophic (non-strict) inequality 


а 2л B (11) 
апа геаа аѕ 
“а is neutrosophically greater than or equal to В” (12) 
if 


a in general is greater than or equal to p, 
or a is approximately greater than or equal to В, 


or subject to some indeterminacy (unknown or unclear ordering relationship between a and 
B) or subject to some contradiction (situation when a is smaller than В) a is greater than or 
equal to p. 
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It means that in most of the cases, on the set M, a is greater than or equal to p. 


And similarly for the opposite neutrosophic (non-strict) inequality а xw f. 


9. Neutrosophically Ordered Set 
Let M be a set. (M, <n) is called a neutrosophically ordered set if: 


V a, В € M,one has: either a <n B, or a =n P, or a >м}. (13) 


10. Neutrosophic Nonstandard Inequalities 


Let (R^) be the power-set of А“. Let's endow (AR*), <n) with a neutrosophic inequality 


Let a,b e №, where R is the set of (standard) real numbers. 


And let (а), (a*), (а^) є AR"), and (D), +), (b+) e AR’), be the left monads, right monads, 
and the bimonads of the elements (standard real numbers) a and b respectively. Since all monads 
are subsets, we may treat the single real numbers a = /a, a] and b = [b, b] as subsets too. 


AR") is a set of subsets, and thus we deal with neutrosophic inequalities between subsets. 


1) If the subset a has many of its elements above all elements of the subset £, 
then а >м f (partially). 

ii) If the subset a has many of its elements below all elements of the subset £, 
then а <n В (partially). 


iii) If the subset a has many of its elements equal with elements of the subset 2, 
then a =n В (partially). 


If the subset а verifies i) and iii) with respect to subset д, then a 2n f. 
If the subset a verifies ii) and iii) with respect to subset д, then a sn £. 


If the subset а verifies i) and ii) with respect to subset f, then there is no neutrosophic order 
(inequality) between с and f. 


{ For example, between (a+) and a there is no neutrosophic order. } 


Similarly, if the subset a verifies i), ii) and iii) with respect to subset f, then there is no 
neutrosophic order (inequality) between a and f. 


11. Open Neutrosophic Research 


The quantity or measure of "many of its elements” of the above i), ii), and iii) conditions 
depends on each neutrosophic application and on its neutrosophic experts. 
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For the neutrosophic nonstandard inequalities, we propose based on the above three 
conditions the following: 


(-а) <n a <n (а) (14) 


because Vx e R,,a-x «a <а + x, where x is of course a (nonzero) positive infinitesimal (the 


above double neutrosophic inequality actually becomes a double classical standard real 
inequality for each fixed positive infinitesimal). 


(a) Sw (а?) SN (а?) (15) 
This double neutrosophic inequality may be justified due to (а*) = (а) U (а*), so: 
(a) Sw (а)‹ (a^) SN (a^) (16) 


whence the left side of the inequality middle term coincides with the inequality first term, while 
the right side of the inequality middle term coincides with the third inequality term. 


If a > b, which is a (standard) classical real inequality, then we have the following 
neutrosophic nonstandard inequalities: 


a>n(b), a>n(b*), a >n (bt); (17) 
(a) >n b, (a) >n (b), (a) >n (b), (a) >n (b); (18) 
(a*) >wb, (at) >м (b), (at) >n bt), (at) »w(b*); (19) 
(a*) >nb, (a*) >n (b), (а?) >n (b°), (a) >n (b°). (20) 


Ifa >b, which is a (standard) classical real inequality, then we have the following neutrosophic 
nonstandard inequalities: 


а >n (Б); (21) 
(а) 2м (b); (22) 
(a^) Zw (b), (ат) ub, (a*) >n (b), (а) 2n (b°); (23) 
(a^) >м (b), (a°) 2w (b^). (24) 


And similarly for <x and €w neutrosophic nonstandard inequalities. 


12. Neutrosophic Nonstandard Equalities 


Let a, b be standard real numbers; if a = b that is a (classical) standard equality, then: 


(a) =n (b), (a*) =n (b^), (a^) =n (b^). (25) 
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13. Neutrosophic Infimum and Neutrosophic Supremum 


As an extension of the classical infimum and classical supremum, and using the neutrosophic 
inequalities and neutrosophic equalities, we define the neutrosophic infimum ( denoted as infw ) 
and the neutrosophic supremum (denoted as supw ). 


Neutrosophic Infimum. 

Let (S, <n) be a set that is neutrosophically partially ordered, and M a subset of S. 
The neutrosophic infimum of M, denoted as infN(M) is the neutrosophically greatest element in S 
that is neutrosophically less than or equal to all elements of M: 


Neutrosophic Supremum. 

Let (S, <n) be a set that is neutrosophically partially ordered, and M a subset of S. 
The neutrosophic supremum of M, denoted as supw(M) is the neutrosophically smallest element 
in S that is neutrosophically greater than or equal to all elements of M. 


14. Classical Infimum and Supremum vs. Neutrosophic Infimum and Supremum. 


Giving the definitions of neutrosophic components from my book [5]: 


“Let T, I, F be standard or non-standard real subsets of /:0, 1*/, 
with sup Т = Е sup, inf T = t inf, 

supI-i sup, infI- i inf, 

sup F =f sup, inf F =f inf, 

and n_sup = t_sup+i_sup+f_sup, 

n inf=t_inftiinftf_ inf.” 


Imamura argues (page 3) that: 


“Subsets of R*, even bounded, may have neither infima nor suprema, because the 
transfer principle ensures the existences of infima and suprema only for internal 
sets.” 


This is true from a classical point of view, yet according to the definitions of the neutrosophic 
inequalities, the neutrosophic infimum and supremum do exist for the nonstandard intervals, for 
example: 


infu ( Га, b*[) = а, and supn( Га, b*[) = b*. (26) 


Indeed, into my definition above I had to clearly mention that we talk neutrosophically [mea 
culpa] by inserting an “N” standing for neutrosophic (inf and supw): 


Let Т, І, F be standard or non-standard real subsets of /`0, 1*[/, 
with supn T = t sup, іп T = t inf, 

supn I = i_sup, infn I = 1 inf, 

зирк F = f sup, inf F = f. inf, 

and n_sup = t_sup+i_sup+f_sup, 

n inf=t inf+i inftf inf. 
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I was more prudent when I presented the sum of single valued standard neutrosophic 
components, saying: 


Let T, I, F be single valued numbers, T, I, F €[0, 1], suchthat Ox T - I - Fx 3. 


A friend alerted me: “If T, I, F are numbers in [0, 1], of course their sum is between 0 and 3.” 
“Yes, I responded, I afford this tautology, because if I did not mention that the sum is up to 3, 
readers would take for granted that the sum T + J + F is bounded by /, since that is in all logics 
and in probability!" 


15. Notations 


Imamura is right when criticizing my confusion of notations between hyperreals (numbers) 
and monads (subsets). I was rather informal than formal at the beginning. 

By а and b* most of times I wanted to mean the subsets of left monad and right monad 
respectively. Taking an arbitrary positive infinitesimal £, and writing a = a-e and bt = bte 
was actually picking up a representative from each class (monad). 

Similarly, representations of the monads by intervals were not quite accurate from a 
classical point of view: 


Ca) = (a-s, a), (27) 

(b+) = (b, b*), (28) 

(a*) = (a-e, a)U (b, b*), (29) 
but they were rather neutrosophic equalities (approximations): 

Ca) =n (a-e, a), (30) 
(b*) =n (b, b*&), (31) 
(a*)=n (a-e, a) (b, bt). (32) 


16. Nonarchimedean Ordered Field. 
At pages 5-6 of note [1], Imamura proposed the following Nonarchimedean Ordered Field K: 


“Let x, y € К. x and y are said to be infinitely close (denoted by a = b) ifa- b is 


infinitesimal. We say that x is roughly smaller than y (and write xy )ifx€yorx gy." 


An ordered field is called nonarchimedian field, if it has non-null infinitesimals. 

While it is a beautiful definition to consider that x and y are infinitely close (denoted by a = b) if 
a - b is infinitesimal, it produces confusions into the nonstandard neutrosophic logic. Why? 
Because one cannot distinguish any-longer between ~a, a, and a* (which is essential in and the 
flavor of nonstandard neutrosophic logic, in order to differentiate the relative 
truth/indeterminacy/falsehood from absolute truth/indeterminacy/falsehood respectively), since 
one gets that: 


(a) xa x(a") (33) 
or with the simplest notations: 
а ха xat. (34) 
Proof: 
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Vx e R;,a — (a х) = x = infinitesimal, whence a = (a) (35) 
and Vx € №, ‚(а + x) - a = x = infinitesimal, whence a* «a. (36) 
For the definition of nonstandard interval /а, b*/, Imamura proposes at page 6: 
“For a, b €K the set fa, b"[xis defined as follows: 
[а,Ь [к= {x e К |azxzb)." 


In nonstandard neutrosophic logic and set, we may have not only /'a, b*/, but various 
forms of nonstandard intervals: 


m m» 


]a.b[ (37) 


where m; and mz stand for: left monads (^), right monads (^), or bimonads (^^), in all possible 
combinations (in total 3x 3 — 9 possibilities). 


Yet, Imamura's definition cannot be adjusted for all above nonstandard intervals, for example 
the nonstandard intervals of the form /a*, -b/, because if one writes: 


Jat, b [x ^ {x e K |azxzb] (38) 
one arrives at proving that 
Га, b*[x c Ja^, b [x (39) 


which is obviously false, since: ~a is below a and hence below a^, and in the same way b* is 
above b and hence above 5 {one gets a bigger nonstandard interval included in or equal to a 
smaller nonstandard interval}. This occurs because 'a ~ a* and b* = b (in Imamura's notation). 


17. Nonstandard Unit Interval. 


Imamura cites my work: 


“by “-a” one signifies a monad, i.e., a set of hyper-real 
numbers in non-standard analysis: 

(-a)= {а—х E К: | х is infinitesimal }, 

and similarly “b+” is a hyper monad: 

(b+) = (b*x€R:|xis infinitesimal } . 

([5] p. 141; [6] p. 9)” 


But these are inaccurate, because my exact definitions of monads, since my 1998 first world 
neutrosophic publication {see [5], page 9; and [6], pages 385 - 386}, were: 


"(a)2[a-xx€R.' | х is infinitesimal }, 


and similarly “b+” is a hyper monad: 
(b*) = {b +x: x E R | х is infinitesimal }” 
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Imamura says that: 


“The correct definitions are the following: 
(-a) = (a-x € R |х is positive infinitesimal }, 
(b+) = (b +x € R- | x is positive infinitesimal }.” 


I did not have a chance to see how my article was printed in Proceedings of the 3rd Conference 
of the European Society for Fuzzy Logic and Technology [7], that Imamura talks about, maybe 
there were some typos, but Imamura can check the Multiple Valued Logic / An International 
Journal [6], published in England in 2002 (ahead of the European Conference from 2003, that 
Imamura cites) by the prestigious Taylor & Francis Group Publishers, and clearly one sees that it 
is: Rs (so, x is a positive infinitesimal into the above formulas), therefore there is no error. 


Then Imamura continues: 


“Ambiguity of the definition of the nonstandard unit interval. Smaran- 

dache did not give any explicit definition of the notation | 0, 1“ in [5] (or the 
notation ҥ 0, 1*4l in [6]). He only said: 

Then, we call ] 0, 1* [ a non-standard unit interval. Obviously, 0 

and 1, and analogously non-standard numbers infinitely small but 

less than 0 or infinitely small but greater than 1, belong to the 

non-standard unit interval. ([5] p. 141; [6] p. 9)." 


Concerning the notations I used for the nonstandard intervals as + ЧІ or ] [, it was 
imperative to employ notations different from the classical / / or () intervals, since the extremes 
of the nonstandard unit interval were unclear, vague. 

I thought it was easily understood that: 


Го, I*[ = €0)  [0, 1] o (1). (40) 

Or, using the previous neutrosophic inequalities, we may write: 

170, Г = Ix eR, -0 <nx Eu 1°}. (41) 
Imamura says that: 


“Here 0 and 1* are particular real numbers defined in the previous paragraph: 
70 = 0-е and 1* = 1+ g, where is a fixed non-negative infinitesimal.” 


This is untrue, I never said that “ is a fixed non-negative infinitesimal”, є was not fixed, I 
said that for any real numbers a and b (see again [5], page 9; and [6], pages 385 - 386}: 


"Ca)-(a-x:x ER+* | x is infinitesimal }, 
(b*) = {b+x:x ER+*| x is infinitesimal ?". 


Therefore, once we replace a = 0 and b = 1 we get: 


(0) ={0-x: x ЄР.“ | х is infinitesimal }, 
(1*) = {1+ х:х ER+*| x is infinitesimal j. 
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Thinking out of box, inspired from the real world, was the first intent, i.e. allowing 
neutrosophic components (truth / indeterminacy / falsehood) values be outside of the classical 
(standard) unit real interval /0, 1] used in all previous (Boolean, multi-valued etc.) logics if 
needed in applications, so neutrosophic component values « 0 and > / had to occurs due to the 
Relative / Absolute stuff, with: 


40<у0 and I*»wl. (42) 


Later on, in 2007, I found plenty of cases and real applications in Standard Neutrosophic 
Logic and Set (therefore, not using the Nonstandard Neutrosophic Logic and Set), and it was 
thus possible the extension of the neutrosophic set to Neutrosophic Overset (when some 
neutrosophic component is > 1), and to Neutrosophic Underset (when some neutrosophic 
component is « 0), and to Neutrosophic Offset (when some neutrosophic components are off the 
interval [0, 1], i.e. some neutrosophic component > 1 and some neutrosophic component « 
0). Then, similar extensions to respectively Neutrosophic Over/Under/Off Logic, Measure, 
Probability, Statistics etc. [8, 17, 18, 19], extending the unit interval [0, 1] to 


[V, О], with ¥<0<1<Q, (43) 


where #, Q are standard real numbers. 


Imamura says, regarding the definition of neutrosophic logic that: 


“Tn this logic, each proposition takes a value of the form (T, I, F), where T, I, F are subsets of the 
nonstandard unit interval | 0, 1*[ and represent all possible values of Truthness, Indeterminacy and 
Falsity of the proposition, respectively." 


Unfortunately, this is not exactly how I defined it. 


In my first book {see [5], p. 12; or [6] pp. 386 — 387} it is stated: 
“Let T, I, F be real standard or non-standard subsets of ]-0, 1+[“ 


meaning that T, I, F may also be “real standard" not only real non-standard. 


In The Free Online Dictionary of Computing, 1999-07-29, edited by Denis Howe from 
England, it is written: 


Neutrosophic Logic: 

«logic» (Or "Smarandache logic") A generalization of fuzzy logic based on 
Neutrosophy. A proposition is t true, i indeterminate, and f false, where t, 1, and f 
are real values from the ranges T, I, F, with no restriction on T, I, F, or the sum 
n=t+i+f. Neutrosophic logic thus generalizes: 

- intuitionistic logic, which supports incomplete theories (for 0<n<100, 
0<=t,i,f<=100); 
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- fuzzy logic (for п=100 and 1-0, and 0<=t,i,f<=100); 

- Boolean logic (for n=100 and 1=0, with t,f either 0 or 100); 

- multi-valued logic (for 0<=t,1,f<=100); 

- paraconsistent logic (for n>100, with both t,f<100); 

- dialetheism, which says that some contradictions are true (for t=f=100 and 1-0; 
some paradoxes can be denoted this way). 

Compared with all other logics, neutrosophic logic introduces a percentage of 
"indeterminacy" - due to unexpected parameters hidden in some propositions. It 
also allows each component t,1,f to "boil over" 100 or "freeze" under 0. For 
example, in some tautologies t>100, called "overtrue". 

Home. 

["Neutrosophy / Neutrosophic probability, set, and logic", F. Smarandache, 
American Research Press, 

1998]. 


As Denis Howe said in 1999, the neutrosophic components 1, i, f are “real values from the ranges 
T, I, F”, not nonstandard values or nonstandard intervals. And this was because nonstandard ones 
were not important for the neutrosophic logic (the Relative/Absolute plaid no role in 
technological and scientific applications and future theories). 


18. The Logical Connectives A, V, 
Imamura's critics of my first definition of the neutrosophic operators is history for long ago. 


АП fuzzy, intuitionistic fuzzy, and neutrosophic logic operators are inferential approximations, 
not written in stone. They are improved from application to application. 


Let's denote: 


ЛЕ An, Лр representing respectively the fuzzy conjunction, neutrosophic conjunction, and 
plithogenic conjunction; 


similarly 

VE VN, VP representing respectively the fuzzy disjunction, neutrosophic disjunction, and 
plithogenic disjunction, 

and 

>r, эм, >r representing respectively the fuzzy implication, neutrosophic implication, and 
plithogenic implication. 


I agree that my beginning neutrosophic operators (when I applied the same fuzzy t-norm, or the 
same fuzzy t-conorm, to all neutrosophic components 7, J, F) were less accurate than others 
developed later by the neutrosophic community researchers. This was pointed out since 2002 by 
Ashbacher [9] and confirmed in 2008 by Rivieccio [10]. They observed that if on Tz and 7? one 
applies a fuzzy t-norm, on their opposites F; and F? one needs to apply the fuzzy t-conorm (the 
opposite of fuzzy t-norm), and reciprocally. 
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About inferring 7; and /2, some researchers combined them in the same directions as T; and T». 


Then: 
(Т, П, Fi) An (T2, D, F2) = (Ti Ar T2, П Ar D, Ет Ve F5), (44) 
(T1, П, F1) Vs (T2, D, F2) = (Ti Ve Tz, Пп Ve D, F1 Ar F5), (45) 


(Ті, П, Fi) >v (Tz, D, F2) = (Fi, П, Ti) Vw (Т, Db, F2) = (Fi Ve T2, li Ve D, ТЛЕ Fo); (46) 


others combined /; and /2 in the same direction as F; and F? (since both Гапа F are negatively 
qualitative neutrosophic components), the most used one: 


(Ti, П, F1) An (T2, D, F2) = (Ti Ar Т, li Ve D, Е Ve F5), (47) 
(Т, П, F1) Vs (T2, D, F2) = (Ti Ve Tz, Пп Ar D, F1 Ar F5), (48) 
(Ті, П, Fi) >v (Tz, D, F2) = (Fi, П, Ti) Vw (T2, D, F2) = (Fi Ve T», li Ar D, Ti ЛЕ F5). (49) 


Now, applying the neutrosophic conjunction suggested by Imamura: 


“This causes some counterintuitive phenomena. Let A be a (true) proposition 
with value (13, {0}, {0 }) and let B be a (false) proposition with value 
({O},{0}, {1 }). 

Usually we expect that the falsity of the conjunction A A B is { 1 ). However, its 
actual falsity is {0 }.” 


we get: 
(1, 0, 0) Aw (0, 0, 1) = (0, 0, 1), (50) 


which is correct (so the falsity is /). 


Even more, recently, in an extension of neutrosophic set to plithogenic set [11] (which is a set 
whose each element is characterized by many attribute values), the degrees of contradiction c(, ) 
between the neutrosophic components 7, /, F have been defined (in order to facilitate the design 
of the aggregation operators), as follows: 

c(T, F) = I (or 100%, because they are totally opposite), c(T, I) = c(F, I) = 0.5 (or 50%, because 
they are only half opposite), then: 


(Ti, Li, Fi) Ар (T2, I2, F2) = (Т1 Ar T2, 0.5(LAr D) + 0.5(TiVr I2), Fi Vr F2), (51) 
(Ti, li, Fi) УР (Т2, р, F2) = (Ti Vr T2, 0.5(IiVr D) + 0.5(Ii Ar D), Fi ЛЕР). (52) 
(Ti, li, Fi) эм (Т, b, F2) = (F1, п, T1) VN (T2, b, Р) 

= (Fi Vr Тә, 0.5(IiVr I2) + O.5(Ii^r р), Ti AF F2). (53) 
Conclusion. 


We thank very much Dr. Takura Imamura for his interest and critics of Nonstandard 
Neutrosophic Logic, which eventually helped in improving it. {ш the history of mathematics, 
critics on nonstandard analysis, in general, have been made by Paul Halmos, Errett Bishop, Alain 
Connes and others.) We hope we'll have more dialogues on the subject in the future. 
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Soft Rough Neutrosophic Influence Graphs with Application 


Hafsa Masood Malik, Muhammad Akram, Florentin Smarandache 


Hafsa Masood Malik, Muhammad Akram, Florentin Smarandache (2018). Soft Rough Neutrosophic 
Influence Graphs with Application. Mathematics 6, 125; DOI: 10.3390/math6070125 


Abstract: In this paper, we apply the notion of soft rough neutrosophic sets to graph theory. 
We develop certain new concepts, including soft rough neutrosophic graphs, soft rough neutrosophic 
influence graphs, soft rough neutrosophic influence cycles and soft rough neutrosophic influence 
trees. We illustrate these concepts with examples, and investigate some of their properties. We solve 
the decision-making problem by using our proposed algorithm. 


Keywords: soft rough neutrosophic graphs; soft rough neutrosophic influence graphs; soft rough 
neutrosophic influence cycles; soft rough neutrosophic influence trees 


1. Introduction 


Smarandache [1] introduced neutrosophic sets as a generalization of fuzzy sets and intuitionistic 
fuzzy sets. A neutrosophic set has three constituents: truth-membership, indeterminacy-membership 
and falsity-membership, in which each membership value is a real standard or non-standard subset of 
the unit interval 

]07,1* |. In real-life problems, neutrosophic sets can be applied more appropriately by using 
the single-valued neutrosophic sets defined by Smarandache [1] and Wang et al. [2]. Ye [3,4] and 
Peng et al. [5] further extended the study of neutrosophic sets. Soft set theory [6] was proposed by 
Molodtsov in 1999 to deal with uncertainty in a parametric manner. Babitha and Sunil discussed the 
concept of soft set relation [7]. On the other hand, Pawlak [8] proposed the notion of rough sets. It is a 
rigid appearance of modeling and processing partial information. It has been effectively connected 
to decision analysis, machine learning, inductive reasoning, intelligent systems, pattern recognition, 
signal analysis, expert systems, knowledge discovery, image processing, and many other fields [9-12]. 
In literature, rough theory has been applied in different field of mathematics [13-16]. Dubois and 
Prade [17] developed two concepts called rough fuzzy sets and fuzzy rough sets and concluded that 
these two theories are different approaches to handle vagueness. Feng et al. [18] combined soft sets 
with fuzzy sets and rough sets. Meng et al. [19] dealt with soft rough fuzzy sets and soft fuzzy rough 
sets. Broumi et al. [20] studied rough neutrosophic sets. Yang et al. [21] proposed single-valued 
neutrosophic rough sets, and established an algorithm for decision-making problem based on single- 
valued neutrosophic rough sets on two universes. 

A graph is a convenient way of representing information involving relationship between objects. 
The objects are represented by vertices and relations by edges. When there is vagueness in the 
description of the objects or in its relationships or in both, it is natural that we need to design a fuzzy 
graph model. Fuzzy models has vital role as their aspiration in decreasing the irregularity between the 
traditional numerical models used in engineering and sciences and the symbolic models used in expert 
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systems. The fuzzy graph theory as a generalization of Euler's graph theory was first introduced by 
Kaufmann [22]. Later, Rosenfeld [23] considered fuzzy graphs and obtained analogs of several graph 
theoretical concepts. Mordeson and Peng [24] defined some operations on fuzzy graphs. Mathew 
and Sunitha [25,26] presented some new concepts on fuzzy graphs. Gani et al. [27-30] discussed 
several concepts, including size, order, degree, regularity and edge regularity in fuzzy graphs and 
intuitionistic fuzzy graphs. Parvathi and Karunambigai [31] described some operation on intuitionistic 
fuzzy graph. Recently, Akram et al. [32-36] has introduced several extensions of fuzzy graphs with 
applications. Denish [37] considered the idea of fuzzy incidence graph. Fuzzy incidence graphs were 
further studied in [38,39]. Due to the limitation of humans knowledge to understand the complex 
problems, it is very difficult to apply only a single type of uncertainty method to deal with such 
problems. Therefore, it is necessary to develop hybrid models by incorporating the advantages of 
many other different mathematical models dealing uncertainty. Recently, new hybrid models, including 
rough fuzzy graphs [40,41], fuzzy rough graphs [42], intuitionistic fuzzy rough graphs [43,44], rough 
neutrosophic graphs [45] and neutrosophic soft rough graphs [46] are constructed. For other notations 
and definitions, the readers are refereed to [47—51]. In this paper, we apply the notion of soft rough 
neutrosophic sets to graph theory. We develop certain new concepts, including soft rough neutrosophic 
graphs, soft rough neutrosophic influence graphs, soft rough neutrosophic influence cycles and soft 
rough neutrosophic influence trees. We illustrate these concepts with examples, and investigate some 
of their properties. We solve decision-making problem by using our proposed algorithm. 

This paper is organized as follows. In Section 2, some definitions and some properties of soft 
rough neutrosophic graphs are given. In Section 3, soft rough neutrosophic influence graphs, soft rough 
neutrosophic influence cycles and soft rough neutrosophic influence trees are discussed. In Section 4, 
an application is presented. Finally, we conclude our contribution with a summary in Section 5 and an 
outlook for the further research. 


2. Soft Rough Neutrosophic Graphs 


Definition 1. Let B be Boolean set and A a set of attributes. For an arbitrary full soft set S over B such 
that Ss(a)C B, for some ac A, where S5:A—'P (B) is a set-valued function defined as Ss (a) —(bc B|(a,b) cS), 
for all a€ A. Let (B,S) bea full soft approximation space. For any neutrosophic set N —1(b,Tw (b), Iw (b), Fw (b))| 
beB}e N(B), where N (B) is neutrosophic power set of set B. The upper and lower soft rough neutrosophic 
approximations of N w.r.t (B,S), denoted by S(N) and S(N), respectively, are defined as follows: 


S(N)={(b, Tsn) (b), (м) (b), Few (b)) | b €B}, 
S(N)-1(b, p.02 00) |b €B}, 


where 


Tzn) (b = A V TW) Tam)= V A Т), 


beS.(a) tESs(a) bESs(a) tESs(a) 
Бм(0= V A А0), (р) = A V А), (1) 
bESs(a) teS.(a) beS;(a) t€Ss(a) 
V ЛА м0), Бк) = A V FC 
beS;(a) teSs(a) beS;(a) teSs(a) 


In other words, 


acA teB 
Ty) = V (seb) ^ (A (1 — St.) ут), 
acA te 


526 


Florentin Smarandache (author and editor) Collected Papers, VIII 


S(a,b) ^ ( A (A-S(at ) v Ix(t 


(Se (A ») 

Ig) (b) = (a- sev (V Gs (a, £) ^ Iu (t ))), 
(saa (A-st) ) V En(t ») 

») 


Fs.) =A (а-5 S(a,b)) »v(V (s (a,t) ^ Ем (t 


acA teB 
The pair (S(N),S(N)) is called soft rough neutrosophic set (SRNS) of N w.r.t (B,S). 
Example 1. Suppose N —( (b1,0.8,0.3,0.16), (b2,0.85,0.24,0.2),(b3,0.79,0.2,0.2),(b4,0.85,0.36,0.25),(b5,0.82,0.25,0.25) Y 
is a neutrosophic set on the universal set B={ 04 ,b2,b3,b4,bs } under consideration. Let A={ a1 ,a2,a3 } be a set of 


parameter on B. A full soft set over B, denoted by S, is defined in Table 1. 


Table 1. Full soft set S. 


A set-valued function S;:A—+P (B) is defined as Ss (a1) ={0з,5 , Ss (a2) — (b1,b3 },Ss (аз) — (bo, bs, bab }. 
From Equation (1) of Definition 1, we have 


Tsa) (b1) = V. N(y)=V{0.8,0.79}=0.80, 


YESs az 

Ign) (5) = Л N(y)=A{0.3,0.2} =0.20, 
YESs az 

Fay) (ti) = Л N(y)=A{0.16,0.2}=0.16; 
YESs az 

Tgwy(b1)) = A N(y)=A{0.8,0.79}=0.79, 
YESs az 

(м) (51) = V. N(y)=V{0.3,0.2} =0.30, 
YESs az 

Fswy(b) = V N(y)=V{0.16,0.2}=0.20. 
YESs a? 


Similarly, 
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Thus, we obtain 


S(N)—((b,,0.80,0.20, 0.16), (bz, 0.85, 0.20, 0.20), (b3, 0.80, 0.20, 0.20), 
(b4, 0.85, 0.20, 0.20), (bs, 0.82, 0.20,0.20)}, 

S(N)={(b1,0.79,0.30, 0.20), (bz, 0.79, 0.36, 0.25), (b3, 0.79, 0.25, 0.20), 
(b4, 0.79, 0.36, 0.25), (b5,0.79,0.25,0.25)]. 


Definition 2. A soft rough neutrosophic relation(SRNR) (R(M),R(M)) on B=BxB is a soft rough 
neutrosophic set, R:A(A x A)—+P (B) is a full soft set on B and defined by 


R(ay1, bij) € min{S (ag, bi), S(ay, bj) ), 


for all (ay bij) ЄК, such that Rs (aj) C B for some aj; € A, where Rs: AP (B) is a set-valued function, for all 
ayı € À, defined by 
Rs (aq) = {bij € В | (ay, bij) € R}, bj; € B 


For any neutrosophic set MEN (B), the upper and lower soft rough neutrosophic approximation of M 
w.r.t (B,R) are defined as follows: 


(М)= 
(М)= 


(b ij; Геом) (Dij), IRon (bij ), Frm) (bi i)) | bij cB), 


R 
R (bij, Tray (bij), Irom) (bij), From (bij) | bi; ЄВ}, 


{ 
{ 
where 


Tra (b= A М Tut) Темы) = М A Tuto 


bijERs (аы) t€ Rs (aq) bjj€ Rs (аы) tijERs (ак) 

Irim) (bij) = V A o dw). kumbi = A V Імі), (2) 
bj€Rs(ag) ЄК, (ax) bijERs (axı) ЄК: (аы) 

Fry (b= V № Fault), From (bi) = A V Fe(ti). 
biyjERs (agi) ЄК (аы) biyjERs (ам) ЄК (аы) 


In other words, 


(1 — R(ag, bij)) V ( V. (Rlar, tij) ^ Tu (Eig) 


tij cB 


(1— R(ax1, bij)) V ( V (R(ag, tij) ^ Im(t i) 


tj eB 


R(au, bij) ^ ( Л ((1— R(ag, tig) V Em (ti i)) 


(1— К(ам, bi) V ( V (Rare tij) ^ Feu (ti) 


ag cA tj eB 


528 


Florentin Smarandache (author and editor) Collected Papers, VIII 


If R(M)=R(M), then it is called induced soft rough neutrosophic relation on soft rough neutrosophic set, 
otherwise, soft rough neutrosophic relation. 


Remark 1. For a neutrosophic set M on B and a neutrosophic set N on B, we have neutrosophic relation 
as follow 


Tm (bij) <min{ Ty (b it, Im(biy)S min{ In (bi) }, Fy (bij) < min{ Fy (i) }- 


From Definition 2, it follows that: 


Trim) (bij) Smin{ Tey (bi), Taon (bj) | Trea (bij) Smin{ Ts ny (bi), Ts (ny (6), 
Irim) (bij) < max{ Ig yy (bi) Тє) | bj)), Irom) (bij) € max{ Ison) (Bi), Isny (6j), 
Frm) (bij) Smax{ Fen (bi), Fw) (Bi), Fron (bij) SmaxFs(wy(bi), Ем) (b;))- 


Definition 3. In Definition 2 bj; is called effective, if 


Trem) (bij) = Тум) (bi) ^ Tsn (bi), Trem (bij) = Тему (bi) ^ Te (bj), 
Irim) (bij) —Isw)(bi) V 15м(0/), Irim (bij) = Бум) (bi) V Fen (bj), 
Frem) (bij) —Fs(w) (bi) V Ез (bj), Frem) (bij) -Fsqwy (bi) V Fon (bj). 


Definition 4. A soft rough neutrosophic influence (SRNI) is a relation from soft rough neutrosophic set to soft 
rough neutrosophic relation, denoted by (X(Q),X(Q)) on B=BxB, where Х:А(Ах Á)— P (B) is a full soft 
set on B defined by 

Х(аүйтп, bibi) < S(a;, bj) ^ R(amn, bik), 


for all (ajamn,bibjk) € X and for some ij Ak and тзп. Let X,:À— P (B) bea set-valued function defined by 
Xs (ajamn) = {bibjx € B|(ajtmn, (bi, , Bix)) = X}, V(a lamn) e А, 


For any QEN (B), the upper and lower soft rough neutrosophic approximation of О w.r.t (B,X), for all 
bibi. cB, are defined as follows: 


X(Q)— (bibis Ty (o (bibi), Izco) (bibi), Fx (qy (bibi) V, 
X(Q)-1 


(Q)={ (0, b Q) (bibi), Ix (gy (bibi), Fx(qy (60у), 
where 

Тоню) Л М тобыр), 
bjbik€ Xs(ajamn) tit jk Xs (ајатп) 

Txg(bib)- — V A^  To(ttg), 
bibe Xs(ajamn). fiti € Xs(attmn) 

Troy ibi) = V ^ TQ (tit jx), 
Б ЄХ (аап) ЄХ; (айтип) 

Ixo) (bibi) = ^ V Io(titik) , (3) 
bibi € Х$ (айтп) titi € Xs (атп) 

Fgy(biby)- — V A Foltitix), 


bibi € X (айтп) ti Fi € Xs (айп) 
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Fxgy(bibi)- A V  Fe(ttg). 


bibe Xs (айтп) ti Fi € Xs (aj&mn) 


In other words, 


Tx iDjx) ^ (a- X(at&mn, bi b) v ( V (X(aj&mn, Н) ^ To(titi )), 
ат € А tit € B 

Tx(Q) bj ук) = v (x (aj&mn, bi bik) ^ ( n ((1 = X (Gjmn, titjx)) V To (titik )), 
К Ж ЄВ 

TXQ) bibig) = v (x й1йтп, bibi) ^ ( Л (a = X(ajamn, titik)) V TQ (titix )) 
Alam EA tit €B 

Ix(o) (bibi) = ^ (a- X(ajtmn, bibik)) V ( М (X(atüns, titik) ^ Iof(titj )) 
"i Hifi € B 

Fx(g) bib) = v (х a Amn, bibi) ^ ( n ((1— X(ajamn, titik)) V Fa (titix )) 
Ajam EA tif € B 

Fxg (bibi) = A (a — X(ajamn, bjbi)) V ( V. (X(ajms, titik) ^ Fo (titjx )) 


Amn А tif € B 


Remark 2. For a neutrosophic set Q on B and a neutrosophic set N and M on B and B, respectively, we have 
neutrosophic relation as follow 


То (bibjx) тіп Ти (бж), Io(bibi) 5 min(Iu(bg) s, Fo (bibjx) <min{ Fra (bjt) }- 


From Definition 4, we have 


T x(q) (bibi) <min{ Ts.) (bi), Trem (5), Tx(Qy (bibi) < min {Ts (ny (bi), Tron (Бк) }, 
Izco) (bibjx) PR A i) о. Іх(о cea он 


Definition 5. In Definition 4 0,0, is called influence effective, if 
Tx (Q) (bibi) -Ts(w)(bi) ^ Ta (bij), Ty(oy (bid jk) - Tsiwy (bi) A Тем (bij), 


Ixo) (bibik) =Lscny bi) V Ira (ij), Izco) (bib jk) —Igiwy(bi) V Тем (ii), 
Fx (Q) (bibik) — Fs) (bi) V Era (bij), Fo) (bibi) = Fi) (5i) V Рем (бу). 


Example 2. Let a full soft set S on an universal set B={b,,b2,b3,b4} with A—12a1,02,a3) a set of parameters 
can be defined in tabular form as Table 2 as follows: 


Table 2. Full soft set S. 


Now, we can define set-valued function Ss such that 


Ss(a1) = (bi, bo, b4}, Ss(a2) = (ba, b4}, Ss(a3) = (bi, bo, b3, b4}. 
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Let N= {(b,,1.0,0.0,0.0),(b2,0.8,0.0,0.1), (b3,0.5,0.5,0.5),(b4,0.4,0.7,0.3) ) be a neutrosophic set on В, 
then by using Equation (1) of Definition 1, we have 


S(N) = ((b1,1.0,0.0,0.0), (b2, 1.0, 0.0,0.0), (b3, 0.5, 0.5, 0.3), (b4, 0.5, 0.5, 0.3)}, 


S(N) = ((b3,0.4, 0.7,0.3), (bz, 0.4, 0.7,0.3), (b3, 0.4,0.7,0.5), (b4, 0.4, 0.7, 0.3) }. 


Hence (S(N), S(N)) is soft rough neutrosophic set. Let a full soft set R on C={b12,b22,b23, b32,b42} CB 
with L—1(413,421,432 } СА can be defined in Table 3 (from L to C) as follows: 


Table 3. Full soft set R. 


Now, we can define set-valued function Rs such that 


Rs (аз) = {b12, b22, bos, baz}, Rs (421) = {b32}, Rs(a32) = {b23}. 
and M= {(byp,0.4,0.0,0.0),(b22,0.4,0.0,0.0),(b23,0.4,0.0,0.0),(b32,0.4,0.0,0.0),(b42,0.4,0.0,0.0)} a neutrosophic 
relation on B, then by using Equation (2) of Definition 2, we get 


R(M)- ((b15,0.4,0.0,0.0),(b22, 0.4, 0.0, 0.0), (Боз, 0.4, 0.0, 0.0), (b32, 0.4, 0.0, 0.0), (b45, 0.4, 0.0, 0.0) }, 
R { 


(M)={ (b12, 0.4, 0.0, 0.0), (Боо, 0.4, 0.0, 0.0), (b23, 0.4, 0.0, 0.0),(b32, 0.4, 0.0, 0.0), (baz, 0.4, 0.0, 0.0)}. 

Hence (R(M), R(M)) is an induced soft rough neutrosophic relation. Let a full soft set X on 
D={b1b29,b b23,b1b32,b1 b42,b3b12,b3b22,b3b42,b4b12,b4b22,b4b23,b4b32} CB with P— (45,421,432 ) C À can be 
defined in lable 4 (from P to D) as follows: 


Table 4. Full soft set X. 


x bibo?  bibos  bibs2  biba2 b3bı2  bsbo2 baba?  babi?  b4bo2  ba4bos b4b32 


01032 0 1 0 0 0 0 0 0 0 1 0 
A2413 0 0 0 0 0 1 1 1 1 1 1 
43121 0 1 0 0 0 0 0 0 0 0 1 


Since X is not full soft set on D, therefore, soft rough neutrosophic influence cannot be defined оп D. 


Definition 6. A soft rough neutrosophic graph on a nonempty V is a 5-ordered tuple G=(A,S,SN,R,RM) 
such that 


(i) A is a set of attributes, 

(ii) S is an arbitrary full soft set over V, 

(iii) ~ is an arbitrary full soft set over E C V, 

(vi) SN=(S(N),S(N)) is a soft rough neutrosophic set of V, 

(v) RM=(R(M),R(M)) is a soft rough neutrosophic set on E C. V, 

In other words G=(G,G)=(SN,RM) is a soft rough neutrosophic graph(SRNG), where 
G=(S(N),R(M)) and G=(S(N),R(M)) are lower soft rough neutrosophic approximate graphs (LSRNAGs) 
and upper soft rough neutrosophic approximate graphs (USRNAGs), respectively, of G=(SN,RM). 
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Example 3. Let У = {01,02,03,04,05,06 } be a vertex set and A={a1,a2,a3 } a set of parameters. A full soft set 
S from А on V can be defined in tabular form in Table 5 as follows: 


Table 5. Full soft set S. 


S U1 02 03 U4 05 06 
ay 1 1 1 1 1 0 
ay 0 0 1 1 1 1 
аз 1 1 0 0 1 1 


Let N={ (v},0.8,0.6,0.4),(0,0.9,0.4,0.45),(03,0.7,0.4,0.35), (04,0.6,0.3,0.5),(05,0.4,0.7,0.6),(06,0.5,0.5,0.5)} 
be a neutrosophic set on V. Then from Equation (1) of Definition 1, we have 


S(N)={(v1,0.9,0.4,0.4),(v2, 0.9,0.4, 0.4), (v5, 0.7,0.3,0.5), (v4, 0.7, 0.3, 0.5), (vs, 0.7, 0.4, 0.5), 
(v6,0.7,0.4,0.5)}, 

S(N)={(01,0.4,0.7,0.6),(v2, 0.4, 0.7, 0.6),(v3, 0.4, 0.7, 1.0),(v4,0.4, 0.7, 1.0), (v5, 0.4, 0.7, 0.6) 

( ) 


76, 0.4, 0.7, 0.6)}. 


L 


Hence, SN=(S(N),S(N)) isa soft rough neutrosophic set on V. Let E—1(v31,015,016,U23,025,034,041,043, 
056,062,063} CV and L={a12,413,421,423,431 СА. Then a full soft set R on E (from L to E) can be defined in 
Table 6 as follows: 


Table 6. Full soft set R. 


ti 0 1 1 d 1 1 0 d 1 0 0 
аз 1 1 1. 0 1 0 1 © 1 0 0 
om 0 0 0 b © 1 d d 0 Y 1 
a D 0 0 0 0 © 1 0 1 1 0 
ay 1 1 0 1 1 0 0 0 © 1 € 


Let М={ (v11,0.4,0.3,0.35), (015,0.3,0.3,0.2),(016,0.3,0.2,0.25),(023,0.4,0.1,0.1),(05,0.4,0.2,0.0), (734,0.3, 
0.1,0.3),(741,0.2,0.1,0.2),(745,0.4,0.28,0.2), (756,0.4,0.3,0.3), (762,0.35,0.25,0.32),(763,0.4,0.12,0.34) $ be a 
neutrosophic set on E. Then from Equation (2) of Definition 2, we have 


R(M)—((v11,0.4,0.1,0.00), (v15, 0.4, 0.10, 0.00), (v16, 0.4, 0.10, 0.00), (v23, 0.4, 0.10, 0.00), 
(v25, 0.4, 0.1, 0.00), (v4, 0.4, 0.10, 0.20), (v41, 0.4, 0.10, 0.30), (v43, 0.4, 0.10, 0.20), 
(vss, 0.4, 0.1, 0.30), (ово, 0.4, 0.10, 0.30), (vga, 0.4, 0.10, 0.20) }, 
R(M)={ (011, 0.3, 0.3, 0.35), (v15, 0.3, 0.30, 0.35), (v6, 0.3, 0.30, 1.00), (v23, 0.3, 0.30, 0.35), 
(v95,0.3, 0.3, 0.35), (034, 0.3, 0.28, 0.34), (v41, 0.2, 0.28, 0.32), (v43, 0.3, 0.28, 0.34), 
(v56,0.3, 0.3, 0.32), (ово, 0.3, 0.28, 0.32), (vga, 0.2, 0.28, 0.34) }. 


Hence, RM=(R(M),R(M)) is soft rough neutrosophic set on E. Thus, G=(S(N),R(M)) and 
G=(S(N),R(M)) are LSRNAG and USRNAG, respectively, as shown in Figure 1. 
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Definition 9. A strength of soft rough neutrosophic graph, denoted by stren, is defined as 


stren- (C Тимок) ^ CA Tig 24€ V. Ino V 


vi eE* vg cE" vi eE* 
CV. figo (i) C V. Frond У СМ Fig a) 
OEE vj €E* vg cE* 


Definition 10. A strongest path joining any two vertices v; and vy is the soft rough neutrosophic path which has 
maximum strength from о; and vy, denoted by CON Ng (vi, ор) or E? (vj, vg), is called strength of connectedness 
from vj and v. 


Definition 11. A soft rough neutrosophic graph is a cycle if and only if the underlying graphs of each 
approximation is a cycle. A soft rough neutrosophic cycle is a soft rough neutrosophic graph if and only 
if the supporting graph of each approximation graph is a cycle and there exist Vim ei €E* vim vij EE and 
Ulm #0; such that 


R(M)vj)- A  R(M) m) R(M)(v) = Д R(M) Om). 


vj €E* —vij v, €E' —vij 


Equivalently, each approximation graph is a cycle such that 


RM) o= Л Tap), \ Bacay)» М Fig); 


vjy €E* —vij vy €E* —vij Vim €E* —vij 
R(M)Gij)-( Л Тем) (Vim), V м) (Vim), V Frim) (or) ). 
op, EE —Uij oj, EE” —Uij oj, CE —Uij 


Example 4. Let V={v1,02,03,v4} be a vertex set and A={a1,a2,43,44} a set of parameters. A relation S over 
AXxV can be defined in tabular form in Table 7 as follows: 


Table 7. Full soft set S. 


S о 02 ©з [71 
ay 1 1 1 1 
ay 0 1 0 1 
a3 1 0 1 1 
ag 1 0 1 0 


Let N—1(v4,0.3,0.4,0.6),(v2,0.4,0.5,0.1),(75,0.9,0.6,0.4),(v4,1.0,0.2,0.1) } be a neutrosophic set on V. 
Then from Equation (1) of Definition 1, we have 


S(N) = {(v1,0.9, 0.4, 0.4), (v2, 1.0, 0.2, 0.1), (v3, 0.9,0.4, 0.4), (v4, 1.0,0.2,0.1)}, 
S(N) = {(v1,0.3, 0.6, 0.6), (v2, 0.4, 0.5, 0.1), (v3, 0.3, 0.6, 0.6), (v4, 0.4, 0.5, 0.1) }. 


Hence, SN = (S(N),S(N)) is soft rough neutrosophic set on V. Let E={v13,032,024,0a,}CV and 
L— (13,032,043) CA. Then a full soft set R on E (from L to E) can be defined in Table 8 as follows: 
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Definition 13. A H=(SN2,RM2) is called soft rough neutrosophic spanning subgraph of a soft rough 
neutrosophic graph G—(SN1,RM3), if H is a soft rough neutrosophic subgraph such that 


Тель) (9) = Тум) (9), 15) (9) -Isqw,) (9), Fsm) (90) = Ез) (9), 
Ts na) (9) 75м) (9), Tg (97—15) (9), Рема) (9) Еб) (0). 
Definition 14. A soft rough neutrosophic graph is a forest if and only if each supporting approximation graph is 


a forest. A soft rough neutrosophic graph G—(SN1,RM1) is a soft rough neutrosophic forest if and only if there 
exist a soft rough neutrosophic spanning subgraph H=(SN,,RMz) is a forest such that ojj€ G—H 


Trem) (Vij) <Tconny (Vi 9j), Irem) (Vij) > Ion Ng (Vi 9j); Frem) Pij) >FCONNy (Pi vj), 
Trem) (Pij) <Тсомм (Vi 9j), Tau) Pij) >1сомм (ir vj), Frem) (04) 7 FeoNNg (Vir vj). 
A soft rough neutrosophic graph is a tree if and only if each supporting approximation graph is a tree. 


A soft rough neutrosophic graph G=(SN;,R M1) is a soft rough neutrosophic tree if and only if there exist a soft 
rough neutrosophic spanning subgraph H=(SN1,RMp) is a tree such that ojj€ G—H 


Tremi) (vij) <Тсоммн (Vi vj), Irem) (vij) > LCONNy (Vi, vj), Frem) (vij) >Есомм (Vi vj), 


Trem) ij) <Тсомм (Vi 9j), Irim) (Pij) >1сомм (Vir vj), From) (04) > Foon, (vi, vj)- 


Definition 15. Let G=(SN,RM) be a soft rough neutrosophic graph, an edge vj; is a bridge if the edge vj; is a 
bridge in both supporting graph of G and G, that is the removal of vij disconnects both the G and G. An edge Vij 
is a soft rough neutrosophic bridge in a soft rough neutrosophic graph G=(SN,RM), if oj,€G 

Тсоммс (91, Om) <TCONNg (V1 Vm), TCONNG v; (vi, Vm) <TCONN (01, Om), 

Ісоммс v; (V1 9m) >Iconne (V1, Vm), ICONNg=0; (V1, Om) ? Ісоммс P1 ?m), 

Гсоммс-о, (V1, Om) > Есоммс (U1, Vm), сомо, Ol Vm) > Есомм (01, Vm). 
Definition 16. Let С=(5№,КМ}) be a soft rough neutrosophic graph then a vertex v; in G is а 
cutnode(cutvertex) if it is a cutnode in each supporting graph of G and G. That is, the deletion of vj from the 
supporting graphs of G and G increase the components in the supporting graphs. A vertex v; is called soft rough 


neutrosophic cutnode(cutvertex) in a soft rough neutrosophic graph if the removal of vj reduces the strength of 
the connectedness from nodes vtov e V*,V" 


TcoNNe.,, (vj, Vk) <Тсомм (0, Vk), TCONNG_y, (vj, vx) <TCONNG (vj, v), 


IcoNNc..,, (vj; Vk) > Icono (vj, vk), ICONNg ,, (oj, Pk) >1сомм (vj, v), 


FcoNNs..,, (oj; 9k) > Рсомм (0), Vk), FCONNg „(Vj Vk) >Fconng (0), vx). 
Definition 17. An edge vjj in soft rough neutrosophic graph G is called strong soft rough neutrosophic edge if 
Трем) (vij) ZTCONNG. s; (vivi), Trim vij) 2 TcoNNs v; (vi, vj), 
Irem) (Vij) SICONNg-», (01,0), Riom (ij) € ICONNG +; (vi, vj), 


FR(M) (vij) SFCONNG-», (vi,vj), үм) (vij) S TCONN; ,, (vi, vj). 
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Definition 18. An edge vj; in soft rough neutrosophic graph G is called «—strong soft rough neutrosophic 
edge if 

Tr(m) (vij) >TCONNe-», (vivi), Trim vij) ?TCONN; », (vi, vj), 

Irim) (ij) <IconNg-»,, (Pi vj), Iggy (ij) < ICONNG v, (vi, vj), 


From) (03) XFCONNG. s, (vivi), Frim (ii) < Ғсоммс ,, (vi, vj). 


Definition 19. An edge vj; in soft rough neutrosophic graph С is called B—strong soft rough neutrosophic 
edge if 


Trem) (Vij) —TCONNs. v. (vi, vj), Trom (vij) -TcONN; v, (vi, vj), 
Irem) (95) =IconNG-», (v,vj), Riom (if) = ICONNG », (vi, vj), 


Frim) (vij) =FCONNG 2 (vi vj), Frim (ij) =FCONNG_», (vi, vj). 


Definition 20. An edge vij in soft rough neutrosophic graph G is called ó—strong soft rough neutrosophic 
edge if 

TR(M) (vij) <TcONNG (vi, vj), Trem) (vij) «TCONN; v; (vi, vj), 

Гм) (vij) ?lcoNNs v, (vi, vj) , м) (vij) > ICONNG.», (vi, vj), 

Frem) (04) >FCONNG-», (00,03), Frem (i) > сомма, (vi, vj). 


Example 5. Let V={v1,02,03,v4} be a vertex set and А={а1,12,13,14} a set of parameters. A relation S over 
A x V can be defined in tabular form in Table 9 as follows: 


Table 9. Full soft set S. 


S U1 02 ©з v4 
ay 1 1 1 T 
az 0 1 0 1 
аз 1 0 1 1 
ag 1 0 1 0 


Let N—1(v4,0.3,0.4,0.6),(72,0.4,0.5,0.1),(75,0.9,0.6,0.4),(v4,1.0,0.2,0.1) } be a neutrosophic set on V. 
Then from Equation (1) of Definition 1, we have 


(v1,0.9, 0.4, 0.4), (оо, 1.0,0.2, 0.1), (v3, 0.9,0.4, 0.4), (v4, 1.0,0.2,0.1)}, 


= { 
= ((v1,0.3, 0.6, 0.6), (v2, 0.4, 0.5,0.1), (юз, 0.3,0.6, 0.6), (v4, 0.4,0.5,0.1)}. 


Hence, SN=(S(N),S(N)) is soft rough neutrosophic set on V. Let E={v43,032,043}CV and 
L={a17,44,034}CA. Then a full soft set R on E (from L to E) can be defined in Table 10 as follows: 


Table 10. Full soft set R. 


К әз ©з; оз 
012 0 1 0 
A24 1 0 1 
(134 0 0 1 
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Example 6. Let V={v1,02,03,04,05,06} be a vertex set and A—123,02,13,14) a set of parameters. A full soft 
set S over A x V can be defined in tabular form in Table 11 as follows: 


Table 11. Full soft set S. 


S U1 02 03 U4 05 06 
ay 1 1 1 0 0 1 
ay 0 1 0 0 1 1 
a3 1 0 1 1 1 1 
a4 1 1 1 1 1 1 


Let N={(0,1.0,0.4,0.7),(v2,0.9,0.6,0.55),(03,0.7,0.9,0.5),(04,0.6,0.5,0.6), (75,0.65,0.8,0.65),(76,0.8,0.7,0.8) } 
be a neutrosophic set on V. Then from Equation (1) of Definition 1, we have 
S(N)={ (01, 1.0, 0.4, 0.50), (v5, 0.9, 0.6, 0.55), (v3, 1.0, 0.4, 0.5), (v4, 1.0, 0.4, 0.5), (v5, 0.9, 0.6, 0.55), 


(ve, 0.9, 0.6, 0.55) }, 
(N)={ (v1,0.7,0.9,0.80), (v2, 0.7, 0.8, 0.80), (v3, 0.7, 0.9, 0.8), (v4, 0.6, 0.9, 0.8), (vs, 0.65, 0.8, 0.8) 
) 


(v6,0.7, 0.8, 0.8)} . 


IW 


Hence, SN=(S(N),S(N)) is soft rough neutrosophic set on V. Let E={v2,024,032,042,052,062,} CV and 
L—(413,024,034,041 ] C А. Then a full soft set R on E (from L to E) can be defined in Table 12 as follows: 


Table 12. Full soft set R. 


R U12  U24 732 Vyp — Vm 062 
013 0 1 0 0 0 1 
ам 0 1 0 0 1 1 
ma 1 0 1 1 1 1 
uj 1 1 1 1 1 1 


Let M—((042,0.6,0.3,0.4),(v54,0.58,0.38,0.46),(v32,0.56,0.37,0.47),(v42,0.54,0.34,0.38), (v5,0.52,0.32,0.5),(v65,0.5,0.4,0.45) } 
be a neutrosophic set on E. Then from Equation (2) of Definition 2, we have 


R(M)={ (v12, 0.60, 0.30, 0.38), (724, 0.58, 0.38, 0.45), (оз, 0.60, 0.30, 0.38), (од, 0.60, 0.30, 0.38), 


(055, 0.58, 0.32, 0.45), (v62, 0.58, 0.38, 0.45) }, 
(M)={ (v12, 0.50, 0.40, 0.50), (v24, 0.50, 0.40, 0.46), (732, 0.50, 0.40, 0.50), (v42, 0.50, 0.40, 0.50), 


(v52, 0.50, 0.40, 0.50), (ve, 0.50, 0.40, 0.46) }. 


R 


Hence, RM=(R(M),R(M)) is soft rough neutrosophic set on E. Thus, G=(S(N),R(M)) 
and G=(S(N),R(M)) are LSRNAG and  USRNAG, respectively, as shown in 
Figure 4. Hence, G=(G,G) is SRNG. Let I={01024,01032,01042,01052,01062,03012,03024, 
03042,03052,03062,04012,04032,04052,04062,05012, 05024,05032/05042,05062/06012,06024/06032,06042/06052} 
CV x E and P—1(a4454,01034,02013,02034,02041,03024,03041,04013 } С.А. Then and О а neutrosophic set on І 
and a full soft set X on I (from P to I) can be defined in Table 13, respectively as follows: 


536 


Florentin Smarandache (author and editor) Collected Papers, VIII 


(v4, 0.6, 0.9, 0.8) 


(v5, 0.65, 0.8, 0.8) 


(vs, 0.7, 0.9, 0.8) 


0.50, 0.40, 0.46) 


(v2, 0.7, 0.8, 0.8) 
G = (S(N), R(M)) 


(v4, 1.0, 0.4, 0.5) 


(va, 1.0, 0.4, 0.5) (vs, 0.9, 0.6, 0.55) 


EN (v6, 0.9, 0.6, 0.55) 


0.30, 0.38) 
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Q—1(01024,0.42,0.3,0.38), (01035, 0.43, 0.28, 0.37), (01042, 0.49, 0.26, 0.33), (01052, 0.47, 0.29, 0.32), 
(0162, 0.46, 0.28, 0.36), (03042, 0.4, 0.29, 0.37), (3024, 0.45, 0.24, 0.36), (03049, 0.48, 0.29, 0.35), 
(0352, 0.41, 0.24, 0.36), (03062, 0.42, 0.26, 0.34), (04019, 0.5, 0.25, 0.3), (v4732, 0.44, 0.27, 0.32), 
(v4052,0.45, 0.23, 0.31), (04062, 0.48, 0.23, 0.38), (05012, 0.46, 0.24, 0.3), (v5724, 0.47, 0.26, 0.34), 
(05035, 0.4, 0.3, 0.36), (05042, 0.48, 0.29, 0.38), (05062, 0.49, 0.3, 0.37), (06012, 0.49, 0.3, 0.37), 

(06024, 0.4, 0.28, 0.35), (06032, 0.47, 0.27, 0.34), (0604, 0.46, 0.29, 0.33), (v6052, 0.49, 0.3, 0.32) } 


Then the lower and upper soft rough neutrosophic approximation is directly calculated using Equation (3) of 
Definition 4, we have 


X(Q)={ (01024, 0.49, 0.26, 0.32), (v1 032, 0.49, 0.26, 0.32), (v1 047, 0.49, 0.26, 0.32), (v1 059, 0.49, 0.26, 
0.32), (v1 062, 0.49, 0.26, 0.34), (озот, 0.5, 0.23, 0.3), (3024, 0.49, 0.23, 0.34), (озод, 0.5, 
0.23, 0.3), (3052, 0.5, 0.23, 0.3), (03069, 0.49, 0.23, 0.3), (04019, 0.5, 0.23, 0.38), (v4v39, 
0.5, 0.23, 0.3), (v4v59, 0.49, 0.23, 0.31), (одов, 0.49, 0.23, 0.34), (0501, 0.49, 0.24, 0.3), 
(0504, 0.49, 0.26, 0.34), (05032, 0.49, 0.24, 0.3), (05042, 0.49, 0.24, 0.3), (05062, 0.49, 0.26, 
0.34), (0612, 0.49, 0.26, 0.32), (v6v24, 0.49, 0.26, 0.34), (ооз, 0.49, 0.24, 0.3), (06745, 0.49, 
0.26,0.33), (vg059, 0.49, 0.26, 0.32) }; 

X(Q)={ (01024, 0.4, 0.3, 0.38), (01032, 0.4, 0.3, 0.38), (01 042, 0.46, 0.3, 0.37), (01052, 0.46, 0.3, 0.37), 
(01062, 0.46, 0.3, 0.37), (v3012, 0.4, 0.3, 0.38), (V3024, 0.4, 0.3, 0.38), (73745, 0.4, 0.3, 0.38), 
(03059, 0.4, 0.3, 0.38), (03062, 0.4, 0.3, 0.38), (04042, 0.4, 0.3, 0.38), (04032, 0.4, 0.3, 0.38), 
(v4752, 0.4, 0.3, 0.38), (одово, 0.4, 0.3, 0.38), (05012, 0.4, 0.3, 0.38), (05024, 0.4, 0.3, 0.37), 
( 7 ( 7 ( ( 

) 


pS 


05032, 0.4, 0.3, 0.38), (05042, 0.4, 0.3, 0.38), (05062, 0.4, 0.3, 0.37), (06012, 0.46, 0.3, 0.37), 
(060204, 0.4, 0.3, 0.37), (06032, 0.4, 0.3, 0.38), (06042, 0.46, 0.3, 0.37 у (06052, 0.46, 0.3, 0.37)}. 


Thus, G—(S(N),R(M),X(Q)) and G=(S(N),R(M),X(Q)) are LSRNIAG and USRNIAG, respectively, 
as shown in Figures 5 and 6. Hence, G=(G,G) is SRNIG. 


vı (0.7, 0.9, 0.8) 


Ф 


ДО, 0.8, 0.8) 3 
1s (0:46, 0.03, 0.38), 7 
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where iy—(vyuv), ey—uv, i, —(vwvy,1) and Vk—0,12,. -- ,n—1. If vo = Un, then it is called closed. If the 
pairs are distinct, then it is called a soft rough neutrosophic influence trail (SRNI trail). If the edges are distinct, 
then it is called a soft rough neutrosophic trail (SRN trail). If the vertices are distinct in SRN trail, then it is 
called a soft rough neutrosophic path (SRN path). If the vertices, edge and pairs are distinct in a walk of SRNIG, 
then it is called a soft rough neutrosophic influence path (SRNI path). A path is a trail and an influence trail. 
If a path in a soft rough neutrosophic influence graph is closed, then it is called a cycle. 


Definition 25. A strength of soft rough neutrosophic influence graph, denoted by stren, is defined as 


stren=(( Л Тем) (jk) CA Тем) ( Vjk)) (V Irim) (Ujk) ) V 
VjkEE* E vg EE” 


C V. му), V. Fon) VC V. Fig). 


og c E" vj, €E* окЄЕ" 
An influence strength of soft rough neutrosophic influence graph, denoted by In stren, is defined as 


Instren=( | Л Tx(oy(vivjk) ^ A Ty(oy (010к)), ( V Irem) (Vivi) V 


Viv jp € I* ojo eT. (vivi) EI 
V. Rm) V Frey (oiv) У V Rmi v»). 
ojo el. m ojo CE" 


Definition 26. In a soft rough neutrosophic influence graph G, if in each approximation graph 
CONNq(v;,v) = E” (viv) = Va{E* (o, 0) }, CONNG(0}, vy) = E^ (vij ор) = У (Е (v v))- 


where 
E 


E” (vj, vy) = (E o E) (v; ок), Е (v, vy) = (Е OE) (i, vy), 


(EoE)(vi,%)=( V. (Trom (vig) ^ Tre (ок), A Ur (04) V Iro oj), 
vjeV* vjeV* 


A (Frm vij) У From) (vj), 
Са 


(Eo o E) (vi, %)=( V. (Trn (ii) ^ Troy (9), A (м) (94) V Roy Coi), 


vjeV* vjeV* 


A Crm (04) V Frim (0))). 


v 
vjeV 


Thus it is the strength of strongest path from vj to ор in G. 
In a soft rough neutrosophic influence graph G, if in each approximation graph 


ICONNG(vi, Uk) = I? (vi, Uk) = Va 1T (vj, ок) }, ІСОММС(о, Uk) = T" (vi, 0g) = V&1I (vj, ©к)}. 


where 
I*(v;, vy) = (1—1 01) (озор), 1 (оок) = (T^ oD) (vv), 
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and 
(101) (v 7%)=( V. (усо) (ei?) ^ Тхсо)(оторк)), A (Охо) (vitm) V Ix(oy (Om? pk), 
Ug€V* Ug € V* 


A (Exco iVm) V Ёх(о) (vm) ), 


vg € V* 


№ (Exeo (iw) V Fg) (2m? px)) )- 


vae V" 


Thus it is the strength of strongest path from vj to ор in G. 


Definition 27. A SRNIG is called connected if each two vertex о; and ор are joined by a SRN (SRND path. 
Maximal connected partial subgraphs in each approximation subgraph are called component. 


Definition 28. А soft rough neutrosophic influence graph is a cycle if and only if the underlying graphs of each 
approximation is a cycle. A soft rough neutrosophic influence graph is a soft rough neutrosophic cycle if and only 
if the underlying graphs of each approximations is a cycle and there exist oj, vij €E* ovi E. and Vjm Z vij, 
such that 


R(M)(0;)=( Л Trom) V Imm V Frem) (Om) ), 


Ulm EE* —vij Ulm €E* —vij vj, €E* —vjj 
R(M)eg)-( Л Toom) М Fray (im), Fa (o). 
v,€E —vij v,€E —vij Vim EE —vij 


A soft rough neutrosophic influence graph is a soft rough neutrosophic influence cycle if and only if 
the graphs is soft rough neutrosophic cycle and there exist V]Vmn/Vj0 jkE I * UU Umn,UjU jk ЄТ and [UT ZUiik, 
such that 


X(Q) (оо) = ( Л Tyx(Q) (010m), V Ix(Q) (V1?mn), V Fx(Q) (ооа), 


U|Ugg €Y* —0;0 jx [JI —UiUjk UlUmpn EI" — 0,0}, 
X(Q) (оо) ( Л Тубо) (010и), ү X(Q) (Vin), V Fy(g) (eremo) ). 
010тп cT —vivj, vjUmn Cl. —UjUik [71777 cT оо 


Example 7. Considering Example 4. Let 1={01032,01024,02013,03004,03041,04013,04032} CV and 
P={aya3,09043,04013}CA. Then a full soft set X on I (from P to I) can be defined in Table 14 as follows: 


Table 14. Full soft set X. 


X 01032 010204 02013 030204 03041 04013 904032 
1032 1 0 0 0 0 0 1 
A2443 0 0 1 0 0 1 0 
401 3 0 1 0 1 1 0 0 
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Txto,y (PP jk) ST X(Q,) Cj) Izco) (010) 2 T(o,) (ovk), хоо) (vij) ZFR(Q,) (010): 


Definition 30. A H=(SN2,RM»,XQz) is called soft rough neutrosophic influence spanning subgraph of a soft 
rough neutrosophic influence graph G—(SN1,RM1,XQ1), if H is a soft rough neutrosophic influence subgraph 
such that 


Темы) (9) =Ts(n,) (9), 15м) (9) Is) (9), Few) (9) = Ем) (9), 

Тель) (9) Tsqu y 0), Isin) (9) 15м) (9), Рем) (0) Ем) (0): 
Definition 31. A soft rough neutrosophic influence graph is a forest if and only if each supporting approximation 
graph is a forest. A soft rough neutrosophic influence graph G—(SN1,RM1,XQ1) is a soft rough neutrosophic 


forest if and only if there exist a soft rough neutrosophic spanning subgraph H—(SN1,RM»,XQ») is a forest 
such that jjc G—H 


Tremi) (ij) <Тсоммь (Vi Vj), Irem) (Vi) 21сомм (Vi Vi), Frim) (ij) >Fconng (00,9), 
Trem) (vij) KTcoNNg (Pi 7j); м, ) (01) > Icon Ng (Pi vj), Fui) ij) >FcoNng (ir vj). 
A soft rough neutrosophic influence graph G—(SN4,RM4,XQ)1) is a soft rough neutrosophic influence 


forest if and only if there exist a soft rough neutrosophic spanning subgraph H=(SN;1,RM1,X Q2) is a forest 
such that vjo,€G—H 


Tx (Q,) (010) <Тісоммь (Vi Vk), Tx(o, (Ci jk) <TICONNg (Vir 9k), 
Tx (Q,) (900) >LICONNy (v5 Vk) (o, (VIP jk) > icon Ng (Vir Vk), 
Fy(gyy (eio) > FicoN Na (Vir Vk), Ехо, (00) >FiconNg (Vir Vk). 
Definition 32. A soft rough neutrosophic influence graph is a tree if and only if each supporting approximation 
graph is a tree. A soft rough neutrosophic influence graph G—(SN1,RM1,XQ1) is a soft rough neutrosophic tree 
if and only if there exist a soft rough neutrosophic spanning subgraph H=(SN1,RM2,X Q2) is a tree such that 
vj€G-H 
Tremi) (vij) <TcONNy (Vi Vj), Irem) (0) > LCONNy (Vi vi), Frim) (ij) > Рсоммь (Vi vj), 
Ткүм,)\®й)<Тсомм (Pir 0j), Fey) Pij) > ICONNg (i 9j); Рем) Pij) >FoONN (90,0). 

A soft rough neutrosophic influence graph G=(SN1,RM1,X Q1) is a soft rough neutrosophic influence tree 
if and only if there exist a soft rough neutrosophic spanning subgraph H=(SN1,RM1,X Q2) is a tree such that 
ojo € G—-H 

Tx (Q,) (010) <Тісоммь (Vi Vk), Tx(o,) (Ci? jk) <TICONN gg (Vir 9k), 
Tx(Q,) (00) >Liconny (0, к), Іхүоџ) iP jk) > Iiconwg (ir 9k); 
Fx(Q,) (vivjk) >FICONNy (vi, к), Руко, (010) > Рісомм (Vir Vk). 
Definition 33. Let G=(SN,RM,XQ) be a soft rough neutrosophic influence graph, an edge vj; isa bridge if 


edge vi; is a bridge in both underlying graphs of G and G. Let G=(SN,RM,XQ) be a soft rough neutrosophic 
influence graph, an edge vj; is a soft rough neutrosophic bridge if Vim ЄС 
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TCONNG_»,, (01, Om) <TCONNG (Vi Vm), TcoNNA .. (V vm) <Тсомм. (vr, Um), 
е G G vij G 


ICONNG_,, (0, Um) >ICONNG (01, Vm), Ісомм. (Vi Om) >1сомм (Ur, Vm), 
exu е G-v G 


FCONNg_»,, (01 vm) > Есомме (91, Vm), Есомм., (C5 Vm) > Есомм (0, Om), 
Lj > G Vij G 


Let G=(SN,RM,XQ) be a soft rough neutrosophic influence graph, an edge vij is an soft rough 
neutrosophic influence bridge if Vim ЄС 


TICONNG; (vi, от) X TicoNNc (01, Vm), TICONNG ,,. (01, от) «1 тсомм (91, Um), 

G G i 

TiCONNG-»; (v1, 0m) > Псоммс (U1, Um), AICONNG ,.. (01, m) > Псомм: (01, Vm), 
G G i 


FICONNs. (v1, v) >FICONNG (01, Om), FICONNg_,,. (v, m) >FICONNG (vr, Vm), 
G с р 


Definition 34. Let G=(SN,RM,XQ) be a soft rough neutrosophic influence graph, a vertex is а cutnode ifa 
vertex v; is a cutnode in underlying graphs of С and С. Let G=(SN,RM,XQ) be a soft rough neutrosophic 
influence graph then a vertex vj in G is a soft rough neutrosophic cutnode if the deletion of v; from G reduces the 
strength of the connectedness from nodes ojv,€V* V" 


TcoNNa.., (Vj; Vk) <TCONNG (0), vk), TCONNg y, (vj, vk) <TCONNG (0, ок), 


IcoNNg .,, (Vj, vk) >ICONNG (0, ок), ICONNG_,,, (vj, vk) >Ісомм (0,0), 


i 


сомма, (vj, vk) > Есомме (vj, ок), FoONNG_,, (vj, vk) >FCONNg (vj, Vk). 


i 


Let G=(SN,RM,XQ) bea soft rough neutrosophic influence graph then a vertex v; in С is an neutrosophic 
influence cutnode if the deletion of о; from G reduces the influence strength of the connectedness from 
vj3v,€V*, V 


Тісомм (9), Pk) <TICONNg (vj; vk), TICONNg ,, (vj, Pk) <Тісомм (vj, Vk), 


IicoNNo..,, (Vj Vk) > Псомме (vj, 2k), Iicowwg ,, (vj, Pk) > Псомме (0), Vk), 


FICONNG.-», (9), vk) > FICONNG (vj, vk), FICONNG_,, (vj, Ok) >FICONNG (0), v), 


i 


Definition 35. Let G=(SN,RM,XQ) be a soft rough neutrosophic influence graph. A pair ого д is called a 
cutpair if and only if 0;0;x is a cutpair in both supporting influence graph of G and G. That is after removing the 
pair viv; there is no path from vj to v, in both supporting influence graph of G and G. Let G=(SN,RM,XQ) 
be a soft rough neutrosophic influence graph. A pair ого к is called a soft rough neutrosophic cutpair if and 
only if if deleting the pair ого зк reduces the connectedness from v; to vg in both graph G and G. That is, 


f СОММЕ о, (vi, vy) «T CONNG (vi vk), T ICONNG_ vv (vj, v) «T ICONNg (Vir Uk), 
з Sab J 

IcONNG- ъъ, (vi, v) >ICONNg (ir Uk), TICONNG ые, (vi, v) >TicoNNg (vi, vk), 
= EN 1 


FCONNG. «s, (Vir vk) > FCONNG (Vi v); сомма, (vi, vk) >Русомм (Vir vk), 
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A soft rough neutrosophic influence cutpair vjvj, is a pair in a soft rough neutrosophic influence graph 
G=(SN,RM,XQ) if there is spanning influence subgraph Н = С — vjvjy reduces the strength of the influence 
connectedness from v; to ок. That is, 


TICONN s, Pir 9k) <TICONNeg (Vis Vk), TICONNG voy, (vi, vk) <TiCONNg (Vir Pk), 


Псоммс s (vi, vk) > Псоммс (vi, vk), TICONNg Com) >lICONNg (01, vx), 


G—v;vj 


FICONNe ojo (vi, vx) > FICONNg (vi, Vk), FICONNG v;o, (vi, vx) >FICONNg (Vir Vk), 
~ = J 


Definition 36. An edge vj; in soft rough neutrosophic influence graph G is called strong soft rough neutrosophic 
edge if 


Трем) (Vij) 2 TCONNG s. (vivi), Trim vij) 2 TCONNG ,,. (vi, vj), 
Irm) (vij) ElcoNNs (vivi), IRon (ii) € ICONNG », (vi, vj), 


Frim) (91) SFCONNG-», (vivi), Frim (04) SFCONNG. ,, (vi, vj). 
A pair 0;0; in soft rough neutrosophic influence graph С is called strong pair if 


Tx(Q) (00) 2TICONN s s, (Vir vk), Txio (ViP jx) > TICONNg voy (vi, 0k), 
Tx(Q) (00) STICONNG us, (01,0), Izigo (Vij) < сомма ojo, (Pir Pk) 
Fx(Q) (vivi) SFICONNG s, (09k), FREQ (00) < сом, (vi, vy). 
Definition 37. An edge vij in soft rough neutrosophic influence graph G is called a—strong soft rough 
neutrosophic edge if 


Trem) Pij) >TCONNG-v;; (vivi), Trim vij) ? TCONNg ,,. (vi, vj), 
Irem) (vij) <ICONNG-», (vivi), Tem (ii) < Ісоммс, (vi, vj), 


Frem) (Vij) XFCONNG. s, (vivi), Frim (04) < сомма, (vi, vj). 

A pair ого in soft rough neutrosophic influence graph G is called x —strong pair if 
Tx(Q) (vivi) ?TICONN s s, (vi, vk), Txo) (vivi) > TICONNG ы, (vi, Uk), 
Tx(Q) (RiP jk) «Irconvo s, (Pi Pe)» Izeg (vivi) < Псомм ,,,, (vi, ®Е), 
Fx(Q) (vivi) <FICONNG s, Vi 9k), FR(Qy (0i) < сомма, (vi, vx). 


Definition 38. An edge vi; in soft rough neutrosophic influence graph С is called B—strong soft rough 
neutrosophic edge if 


Trom) (ij) —TCONNs. s; (vivi), Trim (vij) -TCONN; v; (vi, vj), 
Irom) ij) m (vivi), Бум) (i) = IcoNN; ,, (vi, vj), 


Frem) (Vij) =FCONNG-», (vivi), Frim (i) —FcONN; ,, (vi, vj). 
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A pair viv; in soft rough neutrosophic influence graph G is called B—strong pair if 


Tx (Q) (vivis) — TicoNNo. s, (ir Vk), Toy (vivi) =TICONNg_ an (vi, v), 
Tx(Q) (ого) = сомма s, Pir 0к), Ex(Qy (vivis) = Псомма a (vi, v), 


Fx(Q) (ViVjk) =FICONNG us (Vir ок), Fg(gy(vivjk) —FicoNNg T" (vi, vy). 


Definition 39. An edge vij in soft rough neutrosophic influence graph G is called ó—strong soft rough 
neutrosophic edge if 


Tr my (vij) <TCONNG 1; (vivi), Trim vij) <TCONNG ,,. (vi, vj), 
Irem) (04) >ICONNG-»; (vi vj), м) (vij) > ICONNG ,,. (vi, vj), 
Е R(M) (Vij) > FcoNNc. vij (viv j)» Ем (vj) > FCONNg_, (vi, vj). 


A pair ого д in soft rough neutrosophic influence graph G is called ó—strong pair if 


Tx(Q) (010) <TICONNG uis (Vir vk), Tx(Qy (ViVi) <Тісомме zei (vi, Vy), 
Ixtoy(vivjc) > IICONNG «v, (Vi, x), lx(gy(vivjk) > Псом. T (vi, VK), 


Fx(Q) (vivi) > FICONNG 2 (Vir 9k), FR(Qy (Pij) > сом, (vi, vy). 


Definition 40. A ó—strong soft rough neutrosophic edge vi; is called a 5° —strong soft rough neutrosophic 
edge if 
Тром) (0) > A Temm) Tgog). A TR) (Vim), 
oj, € E* oj, €E* 


Trey (94) < Л oym) Roy) A Romm) 


Vim € E* Ulm cE" 


Рем) (04) < A Frem (оњ), Расм) (91) < A Рам) (01): 


Ulm ЄЕ* Ulm cE 


A ó—strong pair ого к is called a 6° —strong pair if 


TR(M) (vij) Л TR(M) (Vim), Trem) vij)> Л Tg (м) (Im); 


Ulm EE* Vim CE. 

Irmo) < A Tau) m), Fra (0) < A Ran (01), 
Vim CE* oj, EE 

Frem) (Vij) < Л From) (Ym), F R(M) (vij) < Л Fg R(M) (Vim). 
vj, €E* Um EE 


A ó—strong pair оро пк is called a ó* —strong pair if 0,0 роот 


j 
Txo (viv) N Txo) (ortnm), Тубо) (vivi) > Л Тубо) (010тп), 
[JL ооп 


Ixo (оток) < A То) (tma), Tgqgy oio) < A Бо) (оти), 


0[0тп er 0[0тп er 


Fx(Qy (000) < Л Русо) (©10ттп), Fg(gy (Vi0 jk) < Л Ру бо) (010тп). 


010тпЄГ“ 010тпЄГ“ 
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Theorem 4. G is a soft rough neutrosophic influence forest if and only if in any cycle of G, there is a pair огоз, 
such that 


Tx(oy(vivjk) XTICONNG v, (vi, vk), Tx(Qy (vivi) «TICONN; ы, (vi, vk), 


Ixtoy(vivjc) > IICONNG a, (vi,vk), Izigo Oir) > FICONNG ojo, (vi, ЕЮ), 


Fx(Q) (00) > FICONNG ss, (vi ок), Русо) (010) > FICONNG ың (vi, v). 


Proof. The proof is obvious. 


Theorem 5. А soft rough neutrosophic graph С is a soft rough neutrosophic influence forest if there is at most 
one path with the most influence strength. 


Proof. Let G be not a soft rough neutrosophic influence forest. Then by Theorem 4, there exist a cycle 
C in G such that 
(©; n k) , 


Tx(oy(vivjk) 2 TICONNG ss, (Vir ок), Txio) (vivi) 2 TicoNNg ,,, " 
G-; D 


Tx(Q) (00) STICONNG us, (00,0), Izigo Pr) < сомма ojo, (Pir Pk) 


Fx(Q) (vivi) SEICONNG s, Vir Pe)» FREQ (vivi) < FICONNG s (vi, vx), 


for every pair 0;0;; of C. 
Therefore, VjV jk iS the path within the most influence strength from v; to vz. Let VjV jk be a pair 
such that 


Tx(Qy(iea)> A То) (поти), Tx(gy(irjn)> Л То) (ооп), 
UlUmn 3 UlOmn er 


Ix(Q) (vivi) < Л Tx(Q)(@71mn), TXQ) (vivi) < Л Ix(gy (оготп), 


0[0тп cr UlÜmn cr 


Fx(Q) (vivi) « A Fx(Q) (огоь ), Fx(g) (viv) < Л Fx(g) (VUm), 


0[0тп er vj0ga EI 


in C. Then remaining part of C is a path with the most influence strength from v; to Vix. This is a 
contradiction to the the fact there is at most one path with the most influence strength. Hence, G is a 
soft rough neutrosophic influence forest. 


Theorem 6. Assume that G is a cycle. Then G is not a soft rough neutrosophic influence tree if and only if 
G is a soft rough neutrosophic influence cycle. 


Proof. Let G=(SN,RM,XQ;) be a soft rough neutrosophic influence cycle. Then there exist at least 
two distinct edge and two distinct pair such that 
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R(M)(vij) xil Л Там) (0н), V Ia vm)» V Frem) (1m) ), 
21m CE* —vij vr, ЄЕ* —vij oj, CE* —vij 
R(M)(vij) -( Л Trem) (Utm); ү Irim) tm); ү цм) (im) ); 
Vim €E —vij o, €E —v;j v, €E —vij 
X(Q) or —)=( A Тобоо), М xom) V Fx itm), 
©®9тпЄЇ* —0;0 jx 2/0 mn EL* —0;0 jx 010тп Є —0;0 jx 
X(Q) 7 )=( Л Тобоо), М Бую), М Fg (rtm). 


тж E тж 
VUmn El —ViVik UjUmn€l —vjUi VUmn El —ViVik 
2 J 2 


Let H-(SN,RM,XQ») be a spanning soft rough neutrosophic influence tree іп С. Then there 
exists a path from 0; to ок not involving vjvj, such that Ej —E5—((vjvj.) J. Hence there does not exist a 
path in H from v; to v, such that 


Tx (Q,) (Vi? jk) <Тісоммс (Vir Vk), Ty(o, (vivi) STICONNG (Vir Vk), 

Гуо) (010) 2LICONNG (0, Pe)» I(o, (vivi) Z TtconNg (Pir Vk), 

Fx (Q) (ViP jk) 2FICONNG (Vi 9k), Fig, (oiv) 2 FICONNg (Vis Vk). 
Thus G is not a soft rough neutrosophic influence tree. 


Conversely, suppose that G is not a soft rough neutrosophic influence tree. Since, G is a soft 


rough neutrosophic influence cycle. So for all v;vj,€T' and оо ЄЇ', we have a soft rough neutrosophic 


spanning influence subrgraph H—(SN,RM,XQ») which is tree and X(QO5)(vivj.) =0, X (Q2) (оок) =0 
such that V0j0jm Æ UIümn 


Тубо) (vivi) <Ттсоммн (Vi vk), Ty(o,y (vivi) STicONNG (Pi Ve), 
Ix(Q,) (viv) 2 Псоммс (Pir 0к), lio, (viv) Z Псомм (Vir vk), 


Fx(o,)(vivjk) 2FICONNG (Vi vk), FR(Q,) (vivi) 2 FICONNG (Vir Vk), 


=k 
Voj0mn € I* — 010 and ооп € I. — vj0;x 


Тубо, (оок)= A Toi) Om) Tro (vivi) A Tx(Q,) 9m, 


[JL UlÜmn el" 
Ixo (оок) = A Tx) (omn), Iggy (oii) = Л о) tm), 
©1®тпЄЇ* ©1®тпЄЇ* 
Ехо) (оюк) = A Fx) Feo (oti) = Л Ехо) Omn). 
0]0тп er 01 0mn cr 
Therefore, 

X(Qwe)-( — A Tom) М обот), М Fx O0m)), 
2/0mn EI* —0;0 jx 2]0mn EL” —0;0 jx 010тп €T —vjUj 
XQ) )=( Л Tom) М ToO) М обоо»). 
DOmn €T —O;0 jx vom €T 00 ©®тнЄГ —vjoj. 


where 0;0 jk # ©0тп not uniquely. Therefore G is a soft rough neutrosophic influence cycle. 
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Theorem 7. If 
Ng us, Pirk)» 


Tx(o) (vivis) > TicoNN. vs, (Vir ок), Ty(gy(vivjk) 7 TicoN Bus 


Tx(Q) (vivi) <Псомма „(0 Pe)» Izeg (vivi) < Псомм ,,,, (Pie Pk) 


Fx(Q) (vivi) <FICONNG ajo Vi Pk)» FR(Qy (vivi) < сомма, (vi, vx), 


in a soft rough neutrosophic graph. Then viv, is a cutpair in soft rough neutrosophic influence graph G 


Proof. Suppose viv; is not a cutapir in soft rough neutrosophic influence graph, then 


TICONNg „p, (Pir v) - TicoNNg (212m), 


TICONNG vj, (Vi, 0k) =TICONNG (Vi Vk), 
: (vi, vk) —ItcoN Ng (1?mn), 


TICONNG 0, (Pir Vk) = Псом (vi, vk), Псом, 


FICONNG~v,0y (Vir Pk) =FICONNG (Vir vk), FICONNG „p, (Pir Vk) =FICONNg (010тп). 


Since, 
Tx(Q) (Vir ок) STICONNG (Vir Vk), Туро) (vi, ок) STICONNG (O10 mn ), 
Ix(Q) (0% vx) 2 Псоммс (vi, vx), Izeg) (Vi vx) 2 IicoNNg mn), 
Fx(Q) (Vi vk) 2 FICONNg (vi, Vk), Fg(oj (vi, vx) 2FICONNG (010 mn). 
Therefore, 


TICONNG-»,, (Pir 9k) ZTx(Q) (Pir Vk), TICONNG_y, », (Pir Pk) 2 Fx(Qy (Co 0k), 
TiCONNG~v,0, (Pir Vk) €Tx(o) (Vir v), LICONNg v, (Pir Yk) < Гуо) (i vk), 


FicoNN.., n, (Cir Pk) <Ёх(о)(®, Pk), FICONNG y, „ (Pir Vk) SFR(Q) ( (Pir PE), 


which is a contradiction. Hence, it is proved. 


Theorem 8. If 
Тубо) (vivis) >Tx(Qy (eremi), Tx(Qy (iP) > Тхо) (itm), 
1x(Q) (00) <1х(о)(®1®тп), Tx (Qy (iP jx) < Lx(Qy(@1?mn), 
Русо) (iP jk.) <Fx(Q) (M10 mn), Fxg) VV) <Fx(Q) mn), 


for some ©, among all cycles in soft rough neutrosophic influence graph С. Then 


Tx(Q) (00) > TICONNG-0j0 4 (vi, vx), Txo) (vivi) ?TICONNs ы, (vi, VK), 


Tx(Q) (vivi) «Irconvo s, (Pir Pe)» Го) (vivi) < Псомм ,,,, (Pk) 
<FICONN=_,,,. (Vir Pk)- 


r X(Q) (vivi) «FICONNG ss (vi, vy), Fx(g) (vivi) Gov 
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Proof. Since 
TICONNs s; (vivi) 2TICONNg (viv jk), TICONNG „у, (vivi) 2TICONNg ( (0:0 jx) ), 
licoNNo ss, Cite) STICONNG (10 jk), Псом, (vivi) <Псомм((®г©ук)), 
FICONNe ojo (Pi jk) SFICONNG (10 jk), FICONNG voy (ого) SFiconng((ViPjx)). 
Therefore, there exists a path from 0; to v, not involving (vjvj.) such that 
TICONN ss; (vivi) 2 Tx(g) (vivi), TICONNG ыу, (vivi) 2 Txio) (00 к)), 
Псом. «s, (90) <1х(о)\®г®ук), IiCONNG ovy (viv) €Iy(oy((vivj)), 


FICONNa v (vivjk) <Fx(Q) (00), FICONNG ы (viv jk) Fy(oy ((vivjk)), 


This along with 0;0;; is a cycle and v;vj, is least value. 


Theorem 9. If viv, is a soft rough neutrosophic influence cutpair in soft rough neutrosophic influence 
graph G. Then 


Tx(oy(vivjk) » Tx(gy (010тп), Txio) (0:0) 2 Tx(oy (010m), 


Ix(gy(vivjk) €Ix(gy(V1Umn) , Ixgy(vivjk) < Ix(gy(viUmn), 
Fx(Q) (010 jk) «Fxqoy (vitm), Fx(Qy (vij) < Fx(o) (vmi), 


for some vjvj, among all cycles of С. 

Proof. Suppose on contrary in a cycle, we 
Tx(oy(vivik) » Txqoy(v19ma), Tx(Q) (vivi) >Tx(Qy (010), 
Їх) (eroe) <1х(о)(Фї9тп), 1х(о)(Фг®ук) < Ixqo) (tmn), 
Русо) (vivi) <Ехсо)(010тп), Exo) (Vvk) < Fx(oy (v1ma) 


Then any path involving it can be converted into a path not involving it with influence strength 
greater than and equal to the value of XQ for previously deleted pairs. 50 v;vj, is not a cutpair. This is a 
contradiction to our assumption. Hence v;v; is not a pair with the least value among all cycle. 


Theorem 10. If G—(SNi,RM4,XQ)1) is a soft rough neutrosophic forest, then the pairs of neutrosophic 
spanning subgraph H—(SN1,RMi,XQ») such that 


Tx(Q,) (vivi) <TicoNNy (vi vk), Tx(Q,) (ViP jk) <TiCONNg (Vis 9k), 
Tx(Q,) (00) >Liconny (01, к), Igo) iP jk) > Псомму (ir 9k); 


Fx(Q,) (010) >FICONNg (vi, vk), FR(Q,) (VIP jk) > FICONN Gg (Vir vk), 
are exactly the cutpairs of G. 


Theorem 11. A soft rough neutrosophic influence graph G is a cycle. Then an edge ©, is a soft rough 
neutrosophic influence bridge if and only if it is an edge common to atmost two cutpair. 


Theorem 12. Let G be a soft rough neutrosophic influence graph. Then the following conditions are equivalent. 
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1. For a pair оок €T П T 


Tx(oy(vivjc) > TICONNG sv; (vi, vk), Ty(gy (vivi) >TICONNG_,,,, (Vir Vk) 


Соок 


1х(о)(®:©ук) <Псомм ss, (Vi Vk), Іоу (010) < Псом, (Pir vx), 


б—ьо 


Fx(Q) (ViP jx) <FICONNG s, (Vir ок), Fyigy(vivjk) <FICONNG „(Ci Pk): 


С 0,05 


2. тоу is an influence cutpair 


4. Application to Decision-Making 


Decision making is a process that plays an important role in our daily lives. Decision making 
process can help us make more purposeful, thoughtful decisions by systemizing relevant information 
step by step. The process of decision making involves making a choice among different alternatives, 
it starts when we do not know what to do. 

The selection of the right path for transferring goods from one state to another states illegally. 
Every state has different polices within or out side the state, there are several factors to take into 
consideration for selecting the right path. Whether the economy of a country is good, having job 
opportunity or a safety. 

Suppose a trader wants to extend his business to the countries C1,C2,C5,C4,C5 and Ce. Initially, 
he takes Су and extends his business one by one. Assume A is set of the parameters, consisting of 
element 41 = job, a2 = economy above average, пз = safety, a4 = other. 

Let 5 be a full soft set from A to parameter set V, as shown in Table 16. 


Table 16. Soft Neutrosophic Set S. 


S C1 Сә Сз C4 C5 С 


a 1 1 1 0 1 1 
à 0 0 1 1 1 1 
d 1 1 1 0 0 1 
аз 1 1 1 1 1 1 


Suppose N={(C1,0.8,0.6, 0.7),(C2,0.9,0.5,0.65),(C3,0.75,0.6,0.65),(C4,1.0,0.55,0.85),(C5,0.95,0.63,0.8), 
(C6,0.85,0.65,0.95) } is most favorable object describes membership of suitable countries foreign polices 
corresponding to the boolean set V, which is a neutrosophic set on the set V under consideration. 

SN — (S(N),S(N)) is a full soft rough set in full soft approximation space (V,S) where 


S(N)—((C1,0.90,0.50,0.65), (C2, 0.90,0.50,0.65), (C3, 0.90, 0.55, 0.65), (Са, 1.00, 0.55, 0.65), 
(Cs, 0.95, 0.55, 0.65), (C, 0.9, 0.55, 0.65) }, 

S(N)={(Cy,0.75, 0.65, 0.95), (C2, 0.75, 0.65, 0.95), (C3, 0.75, 0.65, 0.95), (Са, 0.75, 0.65, 0.95), 
(Cs, 0.75, 0.65, 0.95), (C6, 0.75, 0.65, 0.95) } . 


Let E={C12,C14,C15,C23,C26,C34,C35,C45,C46,C56} CV = V x V and L={ay4, 471,034, 042) CÀ = A x A. 
A full soft relation R on E (from L to E) can be defined as shown in Table 17. 


Table 17. Full soft set R. 


R Cy Са Cys Co Ов C34 C35 Cas Cae C56 


a4 1 1 1 1 1 1 1 0 o 1 
й21 0 0 0 0 0 0 1 1 1 1 
A34 1 1 1 1 1 1 1 0 0 0 
a 0 1 1 1 1 1 1 1 1 1 
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Let M—1(C15,0.74,0.5,0.62),(C14,0.75,0.45,0.63),(C45,0.74,0.54,0.61),(C23,0.72,0.48,0.65),(C26,0.71, 
0.49,0.64),(C34,0.72,0.53,0.64),(C35,0.73,0.52,0.63),(C45,0.7,0.51,0.61),(C46,0.74,0.55,0.6),(Cs6,0.73,0.47, 
0.64)} be most favorable object describes membership of countries foreign polices toward 
others countries corresponding to the boolean set E, which is a neutrosophic set on the set V 
under consideration. 

RM = (RM, RM) is a soft neutrosophic rough relation, where 


RM={ (C12, 0.75, 0.45, 0.61), (C44, 0.75, 0.45, 0.61), (C35,0.75,0.45,0.61), (C23, 0.75, 0.45, 0.61), 
(Cog, 0.75, 0.45, 0.61), (C34, 0.75, 0.45, 0.61), (Cas, 0.74, 0.47, 0.61), (Cas, 0.74, 0.47, 0.6), 

(Сав, 0.74, 0.47, 0.6), (C56, 0.74, 0.47, 0.61) }, 
RM={ (C12, 0.71, 0.54, 0.65), (Са, 0.71, 0.54, 0.65), (Cys, 0.71, 0.54, 0.65), (C23, 0.71, 0.54, 0.65), 
(Cog, 0.71, 0.54, 0.65), (C34, 0.71, 0.54, 0.65), (Cas, 0.71, 0.54, 0.64), (C45, 0.70, 0.55, 0.64), 

(Cas, 0.70, 0.55, 0.64), (Css, 0.71, 0.54, 0.64) }. 


Let I—(C1C15,C1C25,C1 C35,C2C34,C3C14,C3C26,C3C45,C4C23,C4C45,C4C46,C5C23,C5C34, C5C46, 
C6C12,C6C15}CV = V x E and F—1(24445,02034,03034,04051,04045? CÀ = A x L. 
A full soft relation X on I (from F to I) can be defined in Table 18 as follows: 


Table 18. Full soft set X. 


CıCı5s C1C23 C1 C35 CoC4 СзСа СзС% C3C45, C4C23 


n C4C45 C4C46 С5Сз C5C34 С5Сє С(%С› СС5 
" 1 1 1 1 1 1 1 0 
as 0 0 1 1 1 0 1 
и 0 0 0 0 1 1 0 0 
is 0 0 1 1 0 1 1 
ES 0 0 0 0 0 0 0 1 
2784 0 0 0 0 0 0 0 
" 1 1 T 1 1 1 0 0 
Hs 0 0 0 0 0 1 1 
- 0 0 1 0 0 0 1 0 
gal 1 1 0 0 1 0 0 
one 1 1 1 1 1 1 1 0 
4 1 1 il 1 1 0 1 


Let О = ((C1C315, 0.7, 0.43, 0.58), (C1 C23, 0.65, 0.39, 0.54), (C1 C35, 0.66, 0.37, 0.56), (C2C34, 0.68, 0.38, 
0.59), (C3C44, 0.6, 0.4, 0.6), (C3C26, 0.62, 0.42, 0.58), (C3C45, 0.64, 0.45, 0.54), (C4C23, 0.7, 0.45, 0.60), (C4Cas, 
0.7,0.36, 0.48), (C4Cag, 0.68, 0.35, 0.5), (C5C23, 0.69, 0.45, 0.54), (C5 C34, 0.65, 0.42, 0.58), (C5C46, 0.64, 0.41, 
0.59), (C&C15, 0.63, 0.4, 0.6), (C&C15, 0.62, 0.39, 0.5) } be most favorable object describes membership of 
countries impact toward others countries regarding trade corresponding to the boolean set I, which is 
a neutrosophic set on the set I under consideration. 

XQ — (XQ, XQ) is a soft neutrosophic rough influence, where 
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XQ={(C1Cjs, 0.70, 0.37, 0.50), (C4 C25, 0.70, 0.37, 0.50), (C1 C35, 0.70, 0.37, 0.50), (C2C34, 0.70, 0.37, 0.50), 

(C3C14, 0.69, 0.39, 0.50), (СзСв, 0.69, 0.39, 0.50), (C3C45, 0.70, 0.37, 0.50), (C4C23, 0.7, 0.45, 0.60), 

(C4C45, 0.70, 0.35, 0.48), (C4C46, 0.70, 0.35, 0.48), (C5C23, 0.69, 0.39, 0.50), (C5C34, 0.69, 0.39, 0.50), 
(CsCas, 0.70, 0.37, 0.50), (C6C12, 0.69, 0.39, 0.50), (C6C15, 0.69, 0.39, 0.50) }, 

XQ={(CCjs, 0.60, 0.43, 0.60), (C4 C55, 0.60, 0.43, 0.60), (C1 C35, 0.64, 0.43, 0.59), (C2C34, 0.60, 0.43, 0.60), 

(C3C14, 0.60, 0.43, 0.60), (СзСв, 0.60, 0.43, 0.60), (C3C45, 0.64, 0.45, 0.59), (C4C23, 0.7, 0.45, 0.60), 

(C4C45, 0.64, 0.45, 0.59), (C4C46, 0.64, 0.45, 0.59), (C5C23, 0.60, 0.45, 0.60), (C5C34, 0.60, 0.45, 0.60), 
(CsCas, 0.64, 0.45, 0.59), (C6C12, 0.60, 0.43, 0.60), (C6C15, 0.60, 0.43, 0.60) }. 


Thus, G = (G,G) is a soft neutrosophic rough influence graph as shown in Figure 9. He finds the 
strength of each path from C, to Cs. The paths are 


Py : C1, C5, Co, C3, C6, 
Р, : С, Сд, Cs, Ce, 
Р» : C, C5, Cs, Сә, Ce 


with their influence strength as (0.6,0.45,0.5), respectively. 


0.6) 


ocr 9/0) 
Св(0.75, 0.65, 0.95) 


J 


2 6045. ~ 
fas (060 43,09) 5 


Жо» 


zi 


0.6.0: 


.75, 0.65, 0.95) 


(66 


C2(0.75, 0.6, 0:95) C5 (0.75, 0.65, 0.95) 


G = (SN), R(M). X(Q)) 
C3(0.9,0.5,0.65) (0.75, 0.45,0.61) ^ C3(0.9,0.55, 0.65) 


C^ (0.9, 0.5, 0.65) 
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Since, there is more than one path, therefore, the trader calculates the score function which is 
formulated in Equation (4): 


Score Function(C;)— (Тим) (С;) + Tat) (C;) + Тем) (Cij) + Тем) (С) + Тх(о) (С:Сук) + 


Ту (oy (CiCj); Is) (Ci) Is) (Ci) + Irom (Ci FR (Ci) + 0) 
Tx(Q) (CiC jk) Ezio) (CiCjk); Fs ny (Ci) Fey (Ci) + 


Frem) (Ci) Fray (Сі) + Fx(qy (СС) Ехо) (ссн) 


For each С;, the score values of C; is calculated directly and as shown in Table 19. 


Table 19. Score Function. 


V Score Values 


C, (9.97,1.0542.702) 

C, (5.87,1.2979,1.7105) 
Сз (8.48,1.3562,2.2994) 
Са (6.731.392,2.3119) 
С5 (7.07,1.3673,1.9029) 
С (4.23,0.6929,1.2175) 


So, he chooses the path P3:C4,C5,C5,C2,Ce. The Algorithm 1 of the application is also be given in 
Algorithm 1. The flow chart is given in Figure 10. 


Algorithm 1: Influence strength of each path in rough neutrosophic influence graph 


nO 


Input the universal sets C and P. 

Input the full soft set 5 and neutrosophic set N on V. 

Calculate the Soft rough neutrosophic sets on V. 

Input the universal sets E and L. 

Input the full soft set R and neutrosophic set M on E. 

Calculate the Soft rough neutrosophic sets on E. 

Input the universal sets I and F. 

Input the full soft set X and neutrosophic set Q on I. 

Calculate the Soft rough neutrosophic sets on I. 

10. Find the number of path and calculate their influence strength of 
each path from C, to Cy. 

11. Choose that path which has maximum membership, minimum 

indeterminacy and falsity value. If i > 1, than calculate the 

score values of each Cj, choose that C; which has maximum 

membership and come immediately after C; in one of the paths. 


ю © моо ал ео 


5. Conclusions 


Graph theory has been applied widely in various areas of engineering, computer science, database 
theory, expert systems, neural networks, artificial intelligence, signal processing, pattern recognition, 
robotics, computer networks, and medical diagnosis. Present research has shown that two or more 
theories can be combined into a more flexible and expressive framework for modeling and processing 
incomplete information in information systems. Various mathematical models that combine rough sets, 
soft sets and neutrosophic sets have been introduced. A soft rough neutrosophic set is a hybrid tool for 
handling indeterminate, inconsistent and uncertain information that exist in real life. We have applied 
this concept to graph theory. We have presented certain concepts, including soft rough neutrosophic 
graphs, soft rough neutrosophic influence graphs, soft rough neutrosophic influence cycles, soft rough 
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neutrosophic influence trees. We also have considered an application of soft rough neutrosophic 
influence graph in decision-making to illustrate the best path in the business. In the future, we 
will study, (1) Neutrosophic rough hypergraphs, (2) Bipolar neutrosophic rough hypergraphs, (3) 
Neutrosophic soft rough hypergraphs, (4) Decision support systems based on soft rough neutrosophic 
information. 


Trem) (bij) Ex) ^ V Тм (tij ), 


bij ERs(aim) tij€ Rs(aim) 


V ^ Тм (ti). 


368. (аш) tij €Rs (aim) 


V Л мё), 


bigERs (aim) tij€ Rs(aim) 


1ң(м)() = A М Iu (tis). 
bij ER. (aim) tu € Re (arm) 


Frm) (big) = V ^ Fm (tij), 
bij Ra (aim) 6368, (aim) 


Frwy (bi3)= A V Fu(ti). 
bij€Rs(ais) tij€Rs(aim) 


Txio) (bibi) = ^ V To(titjk), 
bib. € Xs(atamn) titjk € Xs(atàmn) 
Tx (Q) (bidjk) = V ^ To(titj), 
bibjkEXs(aramn) titjkEXs(aramn) 
Txio) bibir) = Ta(tit jx), 
bibis EX. (шана) tit € Xs (шања) 


Іх) = ^ V Io(titji), 
bibjg€ X.(atamn) titj&€ Xs(atamn) 


FX Q) (bibir) = V ^ Fo(titj), 
bib; € Xs(atàmn) tit; € Xs(atamn) 


Calculate the influence strength In stren 
Е, ЬЬь) = Fo(titj). б е 
хор) TD T E uad of each path from Ci to Съ 
Take that path which has 
maximium influence strength 


Calculate the score value of each C; Yes 


Choose that C;'s which has maximium membership value 


if [реге is more 
than опе ра 


after C, and is in the paths 


Yes 
if there is more 
than one C. 2 Choose any path 


Figure 10: The flow chart of the application 
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Some Results on Neutrosophic Triplet Group and Their 


Applications 
Temitope Gbolahan Jaiyeola, Florentin Smarandache 


Témítópé Gbóláhàn Jaíyéolá, Florentin Smarandache (2018). Some Results on Neutrosophic Triplet 
Group and Their Applications. Symmetry 10, 202; DOI: 10.3390/sym10060202 


Abstract: This article is based on new developments on a neutrosophic triplet group (МТС) and 
applications earlier introduced in 2016 by Smarandache and Ali. NTG sprang up from neutrosophic 
triplet set X: a collection of triplets (b, neut(b), anti(b)) for an b € X that obeys certain axioms 
(existence of neutral(s) and opposite(s)). Some results that are true in classical groups were 
investigated in NTG and were shown to be either universally true in NTG or true in some peculiar 
types of NTG. Distinguishing features between an NTG and some other algebraic structures such as: 
generalized group (GG), quasigroup, loop and group were investigated. Some neutrosophic triplet 
subgroups (NTSGs) of a neutrosophic triplet group were studied. In particular, for any arbitrarily 
fixed a € X, the subsets X; = (b € X : neut(b) = neut(a)} and ker f; = (b € X| f (b) = neut( f (a))} of X, 
where f: X — Y is a neutrosophic triplet group homomorphism, were shown to be NTSG and normal 
NTSG, respectively. Both X, and ker f; were shown to be a-normal NTSGs and found to 

partition X. Consequently, a Lagrange-like formula was found for a finite NTG X; |Х| = у [Xa : 

аєХ 

ker fa]| ker fa| based on the fact that | ker f;|||X;|. The first isomorphism theorem X/ kerf 2 Imf 
was established for МІС. Using an arbitrary non-abelian NTG X and its NTSG X4, a Bol structure 
was constructed. Applications of the neutrosophic triplet set, and our results on NTG in relation to 
management and sports, are highlighted and discussed. 


Keywords: generalized group; neutrosophic triplet set; neutrosophic triplet group; group 


1. Introduction 


1.1. Generalized Group 


Unified gauge theory has the algebraic structure of a generalized group abstrusely, in its physical 
background. It has been a challenge for physicists and mathematicians to find a desirable unified 
theory for twistor theory, isotopies theory, and so on. Generalized groups are instruments for 
constructions in unified geometric theory and electroweak theory. Completely simple semigroups 
are precisely generalized groups (Araujo et al. [1]). As recorded in Adeniran et al. [2], studies on 
the properties and structures of generalized groups have been carried out in the past, and these have 
been extended to smooth generalized groups and smooth generalized subgroups by Agboola [3,4], 
topological generalized groups by Molaei [5], Molaei and Tahmoresi [6], and quotient space of 
generalized groups by Maleki and Molaei [7]. 
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Definition 1 (Generalized Group(GG)). A generalized group X is a non-void set with a binary operation 
called multiplication obeying the set of rules given below. 


(i) (ab)c = a(bc) for all a,b,c € X. 
(i) For eacha € X there is a unique e(a) € X such that ae(a) = e(a)a = a (existence and uniqueness of 
identity element). 
(iii) For eacha € X, there isa~! € X such that aa~' = a~‘a = e(a) (existence of inverse element). 


Definition 2. Let X be a non-void set. Let (-) be a binary operation on X. Whenever a -b € X foralla,b € X, 
then (X, -) is called a groupoid. 

Whenever the equation с. x = d (or y - c = d) have unique solution with respect to x (or y) i.e., satisfies 
the left (or right) cancellation law, then (X, -) is called a left (or right) quasigroup. If a groupoid (X, -) is both 
a left quasigroup and right quasigroup, then it is called a quasigroup. If there is an element e € X called the 
identity element such that for alla € X, a-e =e-a = a, then a quasigroup (X, -) is called a loop. 


Definition 3. A loop is called a Bol loop whenever it satisfies the identity 
((ab)c)b — a((bc)b). 
Remark 1. One of the most studied classes of loops is the Bol loop. 


For more on quasigroups and loops, interested readers can check [8-15]. 
A generalized group X has the following properties: 


(i) For eacha Є X, there is a unique a є Х. 
(ii) е(е(а)) = e(a) and e(a~!) = e(a) ifa € X. 
(iii) If X is commutative, then X is a group. 


1.2. Neutrosophic Triplet Group 


Neutrosophy is a novel subdivision of philosophy that studies the nature, origination, and ambit of 
neutralities, including their interaction with ideational spectra. Florentin Smarandache [16] introduced 
the notion of neutrosophic logic and neutrosophic sets for the first time in 1995. As a matter of fact, 
the neutrosophic set is the generalization of classical sets [17], fuzzy sets [18], intuitionistic fuzzy 
sets [17,19], and interval valued fuzzy sets [17], to cite a few. The growth process of neutrosophic 
sets, fuzzy sets, and intuitionistic fuzzy sets are still evolving, with diverse applications. Some recent 
research findings in these directions are [20—27]. 

Smarandache and Ali [28] were the first to introduce the notion of the neutrosophic triplet, which 
they had earlier talked about at a conference. These neutrosophic triplets were used by them to 
introduce the neutrosophic triplet group, which differs from the classical group both in fundamental 
and structural properties. The distinction and comparison of the neutrosophic triplet group with the 
classical generalized group were given. They also drew a brief outline of the potential applications 
of the neutrosophic triplet group in other research fields. For discussions of results on neutrosophic 
triplet groups, neutrosophic quadruples, and neutrosophic duplets of algebraic structures, as well as 
new applications of neutrosophy, see Jaiyéolá and Smarandache [29]. Jaiyéolá and Smarandache [29] 
were the first to introduce and study inverse property neutrosophic triplet loops with applications to 
cryptography for the first time. 
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Definition 4 (Neutrosophic Triplet Set-NTS). Let X be a non-void set together with a binary operation x 
defined on it. Then X is called a neutrosophic triplet set if, for any a € X, there is a neutral of 'a' denoted by 
neut (a) (not necessarily the identity element) and an opposite of ‘a’ denoted by апі (а), with neut(a),anti(a) € 
X such that 


axneut(a) = neut(a) ха =a and axanti(a) = anti(a) xa = neut(a). 


The elements a,neut(a) and anti(a) are together called neutrosophic triplet, and represented by 
(a, neut(a), anti(a)). 


Remark 2. For an a € X, each of neut(a) and anti(a) may not be unique. In a neutrosophic triplet set (X, x), 
an element b (or c) is the second (or third) component of a neutrosophic triplet if a,c € X (a,b € X) such that 
axb=bxa=aandaxc=cxa=b. Thus, (a,b,c) is a neutrosophic triplet. 


Example 1 (Smarandache and Ali [28]). Consider (Ze, x6) such that 26 = {0,1,2,3,4,5} and xg is 
multiplication in modulo 6. (2,4,2), (4,4, 4), and (0,0,0) are neutrosophic triplets, but 3 will not give rise to a 
neutrosophic triplet. 


Definition 5 (Neutrosophic Triplet Group—NTG). Let (X, x) bea neutrosophic triplet set. Then (X, x) is 
referred to as a neutrosophic triplet group if (X, x) is a semigroup. Furthermore, if (X, ж) obeys the commutativity 
law, then (X, ж) is referred to as a commutative neutrosophic triplet group. 

Let (X,x*) be a neutrosophic triplet group. Whenever neut(ab) = neut(a)neut(b) for all a,b € X, 
then X is referred to as a normal neutrosophic triplet group. 

Let (X,x) be a neutrosophic triplet group and let H C X. H is referred to as a neutrosophic triplet 
subgroup (NTSG) of X if (H,x) is a neutrosophic triplet group. Whence, for any fixed a € X, H is called 
a-normal NTSG of X, written H 4 Х if ay anti(a) € H for all y € H. 


Remark 3. An NTG is not necessarily a group. However, a group is an NTG where neut(a) — e, the general 
identity element for all a € X, and anti(a) is unique for each a € X. 


Example 2 (Smarandache and Ali [28]). Consider (210, Q) such that c & d = 3cd mod 10. (Z19, Q) isa 
commutative NTG but neither a GG nor a classical group. 


Example 3 (Smarandache and Ali [28]). Consider (210, ж) such that c xd = 5c +d mod 10. (210, ж) isa 
non-commutative NTG but not a classical group. 


Definition 6 (Neutrosophic Triplet Group Homomorphism). Let f : X — Y bea mapping such that X 
and Y are two neutrosophic triplet groups. Then f is referred to as a neutrosophic triplet group homomorphism 
if f (cd) = f (c)f(d) for all c,d € X. The kernel of f at a € X is defined by 


ker fa = [x € X : f(x) = neut(f(a))). 


The Kernel of f is defined by 
ker f — U ker fa 


acx 
such that f, = f|x,, where X, = (x € X : neut(x) = neut(a)}. 


Remark 4. The definition of neutrosophic triplet group homomorphism above is more general than that 
in Smarandache and Ali [28]. In Theorem 5, it is shown that, for an NTG homomorphism f : X — Y, 


f (neut(a)) = neut(f(a)) and f(anti(a)) = anti(f(a)) for all a € X. 
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The present work is a continuation of the study of a neutrosophic triplet group (NTG) and its 
applications, which was introduced by Smarandache and Ali [28]. Some results that are true in classical 
groups were investigated in NTG and will be proved to be either generally true in NTG or true in 
some classes of NTG. Some applications of the neutrosophic triplet set, and our results on NTG in 
relation to management and sports will be discussed. 

The first section introduces GG and МТС and highlights existing results that are relevant to 
the present study. Section 2 establishes new results on algebraic properties of NTGs and NTG 
homomorphisms, among which are Lagrange's Theorem and the first isomorphism theorem, 
and presents a method of the construction of Bol algebraic structures using an NTG. The third section 
describes applications of NTGs to human management and sports. 


2. Main Results 


We shall first establish the relationship among generalized groups, quasigroups, and loops with 
a neutrosophic triplet group assumed. 


Lemma 1. Let X be a neutrosophic triplet group. 


1. Хіѕа generalized group if it satisfies the left (or right) cancellation law or X is a left (or right) quasigroup. 
2. X isa generalized group if and only if each element x € X has a unique neut(x) € X. 
3. Whenever X has the cancellation laws (or is a quasigroup), then X is a loop and group. 


/ 


Proof. 1. Let x have at least two neutral elements, say neut(x),neut(x) € X. Then xx = xx => 


left quasigroup 


xxanti(x) = xx anti(x) = x neut(x) = x neut(x)' neut(x) — neut(x)'. Therefore, 


left cancellation law 
X is a generalized group. Similarly, X is a generalized group if it is has the right cancellation law 


or if itisa right quasigroup. 
2. This follows by definition. 
3.  Thisis straightforward because every associative quasigroup is a loop and group. 


2.1. Algebraic Properties of Neutrosophic Triplet Group 


We now establish some new algebraic properties of NTGs. 
Theorem 1. Let X be a neutrosophic triplet group. For any a € X, anti(anti(a)) — a. 


Proof. anti(anti(a))anti(a) = neut(anti(a)) = neut(a) by Theorem 1 ([29]). After multiplying by a, 
we obtain 
[anti (anti(a))anti(a)|a = neut(a)a = a. (1) 


LHS — anti(anti(a)) (anti(a)a) — anti(anti(a))neut(a) 


= anti (anti(a)) neut (anti(a)) = anti(anti(a)) neut (anti(anti(a)) ) — anti(anti(a)). 0) 


Hence, based on Equations (1) and (2), anti(anti(a)) = а. 


Theorem 2. Let X be a neutrosophic triplet group such that the left cancellation law is satisfied, 
and neut(a) — neut(a anti(b)) if and only if a anti(b) — a. Then X is an idempotent neutrosophic triplet 
group if and only if neut(a)anti(b) — anti(b)neut(a) V a,b € X. 


Proof. neut(a)anti(b) = anti(b)neut(a) © (a neut(a))anti(b) = a anti(b)neut(a) <= a anti(b) = 
a anti(b)neut(a) <= neut(a) = neut(a anti(b)) <= a anti(b) = a © a anti(b)b = ab <= a neut(b) = 
ab © anti(a)a neut(b) = anti(a)ab <= neut(a)neut(b) = neut(a)b <= neut(b) = b & b = bb. 
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Theorem 3. Let X bea normal neutrosophic triplet group in which neut(a)anti(b) = anti(b)neut(a) Va,b € X. 
Then, anti(ab) — anti(b)anti(a) V a,b € X. 


Proof. Since anti(ab)(ab) — neut(ab), then by multiplying both sides of the equation on the right by 
anti(b)anti(a), we obtain 


[anti(ab)ab] anti(b)anti(a) = neut(ab)anti(b)anti(a). (3) 
Going by Theorem 1([29]), 
[anti(ab)ab] anti(b)anti(a) = anti(ab)a (b anti(b))anti(a) = anti(ab)a(neut(b)anti(a)) 
= anti(ab) (a anti(a))neut(b) = anti(ab) (neut(a)neut(b)) (4) 
— anti(ab)neut(ab) — um i(ab ^i — anti(ab). 


Using Equations (3) and (4), we obtain 


[anti(ab)ab]anti(b)anti(a) = anti(ab) = 
neut(ab) (anti(b)anti(a)) = anti(ab) = anti(ab) = anti(b)anti(a). 


It is worth characterizing the neutrosophic triplet subgroup of a given neutrosophic triplet group 
to see how a new NTG can be obtained from existing NTGs. 


Lemma 2. Let H be a non-void subset of a neutrosophic triplet group X. The following are equivalent. 


(i)  Hisaneutrosophic triplet subgroup of X. 
(ii) Foralla,b € H,aanti(b) € Н. 
(їй) Foralla,b € H,ab € H, and anti(a) € Н. 


Proof. (i) (ii) If H is an NTSG of X and a,b € H, then anti(b) є H. Therefore, by closure property, 
aanti(b) c HVa,b €H. 

(ii)— (iii) If H A Ø, and a,b € H, then we have b anti(b) = neut(b) € H, neut(b)anti(b) = anti(b) € H, 
and ab = a anti(anti(b)) € H,ie., ab € H. 

(iii)— (i) H C X, so H is associative since X is associative. Obviously, for any a € Н, anti(a) € Н. 
Let a € H, then anti(a) € Н. Therefore, a anti(a) = anti(a)a = neut(a) € Н. Thus, H is an 

NTSG of X. 


Theorem 4. Let С and Н be neutrosophic triplet groups. The direct product of С and H defined by 
Gx H = {(g,h):g є Gandh € H} 
is a neutrosophic triplet group under the binary operation o defined by 
(81,11) © (82,12) = (8182,10). 


Proof. This is simply done by checking the axioms of neutrosophic triplet group for the pair (G x H, o), 
in which case neut(g,h) = (neut(g),neut(h)) and anti(g,h) = (anti(g),anti(h)). 


Lemma 3. Let H = {Hj}icq be a family of neutrosophic triplet subgroups of a neutrosophic triplet group 


X such that a Н; # Ø. Then a Н; is a neutrosophic triplet subgroup of X. 
ien ien 


560 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Proof. This is a routine verification using Lemma 2. 


2.2. Neutrosophic Triplet Group Homomorphism 


Let us now establish results on NTG homomorphisms, its kernels, and images, as well as 
a Lagrange-like formula and the First Isomorphism Theorem for NTGs. 


Theorem 5. Let f : X — Y bea homomorphism where X and Y are two neutrosophic triplet groups. 


f (neut(a)) = neut(f (a)) for all a € X. 

f (anti(a)) = anti(f (a)) for all a € X. 

If H is a neutrosophic triplet subgroup of X, then f (H) is a neutrosophic triplet subgroup of Y. 

If K is a neutrosophic triplet subgroup of Y, then © # f  (K) is a neutrosophic triplet subgroup of X. 


Cy Hw Ыз Кә EX 


If X is а normal neutrosophic triplet group and the set X; = ((neut(a), f (a)) : a € X} with the product 


(neut(a), f(a))(neut(b), f(b)) :— (neut(ab), f (ab)), then 


Xy is a neutrosophic triplet group. 
Proof. Since f is an homomorphism, f (ab) = f (a)f (b) for all a,b € X. 


1. Place b = neut(a) in f(ab) = f(a)f(b) to obtain f(a neut(a)) = f(a)f(neut(a)) = f(a) 
f (a)f (neut(a)). Additionally, place b = neut(a) in f (ba) = f(b)f (a) to obtain f (neut(a)a) 
f (neut(a))f (a) = f(a) = f(neut(a))f (a). Thus, f (neut(a)) = neut(f(a)) for alla є X. 

2. Place b = anti(a) in f(ab) = f(a)f(b) to obtain f(a anti(a)) = f(a)f(anti(a)) = 
f(neut(a)) = f(a)f(anti(a)) = neut(f(a)) = f(a)f(anti(a)). Additionally, place b = anti(a) 
in f(ba) = f(b)f (a) to obtain f (anti(a)a) = f(anti(a)) f(a) = f(neut(a)) = f(a)f (anti(a)) = 
neut(f(a)) = f (anti(a)) f (a). Thus, f (anti(a)) = anti(f (a)) for alla € X. 

3. IfHisan NTSG of G, then f(H) = {f(h) € Y : h € H}. We shall prove that f(H) is an NTSG of 
Y by Lemma 2. 

Since f(neut(a)) = neut(f(a)) € f(H) fora € H, f(H) # Ø. Let a',b' є f(H). Then а = f(a) 
and b/ = f(b). Thus, a’ anti(b’) = f(a)anti(f(b)) = f(a)f(anti(b)) = f(a anti(b)) є f(H). 
Therefore, f(H) is an NTSG of Y. 

4. If Kis aneutrosophic triplet subgroup of Y, then Ø Z (К) = (a € X : f(a) € К}. We shall 
prove that f (H) is an NTSG of Y by Lemma 2. 

Let a,b € f~1(K). Then а, € K such that a’ = f(a) and b' = f(b). Thus, a’ anti(b/) = 
f(a)anti(f(b)) = f(a)f (anti(b)) = f(a anti(b)) € K > aanti(b) € f ^! (K). Therefore, (К) is 
an NTSG of X. 

5. Given the neutrosophic triplet group X and the set X; = ((neut(a), f(a)) : a € X} with the 
product (neut(a), f (a)) (neut(b), f (b)) :— (neut(ab), f (ab)). Xy is a groupoid. 

(neut (a), f(a))(neut(b), f(b) - (neut(z),flz)) = (пеша), f(ab))(neut(z),f(2)) = 
(neut (abz), f (abz)) 
= (neut(a), f(a))(neut(bz), f(bz)) = (neut(a), f(a)) - (neut(b), f (b) (neut(z), f(2)). 


Therefore, X, is a semigroup. 

For (neut(a),f(a)) € Xp, let б ),f(a)) = (neut(neut(a)),neut(f(a))). Then 
neut(neut(a), f (a)) = (neut(a), (f(neut(a))) € Xy. Additionally, let anti(neut(a), f(a)) = 
(anti(neut(a)),anti( f (a))). Then Howe f(a)) = (neut(a), f (anti(a))) € Xy. 

Thus, (neut(a), f (a))neut(neut(a), f (a)) = (neut(a), f (a)) (neut(a), (f (neut(a))) 
(neut(a), f (a)) (neut(anti(a)), (f (neut(a))) = (neut(a  anti(a)),f(a — neut(a))) 
(neut(neut(a)), f (a neut(a))) = (neut(a),f(a)) = (neut(a), f (a))neut(neut(a), f (a)) 
(neut(a), f (a)) and similarly, neut(neut(a), f (a)) (neut(a), f (a)) — (neut(a), f (a)). 
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On the other hand, (neut (a), f (a))anti(neut(a), f (a)) = (neut(a), f(a)) - (neut(a ш 


a 
А, )), CF(anti(a))) = (neut(a — anti(a)), f (a ni ))) 
(neut(neut(a)), f (neut(a))) = (neut(a), (f (neut(a))) = neut(neut(a), f(a)) = dine a), f (a)) - 
anti(neut(a d P = «а ), f (a)) and similarly, anti(neut(a), f (a)) - (neut(a), f(a)) = 


neut (neut(a), f (a)). 


Therefore, Ху is a neutrosophic triplet group. 


Theorem 6. Let f : X — Y bea neutrosophic triplet group homomorphism. 


Өт Hs. ©з Rey ка 


ker f, 4 X. 
X, 4X. 
X, is a normal neutrosophic triplet group. 
anti(cd) = anti(d)anti(c) V c,d € Xa. 
X, = | cker f, for all a € X. 
C€ Xa 
If X is finite, |X;| = У єх, |c ker fal = [Xs : ker f;]| ker fa| for alla € X where [Ха : ker fa] is the 
index of ker fa in Xa, i.e., the number of distinct left cosets of ker fa in Xa. 


X= (J X: 


acx 


If X is finite, |X| = Y [Ха : ker fal| ker fal. 


acx 


Proof. 1.  f(neut(a)) = neut(f(a)) = neut(neut(f(a))) = neut(f(neut(a))) = neut(a) € ker fa = 


ker fa # ©. Let c,d € ker fa, then f(c) = f(d) = neut(f(a)). We shall use Lemma 2. 

fle anti(d)) = f(c)f(anti(d)) = f(c)anti(f(d)) = neut(f(a))anti(neut(f(a))) = 
neut(f (a))neut(f(a)) = neut(f(a)) = canti(d) € ker fa. 

Thus, kerf, is a neutrosophic triplet subgroup of X. For the a-normality, let d є 
ker fa, then f(d) =  neut(f(a)) Therefore, f(ad anti(a)) =  f(a)f(d)f(anti(a)) = 
f (a)neut(f (a))anti(f (a)) = f(a)anti(f(a)) = neut(f(a)) = ad anti(a) € ker f, for all d € ker fa. 
Therefore, ker fa aX, 

Xa = {c E€ X : neut(c) = neut(a)}. neut(neut(a)) = neut(a) = neut(a) є Xa. Therefore, X, 4 Ø. 
Let c,d € X,. Then neut(c) = neut(a) = neut(d). (c neue ) = c(d neut(a)) = c(d neut(d)) = 
cd, and neut(a)(cd) = (neut(a)c)d = (neut(c)c)d = cd. Therefore, neut(cd) = neut(a). 
neut(anti(c)) = anti(neut(c)) = anti(neut(a)) = neut(a) = anti(c) € Xa. Thus, X, is 
a neutrosophic triplet subgroup of X. 

neut(anti(a)) = neut(a) = anti(a) € Xa. Therefore, (ac anti(a))neut(a) = 
(ac) (anti(a)neut(a)) = ac anti(a), and neut(a)(ac anti(a)) = neut(a)a(c anti(a)) = ac anti(a). 
Thus, neut(ac anti(a)) = neut(a) = ac anti(a) € Xa. Therefore, X; 4X. 

Let c,d € X;. Then neut(c) = neut(a) = neut(d). Therefore, neut(cd) = neut(a) = 
neut(a)neut(a) = neut(c)neut(d). Thus, X; is a normal NTG. 

For all c,d € Ха, neut(c)anti(d) =  neut(a)anti(d) =  neut(d)anti(d) = anti(d) = 
anti(d)neut(d) — anti(d)neut(a) — anti(d). Therefore, based on Point 3 and Theorem 3, 
anti(cd) = anti(d)anti(c) V c,d € Xa. 

Define a relation x on X, as follows: c x d if anti(c)d € ker fa for all c,d € Ха. anti(c)c = 
neut(c) = neut(a) = anti(c)c € ker f; = c x c. Therefore, x is reflexive. 

c x d = anti(c)d € ker f, aS anti(anti(c)d) € ker f, = anti(d)c € ker fı = d x c. Therefore, 
ж 15 symmetric. 

c x dd x z = anti(c)d,anti(d)z € kerfa = anti(c)d anti(d)z = anti(c)neut(d)z = 
anti(c)neut(a)z = anti(c)z € kerfa = c x z. Therefore, x is transitive and x is an 
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equivalence relation. 
The equivalence class [c] y, = (d : anti(c)d € ker fa} = (d : canti(c)d € ckerf,} = (d : 
neut(c)d € cker fa} = (d : neut(a)d € cker fa} = (d : d € cker fa} = cker fa. Therefore, 
Xa/ X= {Ielp,}cex, = {cker falcex,- 
Thus, X, = U C ker f; for alla € X. 

CC X; 
If X is finite, then |ker f;| = |cker f;| for all c є Xa. Thus, |X;| = Xx, |cker fal = [Xa : 
ker fa|| ker f;| for alla € X where [Х„ : ker fa] is the index of ker f, in Xj, i.e., the number of 
distinct left cosets of ker fa in Xa. 
Define a relation ~ on X: c ~ d if neut(c) = neut(d). ~ is an equivalence relation on X, so 
X/ ~= {Х,}сех and, therefore, X = |) Ха. 

acx 


Hence, based on Point 7, if X is finite, then |X| = У / |X;| = ) [Ха : ker f;]| ker fal. 
acx acx 


Theorem 7. Let a € X and f : X — Y be aneutrosophic triplet group homomorphism. Then 


1. 
2. 


f is a monomorphism if and only if ker f, = {neut(a)} for all a € X; 


the factor set X / ker f = U X; / ker fa is a neutrosophic triplet group (neutrosophic triplet factor group) 
acx 
under the operation defined by 


C ker f, · d ker fy = (cd) ker fap- 


Proof. 1. Let ker f, = {neut(a)} and let c,d € X. If f(c) = f (d), this implies that f(c anti(d)) = 


2: 


f (d)anti(f(d)) = f (d anti(f (d))) > f (c anti(d)) = neut(f (d)) > c anti(d) € ker fy > 
canti(d) — neut(d) — neut(anti(d)). (5) 

Similarly, f (anti(d)c) = neut(f(d)) = anti(d)c € ker fy > 
anti(d)c — neut(anti(d)). (6) 


Using Equations (5) and (6), c = anti(anti(d)) = d. Therefore, f is a monomorphism. 


Conversely, if f is mono, then f(d) — 
Then f(k) = neut(f(a)) = f(neut(a)) = k = 
ac x. 

Let c ker fa, d ker fp, z ker f. € X/ ker = Ugex Xa/ ker fa. 


fic) > d = с. Letk € kerfa а € X. 
neut(a). Therefore, ker fa = {neut(a)} for all 


Groupoid: Based on the multiplication cker f, · d ker f; = (cd) ker fap, the factor set X/ ker f is 


a groupoid. 


Semigroup: (cker fa : d ker fp) : zker fe = (cdz) ker fabe = cker f; (d ker fy - z ker fc). 
Neutrality: Let neut(cker fa) = neut(c) ker fneut(a) Then cker fa · neut(cker fa) = cker fa - 


neut(c) ker frout(a) = (c neut(c)) ker fa neut(a) = © ker fa and similarly, neut(cker fa) - 
c ker fa = c ker fa. 


Opposite: Let anti(cker ја) = anti(c) ker fanti(a) Then cker fa · anti(cker fa) = cker fa · 


anti(c) ker fanti) = (с anti(c)) ker fa antia) = neut(c) ker freus(q)- ^ Similarly, 
anti(c ker fa)) -cker fa = neut(c) ker freut(a): 


. (X/ ker f,-) is an NTG. 
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Theorem 8. Let $ : X — Y bea neutrosophic triplet group homomorphism. Then X / ker $ = Im ф. 


Proof. Based on Theorem 6(7), X = |) X;. Similarly, define a relation ~ on ф(Х) = Im ф: ф(с) ~ $(d) 
acx 
if neut($(c)) = neut($(d)). ~% is an equivalence relation on ф(Х), so ф(Х)/ ~= {P(X-)}cex and 


Im $ = |) (Xc). It should be noted that X; 4 X in Theorem 6(2). 


cEX 
Let pa : Xa/ ker pa > ф(Ха) given by $;(cker фа) = $(c). It should be noted that, by Theorem 6(1), 


ker pa 4 X. Therefore, cker фа = dkerpa => anti(d)cker$, = anti(d)dker$, = neut(d) kerpa = 
ker ġa => anti(d)cker pa = kerpa => p(anti(d)c) = neut($(a)) = апн(ф(а))ф(с) = neut(p(a)) = 
p(d)anti(p(d))p(c) = p(d)neut(p(a)) = neut(p(d))p(c) = p(d)neut(p(a)) = p(neut(d))p(c) = 
p(d)p(neut(a)) = p(neut(d) c)) = p(d neut(a)) = p(neut(a) c)) = p(d neut(a)) = p(neut(c) c)) = 
o(d neut(c)) = $(c) = $(d) = falc ker pa) = Pa (d ker ġa). Thus, ĝa is well defined. 

фа(с Кег фа) = фа(Я ker pa) = ф(с) = p(d) = anti(p(d))p(c) = anti(p(d))p(d) = пеин(ф(а)) = 
$(anti(d))$(c) = neut(p(d)) = d(neut(d)) = d(neut(a)) = neut($(a)) = d(anti(d) c) = 
neut($(a)) = anti(d) c € ker$, = d anti(d) c € dker$; = neut(d) c € dker$, = neut(a) c є 
dker pa > c € dker o, 2% 60 
Thus, фа is bijective. 

Now, based on the above and Theorem 7(2), we have a bijection 


cker фа = d ker фа. This means that фа is 1-1. fa is obviously onto. 


Ф = |] fa: X/kerp = |] Х„/ ker pa > Img = ф(Х) = |] ф(Х„) 


аєх acx acx 


defined by ®(cker pa) = $(c). Thus, if c ker фа, d ker pp € X/ ker $, then 


(с ker Qa - dker $y) = $ (cd ker pb) = (cd) = ф(с)ф(4) = Ф(с ker py) (d ker pp). 


*, X/ ker 6 = Im 6. 


2.3. Construction of Bol Algebraic Structures 


We now present a method of constructing Bol algebraic structures using an NTG. 


Theorem 9. Let X be a non-abelian neutrosophic triplet group and let A = Xa x X for any fixed a € X. 
For (hi, 81), (I5, 22) € A, define o on A as follows: 


(11,81) о (№, 82) = (hiha, hog, anti(h)go). 
Then (A,o) is a Bol groupoid. 


Proof. Let a,b,c € A. By checking, it is true that ao (рос) # (aob)oc. Therefore, (A,o) is 
non-associative. X, is anormal neutrosophic triplet group by Theorem 6(3). A is a groupoid. 


Let us now verify the Bol identity: 
((aob)oc)ob —ao((boc)ob) 


LHS = ((a ob) oc) o = (hhzhshz,hzhshagı апі (г) вә anti(hs)gs anti(h)ga). 
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Following Theorem 6(4), 
RHS =ao((boc)ob)= 


(Iu ahaha, hzhsh281 anti (hzhzh2)hzh3g2 anti(ha)ga апі (п) вз) = 


(тп, hoha3h»gi anti(hz) (anti(h3) anti(hz)h2h3) go anti(h3)¢3 anti(h2)82) = 


(һәй, h5ha3h»g1 anti(h2) (anti(h3) neut(hz)h3) go anti(ha)ga anti(hy)ga) 


(Iu hahaha, hohshog: апі (їо) (апі (пз) neut(a)h3) &> anti(ha)gs anti(h2)g2) = 


(hahahaha, изо апі (по)апн(пз)изәә anti(ha)g3 anti(hy)ga) 
(hhzhzhz, h5h3h»g1 anti(hz)neut(h3)g2 anti(h3)g3 anti(h2)g2) 
(Iu hahaha, h5ha3h»gi anti(h;)neut(a)g» anti(ha)ga апі (п) вз) = 


(^олат, hzh3h281 anti(h2)g2 anti(h3)g3 anti(h2)82) : 


Therefore, LHS - RHS. Hence, (A, o) is a Bol groupoid. 
Corollary 1. Let Н be a subgroup of a non-abelian neutrosophic triplet group X, and let A = H x X. 


For (hi, 1), (hz, 22) € A, define o on А as follows: 
(11,81) о (I2, $2) = (hıh, hag anti(h2)g2). 


Then (A,o) is a Bol groupoid. 
Proof. A subgroup H is a normal neutrosophic triplet group. The rest of the claim follows from 


Theorem 9. 
Corollary 2. Let H be a neutrosophic triplet subgroup (which obeys the cancellation law) of a non-abelian 


neutrosophic triplet group X, and let A = H x X. For (hi, g1), (hz, 22) € A, define o on A as follows: 


(I, 81) о (h2,82) = (hth, hog anti(ha)ga). 


Then (A,o) is a Bol groupoid. 
Proof. By Theorem 1(3), H is a subgroup of X. Hence, following Corollary 1, (A, o) is a Bol groupoid. 


Corollary 3. Let H be a neutrosophic triplet subgroup of a non-abelian neutrosophic triplet group X that has 
the cancellation law and let A = H x X. For (h1, g1), (h2, 22) € A, define o on A as follows: 


(In, 81) о (по, 82) = (hth, hog1 anti(ha)ga). 


Then (A,o) is a Bol loop. 
Proof. By Theorem 1(3), X is a non-abelian group and H is a subgroup of X. Hence, (А, о) is a loop 


and a Bol loop by Theorem 9. 
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3. Applications in Management and Sports 


3.1. One-Way Management and Division of Labor 


Consider a company or work place consisting of a set of people X with | X| number of people. 
A working unit or subgroup with a leader ‘a’ is denoted by X;. 

neut(x) for any x € X represents a co-worker (or co-workers) who has (have) a good (non-critical) 
working relationship with x, while anti(x) represents a co-worker (or co-workers) whom x considers 
as his/her personal critic(s) at work. 

Hence, X, can be said to include both critics and non-critics of each worker x. It should be 
noted that in X;, neut(a) = neut(x) for all x € X;. This means that every worker in X, has a good 
relationship with the leader ‘a’ 

Thus, by Theorem 6(7)—X = | J X; and |X| = X;cx|X;|—the company or work place X can be 


аєх 
said to have a good division of labor for effective performance and maximum output based on the 
composition of its various units (X;). See Figure 1. 


X (company) 
Working Unit/Working Unit\ Working Unit 


X; 


AN 


neut(x anti(x 


Figure 1. One-way management and division of labor. 


3.2. Two-Way Management Division of Labor 


Consider a company or work place consisting of a set of people X with |X| number of people at 
a location A and another company or work place consisting of people Y with |Y| number of people at 
another location B. Assume that both companies are owned by the same person f. Hence, f : X ^ Y 
can be considered as a movement (transfer) or working interaction between workers at A and at B. 
The fact that f is a neutrosophic triplet group homomorphism indicates that the working interaction 
between X and Y is preserved. 

Let ‘a’ be a unit leader at A whose work correlates to another leader f(a) at B. 
Then Ker f, represents the set of workers x in a unit at A under the leadership of ‘a’ such that there are 
other, corresponding workers f (x) at B under the leadership of f (a). Here, f(x) = neut(f(a)) means 
that workers f(x) at B under the leadership of f (a) are loyal and in a good working relationship. 
The mapping fa shows that the operation of a subgroup leader (the operation is denoted by ʻa’) is 
subject to the modus operandi of the owner of the two companies, where the owner is denoted by f. 

The final formula |X| = У [Ха : ker fa]|ker fa| in Theorem 6(8) shows that the overall performance 


xex 
of the set of people X is determined by how the unit leaders ‘a’ at A properly harmonize with the unit 
leaders at В in the effective administration of ker fa and X; (Figure 2). 
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X (Company) 
Location B 
Working Unit 
X ker Хауа 
ч f ie ч Ү (Сотрапу) 
О, 
Mban Д 
(2 
Пек, 
ker fa, ker fa Кег/а,... Imf 
кч / \ РА Ler 
a2 neut(x) x anti(x)... Location A f(x) f(a) f(a) 


Figure 2. Two-way management division of labor. 


3.3. Sports 


In the composition of a team, a coach can take X, as the set of players who play in a particular 
department (e.g., forward, middle field, or defence), where a is the leader of that department. 
Let neut(x) represent player(s) whose performance is the same as that of player x, and let anti(x) 
represent player(s) that can perform better than player x. It should be noted that the condition 
neut(x) — neut(a) for all x € X, means that the department X, has player(s) who are equal in 
performance; i.e., those whose performance are equal to that of the departmental leader а. Hence, 
a neutrosophic triplet (x, neut(x),anti(x)) is a triple from which a coach can make a choice of his/her 
starting player and make a substitution. The neutrosophic triplet can also help a coach to make 
the best alternative choice when injuries arise. For instance, in the goal keeping department (for 
soccer / football), three goal keepers often make up the team for any international competition. Imagine 
an incomplete triplet (x,neut(x),?), i.e., no player is found to be better than x, which reduces to 
a duplet. 

X, can also be used for grouping teams in competitions in the preliminaries. If x = team, 
then anti(x) — teams that can beat x and neut(x) — teams that can play draw with x. Therefore, 
neutrosophic triplet (x, neut(x), anti(x)) is a triplet with which competition organizers can draw teams 
into groups for a balanced competition. The Fédération Internationale de Football Association (FIFA) 
often uses this template in drawing national teams into groups for its competitions. Club teams from 
various national leagues, to qualify for continental competitions (e.g., Union of European Football 
Associations (UEFA) Champions League and Confederation of African Football (CAF) Champions 
League), have to be among the five. This implies the application of duplets, triplets, quadruples, 
etc. (Figure 3). 
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anti(x) 


neut(x) 


Figure 3. Sports. 


Author Contributions: T.G.J. established new properties of neutrosophic triplet groups. He further presented 
applications of the neutrosophic triplet sets and groups to management and sports. ES. cointroduced the 
neutrosophic triplet set and group, as well as their properties. He confirmed the relevance of the neutrosophic 
duplet and the quadruple in the applications of neutrosophic triplet set. 
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Single Valued Neutrosophic Hesitant Fuzzy Computational 


Algorithm for Multiobjective Nonlinear Optimization Problem 
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Firoz Ahmad, Ahmad Yusuf Adhami, Florentin Smarandache (2018). Single Valued Neutrosophic 
Hesitant Fuzzy Computational Algorithm for Multiobjective Nonlinear Optimization Problem. 
Neutrosophic Sets and Systems 22: 76-86 


Abstract: In many real-life situations, it is often observed that the degree of indeterminacy (neutrality) plays an important role along with the 
satisfaction and dissatisfaction levels of the decision maker(s) (DM(s)) in any decision making process. Due to some doubt or hesitation, it 
may necessary for DM(s) to take opinions from experts which leads towards a set of conflicting values regarding satisfaction, indeterminacy 
and dis-satisfaction level of DM(s). In order to highlight the above-mentioned insight, we have developed an effective framework which 
reflects the reality involved in any decision-making process. In this study, a multiobjective nonlinear programming problem (MO-NLPP) 
has been formulated in the manufacturing system. A new algorithm, neutrosophic hesitant fuzzy programming approach (NHFPA), based 
on single-valued neutrosophic hesitant fuzzy decision set has been proposed which contains the concept of indeterminacy hesitant degree along 
with truth and falsity hesitant degrees of different objectives. In order to show the validity and applicability of the proposed approach, a 
numerical example has been presented. The superiority of the proposed approach has been shown by comparing with other existing 
approaches. Based on the present work, conclusions and future scope have been presented. 


Keywords: Indeterminacy hesitant membership function, Neutrosophic hesitant fuzzy programming, Multiobjective nonlinear programming problem. 


1 Introduction 


Many decision-making processes inherently involved different conflicting objectives which are to be optimized (maximize/minimize) under given circumstances. 
In the present competitive era, it is indispensable for decision maker(s) (DM(s)) to obtain better possible outcomes/results when dealing with multiple objectives 
atatime. Although, it is quite difficult to have an optimal solution which satisfies all the objectives efficiently a compromise solution is possible which is 
accepted by DM(s) up to some extent. Literature reveals various approaches for multiobjective optimization problem and continuous effort have been made to 
obtain the best compromise solution. It is often observed that the modeling and formulation of the problem arising in agriculture production planning, man- 
ufacturing system etc. takes the form of nonlinear programming problem with multiple objective which is realistic in nature. Thus, multiobjective nonlinear 
programming problem (MO-NLPP) is also a challenging problem due to its local and global optimal concept, unlike multiobjective linear programming problem. 


Bellman and Zadeh [5] introduced fuzzy set (FS) and based on that set Zimmermann [27] proposed fuzzy programming approach (FPA) for multiobjective 
optimization problems. The FPA deals only degree of belongingness but sometimes it may necessary to deal with non-membership function (non-belongingness) 
in order to obtain the results in the more realistic way. To overcome the above fact, Atanassov [4] introduced the intuitionistic fuzzy set (IFS) which is the ex- 
tension of the FS. The IFS is based on more intuition as compared to FS because it also deals with the non-membership function (non-belongingness) of the 
element in the set. Based on IFS, intuitionistic fuzzy programming approach (IFPA) gained its own popularity among the existing multiobjective optimization 
techniques. Angelov [3] first used the optimization technique under intuitionistic fuzzy environment. Mahmoodirad et al. [15] proposed a new approach for the 
balanced transportation problem by considering all parameters and variables are of triangular intuitionistic fuzzy values and pointed out some shortcomings of 
existing approaches. Singh and Yadav [19] discussed multiobjective nonlinear programming problem in the manufacturing system and solved by using three 
approaches namely; Zimmerman’s technique, ^y- operator and Min. bounded sum operator with intuitionistic fuzzy parameters. Bharati and Singh [6] also 
proposed a new computational algorithm for multiobjective linear programming problem in the interval-valued intuitionistic fuzzy environment. 


In recent years, the extensions or generalizations of FS and IFS have been presented with the fact that indeterminacy degree exists in real life and as a 
result, a set named neutrosophic set came in existence. Smarandache [20] introduced the concept of the neutrosophic set (NS). The term neutrosophic is the 
combination of two words, neutre from French meaning, neutral, and sophia from Greek meaning, skill/wisdom. Thus neutrosophic literally means knowledge 
of neutral thoughts which well enough differentiate it from FS and IFS. The neutrosophic set involves three membership functions, namely; maximization of 
truth (belongingness), indeterminacy (belongingness to some extent) and minimization of falsity (non-belongingness) in an efficient manner. Based on NS, 
neutrosophic programming approach (NPA) came into existence and extensively used in real life applications. Abdel-Basset et al. [1] proposed a novel ap- 
proach to solving fully neutrosophic linear programming problem and applied to production planning problem. Rizk-Allah et al. [16] solved the MO-TPs under 
neutrosophic environment and compared the obtained results with the existing approach by measuring the ranking degree using TOPSIS approach. Ye et al. 
[23] formulated neutrosophic number nonlinear programming problem (NN-NPP) and proposed an effective method to solve the problem under neutrosophic 
number environments. Liu and You [12] extended Muirhead mean to interval neutrosophic set and developed some new operator named as interval neutrosophic 
Muirhead mean operators which have been further applied to multi-attribute decision making (MADM) problem. Liu et al. [14] have combined the power 
average operator with Herorian mean operator which results in linguistic neutrosophic power Herorian aggregation operator and extended them for neutrosophic 
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information process. Ahmad and Adhami [2] have also solved the nonlinear transportation problem with fuzzy parameters using neutrosophic programming 
approach and compared the solution results with other existing approaches. Liu and Shi [10] have introduced the valued neutrosophic uncertain linguistic set and 
developed some operators which have been further used to multi-attribute group decision making (MAGDM) problem. Liu and Teng [11] have proposed some 
normal neutrosophic operator based on normal neutrosophic numbers and developed an MADM method based on neutrosophic number generalized weighted 
power averaging operator. Zhang et al. [25] have proposed some new MAGDM methods in which the attributes are interactive in the form of the interval-valued 
hesitant uncertain linguistic number. Liu and Zhang [13] have extended the Maclaurian symmetric mean operator to single-valued trapezoidal neutrosophic 
numbers and developed a method to deal with MAGDM problem based on single-valued trapezoidal neutrosophic weighted Maclaurian symmetric mean oper- 
ator. 


Sometimes, the DM(s) is(are) not sure about the single specific value of the parameters in the set due to doubt or incomplete information but a set of 
different conflicting values may possible to represent the membership degree for any element to the set. In order to deal with the above fact, Torra and Narukawa 
[21] introduced the concept of the hesitant fuzzy set (HFS). The HFS is the generalization of fuzzy set and is very useful tools by ensuring the active involve- 
ment of different experts’ opinions in the decision-making process. Based on HFS, hesitant fuzzy programming approach (HFPA) has been developed which 
incontinently allows the DM(s) to collaborate with experts in order to collect their incompatible opinions. Bharati [7] developed the hesitant computational 
algorithm for multiobjective linear programming problem and applied to production planning problem. Zhang et al. [24] developed a hesitant fuzzy program- 
ming technique to deal with multi-criteria decision-making problems within the hesitant fuzzy elements environment. Zhou and Xu [26] proposed new portfolio 
selection and risk investment approaches under hesitant fuzzy environment. АП the above-discussed sets have its own limitations regarding the existence of each 
element in the set. In brief, FS deals only the membership degree of the element in the set whereas IFS considers both membership and non-membership degree 
of the element in the set simultaneously. NS is the generalization of FS and IFS because it allows the DM(s) to implement the thoughts of neutrality which 
gives the indeterminacy membership degree for an element to the set. Furthermore, HFS is also an extension of FS as its membership is represented by a set of 
different conflicting values in the set. Based on the above-mentioned sets, various optimization techniques such as fuzzy optimization techniques, intuitionistic 
fuzzy optimization techniques, neutrosophic optimization techniques, and hesitant fuzzy optimization techniques have been developed and widely used to solve 
multiobjective optimization problem which usually exists in real life. 


In real life, hesitancy is the most trivial issue in the decision-making process. To deal with it, HFS may be used as an appropriate tool by assigning a set of 
different membership degree for an element in the set. The limitation of HFS is that it only represents the truth hesitant membership degree and does not deals 
with indeterminacy hesitant membership degree and falsity hesitant membership degree for an element in the set which arises due to inconsistent, imprecise, 
inappropriate and incomplete information. On the other hand, a single-valued neutrosophic set (SVNS) is a special case of NS which provides an additional 
opportunity to the DM(s) by incorporating the thoughts of neutrality. It is only confined to the truth, indeterminacy and a falsity membership degree for an 
element to the set. It can not ensure the interference of a set of membership values due to doubt and consequently the involvement of different experts' opinions 
in the decision-making process. The crucial situation arises when the two aspects namely; hesitations and neutral thoughts exist simultaneously in the decision- 
making process. In this case, HFS and SVNS may not be an appropriate tool to represent the situation in an efficient and effective manner. Thus, this kind of 
situations are beyond the scope of FS, IFS, SVNS, and HFS and consequently beyond the scope of FPA, IFPA, NPA, and HFPA to decision making process 
respectively. Therefore, truth, indeterminacy and the falsity situations under hesitant uncertainty is more practical terminology in real life optimization problems. 


To get rid of the above limitations, Ye [22] investigated a new set named single-valued neutrosophic hesitant fuzzy set (SVNHFS) which is the combination 
of HFS and SVNS respectively. The SVNHFS contemplate over truth hesitant fuzzy membership, indeterminacy hesitant fuzzy membership and the falsity 
hesitant fuzzy membership degrees for an element to the set. Biswas et al. [8] discussed multi-attribute decision-making problems in which the rating values 
are expressed with single-valued neutrosophic hesitant fuzzy set information and proposed grey relational analysis method for multi-attribute decision making. 
Sahin and Liu [17] investigated correlation and correlation coefficient of SVNHFSs and discussed its applications in the decision-making process. Biswas et al. 
[9] proposed a variety of distance measures for single-valued neutrosophic sets and applied these measures to multi-attribute decision-making problems. In 
this present study, a new computational method, neutrosophic hesitant fuzzy programming approach (NHFPA) has been proposed to obtain the best possible 
solution of MO-NLPP which is based on SVNHFS. The proposed NHFPA involves the three membership function, namely; maximization of truth hesitant fuzzy 
(belongingness), indeterminacy hesitant fuzzy (belongingness to some extent) and minimization of falsity hesitant fuzzy (non-belongingness) in an emphatic 
manner. 


To best of our knowledge, no such method has been proposed in the literature to solve the MO-NLPP. The proposed method covers different aspects of 
impreciseness, vagueness, inaccuracy, the incompleteness that are often encountered in real life optimization problems and provides flexibility in the decision- 
making process. The remarkable point is that the proposed approach actively seeks opinions from different experts under the neutrosophic environment which 
is more practical in real life situations and strongly concerned with the involvement of distinguished experts in order to make the fruitful decision. The neu- 
tral/indeterminacy hesitant fuzzy concept involved in single-valued neutrosophic hesitant fuzzy set leads towards the future research scope in this domain. 


The rest of the paper has been summarized as follows: 

In section 2, the preliminaries regarding neutrosophic set, hesitant fuzzy set, and single-valued neutrosophic hesitant fuzzy set have been discussed while section 
3 represents the problem formulation and development of the proposed neutrosophic hesitant fuzzy programming approach (NHFPA). In section 4, a numerical 
study has been presented in order to show the applicability and validity of the proposed approach. A comparative study has also done with other existing 
approaches. Finally, conclusions and future scope have been discussed based on the present work in section 5. 


2 Preliminaries 


2.1 Neutrosophic Set (NS) 


Definition 2.1.1: [20] Let X be a universe discourse such that x € X, then a neutrosophic set A in X is defined by three membership functions namely, truth 
Т (2), indeterminacy Гад (x) and a falsity F4 (x) and is denoted by the following form: 


А = {< x, T4 (x), Ia (x), Fa (x) > |x e X) a) 


where Та (2), Гд (x) and F4 (x) are real standard or non-standard subsets belong to ]07 , 1+ [, also given as, Та (х) : X —>]07,1+[, IA (x): X —]07,1+t[, 
and F4 (x) : X —]0-,1*[. There is no restriction on the sum of T4 (2), I4 (x) and F4 (x), so we have, 


07 € supTa(x)+Ia(x)+ sup F4 (x) < 3t (2) 
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Definition 2.1.2: [20] A single valued neutrosophic set А over universe of discourse X is defined as 
A = {< x, TA(z), I4 (£), Fa (x) > |v € X} (3) 
where ТА (2), LA(x) and FA(x) € [0,1] and 0 € Ta (x) + IA(x) + FA(z) € 3 for each xz € X. 


2.20 Hesitant Fuzzy Set (HFS) 


Definition 2.2.1: [21] Let there be a fixed set X; a hesitant fuzzy set А on X is defined in terms of a function h д (x) that when applied to X returns a finite 
subset of [0,1] and mathematically can be represented as follows: 


A={<2,ha(x) »|ve X) (4) 


where h д (x) is a set of some different values in [0,1], denoting the possible membership degrees of the element x € X to A. Also, we call h д (x) a hesitant 
fuzzy element. 


Definition 2.2.2: [21] For a given hesitant fuzzy element h, its lower and upper bounds are defined as л (х) = min h(x) and h* (x) = maz h(a), 
respectively. 


2.3 Single Valued Neutrosophic Hesitant Fuzzy Set (SVNHFS) 
Definition 2.3.1: [22] Let there be a fixed set X; an SVNHFS on X is defined as follows: 
Ny = {< x, Th (£), In(x), Fh (£) > |x € X} (5) 


where Tp (x), Ij (2) апа Ер (2) are three sets of some values in [0,1], denoting the possible truth hesitant membership degree, indeterminacy hesitant mem- 
bership degree and the falsity hesitant membership degree of the element x € X to the set Np, respectively, with the conditions 0 < a, 8, y < 1 and 
0 € ат, Bt, yt < 3, where о € Т. (x), 8 € In(x), y € Р(х) with at € TH (x) = User, ,jmar(a), 8* € If (x) = Uger, (ay max{B} and 
yt є F} (a) = User, (c)max{y} forall x € X. 

For simplicity, the three-tuple Np (£) = {Th (x), I (x), Fn (2)? is called a single-valued neutrosophic hesitant fuzzy element (SVNHFE) or triple hesitant 
fuzzy element. 


From Definition 2.3.1, it is clear that the SVNHFS comprises three different kinds of membership functions, namely; truth hesitant membership function, 
indeterminacy hesitant membership function and the falsity hesitant membership function, which consequently results in a more reliable framework and pro- 
vides pliable access to assign values for each element in the domain, and can deal with three kind of hesitancy in this situation at a time. Thus, classical sets, 
including fuzzy sets, intuitionistic fuzzy sets, single-valued neutrosophic sets, hesitant fuzzy sets, can be considered as special cases of SVNHFSs (see [22]). 
Fig. 1 shows the graphical representation of classical sets to SVNHFSs. 


Single valued neutrosophic hesitant fuzzy set 


Single valued neutrosophic set 


Hesitant fuzzy set 


Y 


Intuitionistic fuzzy set 
L 
Classical set 


Figure 1: Diagrammatic coverage of classical sets to SVNHFSs. 


Definition 2.3.2: [22] Let Np, and Np, be two SVNHFSs in a fixed set X; then their union can be defined as follows: 
Nn, U Nho ={Тһ € (Thy U Th, [Th > тах (min {Th, UTho}); 
In € (In, U In4)|£n < min (maa: Un, U Ina }), 
Ер Є (Fh, U Fry) Ер < min (max (Fh, U Fro })} 
Definition 2.3.3: [22] Let Np, and Np, be two SVNHFSs in a fixed set X; then their intersection can be defined as follows: 
Мһ, n Nnr ={Тһ Є (Th, N Tha [Th < min (max {Thy N Tha }), 
In € (In; N Ing) [Lh > max (min (In, N In4]), 
Fr € (Fn, N Fha Еһ > max (min {Ем ПЕ })} 


3 Problem formulation and solution algorithm 


3.1 General mathematical model of multiobjective nonlinear programming problem (MO-NLPP) 


Generally, a mathematical programming problem is said to be nonlinear programming problem (NLPP) if either objective function, constraints or both are real- 
valued nonlinear functions. The objective function(s) is (are) to be optimized (minimize or maximize) under the given constraints. The classical multiobjective 
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nonlinear programming problem (MO-NLPP) is represented in Mj. 
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Mi; : Optimize Zy(z), k —1,2,..., К, 
s.t 95 (2) < dj, j = 1,2,...,т1, 


93 (2) > dj, јет +1, т + 2,..., M2, 
93(0) = 4, ј= тә +1, то + 2,..., т, 
22 0. 
where, either Zg, (k = 1,2,..., К), gj, (j = 1,2,..., m) or both may be real valued nonlinear functions. x = (a1, 2, ..., vq) is a set of decision variables. 


3.2 Development of proposed neutrosophic hesitant fuzzy programming approach (NHFPA) 


In this study, a new approach based on single-valued neutrosophic hesitant fuzzy set to solve MO-NLPP has been investigated. The proposed approach is based 
on the hybrid combination of the two sets, namely; neutrosophic set (Smarandache [20]) and hesitant fuzzy set (Torra and Narukawa [21]) respectively. The 
proposed neutrosophic hesitant fuzzy programming approach (NHFPA) introduces more realistic aspects in dealing with the indeterminacy hesitation present 
in the decision-making problem. The interesting point is that the proposed NHFPA also considers the conflicting opinions of different experts regarding some 


parameters in real life problem which enables the DM(s) to obtain the adequate results under neutrosophic environment. 


According to Bellman and Zadeh [5], the fuzzy set includes three concepts, namely; fuzzy decision (D), fuzzy goal (G) and fuzzy constraints (C) and incorporated 


these concepts in many real-life applications of decision-making under fuzzy environment. So, the fuzzy decision set is defined as follows: 


D=GNC 


Consequently, the neutrosophic hesitant fuzzy decision set DY , with neutrosophic hesitant objectives and constraints, is defined as follows: 


D$ = GNC = (Dia De (MLC) 
= (v, Tp(z), Ip(z), Fp()) 
= (Tp € (Ta, n To,) | Tp € min (maz (Ta, N To, }), 

Ip € (Ia, Mo, ) | Ip = тах (min (Ia, N Io, }), 
Бук (Fe. DLE.) | Fia ce mae (món Fg, N FaH 


Where, Тр (=), Ip (x) and Fp (x) are a set of degree of acceptance of neutrosophic hesitant fuzzy decision solution under single-valued neutrosophic hesitant 


fuzzy decision set. Fig.2 shows the neutrosophic hesitant fuzzy membership degree for the objective function. 


On solving each objective function individually, we have k solutions set, X1, X?,..., X*, after that the obtained solutions are substituted in each objective 


function to determine the lower and upper bound for each objective as given below: 


Up = max[Zy (XF)] and Ly = min|Zy(XF)) Vk —1,2,3,..., K. 


Now, we can define the different hesitant membership function more elaborately under neutrosophic hesitant fuzzy environment as follows: 


Hk 


- 


Tj (x) 


Membership degree assigned by different Experts 


Lk Uk 


Objective functions 


Figure 2: Graphical representation of neutrosophic hesitant fuzzy membership of objective function. 


Case — I : For maximization type objective function. 
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The truth hesitant-membership functions: 


x t t . 
Tyee (Zie(@)) = 4 ол GREY ДЫ" df Le < 7ь(ж) < Ur 
if Zk (x) > Uk 
t t 
ТЕ (Ze(a)) = 4 ap (56) TUE df Ly < Ze (a) < Ur 
if Zy(x) > Up 
x iem t . 
ТЕ? (Zile) = 4 on SEY ES if Ly < Ze (a) < Ur 
if Zk (x) > Uk 
The indeterminacy hesitant-membership functions: 
t t 
DAES p С у Lp < Zaa) < Lr + sk 
1 if Zk(x) > Lk + sk 
0 if Zi (x) < Lk 
t t 
Ip? (Zele) = у Bo (0007 if Ly < Zela) X La + sk 
tol t А 
І? (Zum) = 4 Bn C88 CR. if Lp < Zela) < Le + si 
if Zy(z) > Le + sk 
The falsity hesitant-membership functions: 
1 i К К if Zy (x) « Ly T, 
Fre (Ze(a)) = ү т СЫ) Oe) df Le ttk < Zela) < 0 
if Zp(x) > Ux 
1 : А А if Zy (x) « Ly T 
Fy? (Ze(@)) = ү o» Gp Gey 0 if Ly tte € (0) < Up 
if Zy(x) > Up 
1 ' , , if Zy (x) < Lk + tk 
Fit (Ze(@)) = 4 э С) 065 if Le + te < (0) < Ur 


if Zy(x) > Ux 
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(8) 


(9) 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 


where parameter t > 0 and sk, tk € (0, 1) Vk, are indeterminacy and falsity tolerance values, which is assigned by DM(s) and ^^ represents the maximization 


type hesitant objective function. 


hA 


hA 


Case — II : For minimization type objective function. 
The truth hesitant-membership functions: 


1 
E zm (Ux)! — CZ, (2))* 
Tt (2.(2)) [221 (UL (E, 
1 
E Е (Uy )* — CZ (2)) 
2.2 (Жк (a)) a2 (Ug) EY 
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if Zy(x) < Lr 
if Ly € Ze (x) € Ux 
if Zy(x) > Ux 
if Zy(x) < Le 


if Ly € Za (x) € Ux 
if Zy(x) > Ux 


TE (Zxk(z)), І 2 1 (Zk(£)), F I (2. (2)) are truth, indeterminacy and the falsity-hesitant-membership degrees assigned by 15* expert. 
т”? (Жк (ж)), T2 (Zx(x)), ЕР? (2ь (a)) are truth, indeterminacy and the falsity-hesitant-membership degrees assigned by 27% expert. 


тё (Zx(z)), I id (2.(х)), F © ^? (Zi, (а)) are truth, indeterminacy and the falsity-hesitant-membership degrees assigned by п” expert. 


(7) 


(18) 
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t T Е . 
Ty (Ze) = ү om PES df Le S Zela) < Us (19) 
if Zp(a) > Ux 


The indeterminacy hesitant-membership functions: 


1 if Zy(z) < Uy — 5k 
t t 
IPS(Zy(m)-—4 py Ce T if Uy — sk € Zy(z) < Uk Q0) 
if Zy(x) > Ux 
1 if Zy(z) < Uk — 5k 
t t 
ТР Z3. gU RS if Uy — sy € Zee) < Uk QD 
0 if Ze(x) > Uk 
1 if Zy(x) < Uk — Sk 
t t 
De" (®ь(®)) 24 Bn OTERO if Up- sy € (2) < Ur Q2) 
0 if Zy(x) > Uy 
The falsity hesitant-membership functions: 
0 if Zxy (x) < Ly c tk 
E = (2(а)) (2) (te)! į 
E (Zi (z)) yı COO if Lk +tk < Zk(£) < Up (23) 
0 if Zy (x) « Lk ep tk 
E z (2ь())*—(Ьь)*—-(@%)* ; 
Fa- (Zk(x)) 2 a a ÎS Lk tte < Zele) < Up Q4) 
1 if Zr (x) > Uz 


En = (2(а)) (0) (6), į 
кт (Zx(x)) Yn CU, t= tat if Lk +tk € 2 (x) € Up (25) 
1 if Zp (x) > Uk 


where parameter t > 0 and sz, tj, € (0, 1) Vk, are indeterminacy and falsity tolerance values, which is assigned by DM(s) and A^ represents the minimization 
type hesitant objective function. 


TË 1(Жк(т)), I E 1 (Zy (x)), p? ^! (Zi (z)) are truth, indeterminacy and the falsity-hesitant-membership degrees assigned by 15° expert. 
T- 2(Жк(т)), I x 2 (Zz (a)), ЕР “2 (Zp (a:)) are truth, indeterminacy and the falsity-hesitant-membership degrees assigned by 27% expert. 


Let qe — min Hm Ty p — min (То, Pus and ЕР" = max (ЕД, FF”) Vk = 1,2,..., К. Now, the motive is to determine the 
highest degree of satisfaction for DM(s) by establishing a balance between objectives and constraints. 
The neutrosophic hesitant fuzzy model for MO-NLPP (М) can be represented as follows: 


Mo :Maz ming=1,2,3,.. K Ty” (Zy(x)) 
Мах ming=1,2,3,...,K IP^(Z,(z)) 
Min matk=1,2,3,...,K ЕЁ" (Zi (x) 
s.t gj(x) < dj, j =1,2,...,m1, 
930) 24, ј= т +1,mı +2,..., то, 


93 (2) = dj, ј= тә +1, тә + 2,...,т, 
т> 0. 
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With the help of auxiliary parameters, model M» can be transformed into the following form Мз. 


Ms 


Max 


Уаһ 
n 
Maz 2 Bn 
n 
Min 5-7 
TL 
st. ТЕР (®к(ж)) > an, DING > Bn, FC) € 98 
TE^ (Zy(z)) 2 an, ГЁ" (Ze(2)) > Bw, ЕЁ" (Ze(2)) < ^n 


)< dj, j-212,.,mi, 


) > dj, j = т +1,mı + 2,..., тә, 


9j 
9j 
gj(x) = dj, j =m2+1,m24+2,...,m, 

$220, an,Bn, yn € (0,1) 

An + Bn + Уһ < 3, аһ 2 Bn, An zn, Vn. 


(x 
(x 


Using linear membership function, model M3 can be written as in M4. 


о +az +... Бап, В +68 +... + дһ ү +72 +... + In 


Мц : Maz х= 
TL TL TL 
E, E2 En 
s.t. T, }(Zk(£)) 2 ол, T, (®к(ж)) > оо, -o T, T (Zk(x)) > an 
ГЁ (2,(а)) > 81, ТЁ?(®&(®)) > 82, -o IEP (Ze (2) > Bn 
E E È 

ЕГ! (Ze(@)) € т, F,2(Zk(x) < т, «4 FEP(Zk(z)) € ул 
TP (2,(2)) > ол, TE? (Zp (a) > оз, 4 TE? (Ze(2)) > an 
ІЁ (Z&(z)) > Br, Ig? (Zp (a)) > Ba, 2, IP" (Ze()) > Bn 
FP(Zi()) < т, FÉ (2)) < аз, oy FE" (Zp(E)) € 
gj (x) < dj, j = 1,2, sey M1, 
gjí(z)2dj j=m +1,т + 2,..., тә, 
93 (0) = 4, ј= тә +1, то +2, ..., т, 


x20, О< ат, о2,...,ап < 1, 0 < 61, 82,..., Въ € 1 
0 < 51, 72, n < 1, а 2 Въ, anah, 
On + Dn + уһ < 3, V m. 


Finally, model M, gives the compromise solution to MO-NLPP. 


3.3 Proposed NHFPA algorithm for MO-NLPP 


The whole procedure from problem formulation to final solvable model Мл discussed in section 3 is summarized as step-wise algorithm. 
Step-1. Formulate the multiobjective nonlinear programing problems as in М}. 
Step-2. Determine the bounds (7, and Ly, for each objective by using equation (7). 


Step-3. By using U;, and Lx, define the upper and lower bound for truth hesitant, indeterminacy hesitant and falsity hesitant membership functions as given in 


equation (8)-(25). 


Step-4. Ask for the truth hesitant, indeterminacy hesitant and the falsity hesitant membership degrees from different experts or DM(s). 
Step-5. Formulate MO-NLPP under neutrosophic hesitant fuzzy environment defined in M4. 


Step-6. Solve the multiobjective nonlinear programing problem in order to obtain the compromise solution using suitable techniques or some optimizing 


software packages. 


4 Experimental study 


In order to show the efficiency and validity of the proposed method, we adopted the numerical example of the manufacturing system discussed by Singh and 
Yadav [19]. The DM(s) of the company intends to maximize the total profit incurred over products and minimize the total time required for each product. 
Also, assumed that the DM(s) seeks three experts’ opinion in the decision-making process. Therefore, the crisp multiobjective non-linear programming problem 


formulation [19] is given as follows: 


Mı: 


Maz Zı (x) = 99.8757? — 811 + 119.87522 — 10.125£2 + 95.12573 — 823 
Min Za(x) = 3.87521 + 5.12522 + 5.937523 

s.t 2.06252; + 3.87522 + 2.937523 < 333.125 

3.87521 + 2.06252» + 2.062523 < 365.625 

2.937521 + 2.062522 + 2.937523 > 360 

21, 22, 73 2 0. 


On solving each objective function individually given in (M1), we get the following individual best solution, lower and upper bound for each objective. 
X1 = (57.82, 13.09, 55.53), X? = (62.26, 0, 60.28) along with Lı = 180.72, U1 = 516.70, L2 = 599.23 and U2 = 620.84. 
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Since, the first objective 2 (x) is of maximization type and the satisfaction level of Experts or DMs increases if the values of objective function tends towards 
its upper bound. Therefore the truth hesitant membership, indeterminacy hesitant membership and falsity hesitant membership functions of upper bound can be 
represented as follows: 


For Z1: The upper and lower bound for first objective and its membership functions. 


0 if Zi(x)« 180.72 
1 1. 1 
Е Di oe E 5 5 Ss. t. t 
T, (Z1(x)) = 0.98 (99.875®{ = 823). — (180.72) if 180.72 < Zi(z) < 516.70 (26) 
1 if Zi(x) 516.70 
0 if Z1(x) < 180.72 
1 1 1 
E 5.2 —_ EIE 5 5195543. NR t 
TA) = 0.99 (99.875®{ SC RAE d 823)* — (180.72) if 180.72 < Zi(z) < 516.70 (27) 
1 if Zi(x) 516.70 
0 if Zı(x) < 180.72 
1 1 1 
E = ee 555 5 SESS DE + 
TE (Zi (x)) = (99.8752 7 TUUM ON oe 823)* — (180.72) if 180.72 « 21 (x) < 516.70 (28) 
1 if Zı(x) 516.70 
0 if Zi(x)« 180.72 
1 1 1 
E De Bes 5 5 Ryo = d t 
I (Z1(2)) = 0.98 (99.8751? —8v1 +119.875x 102a +96 12825 813) — (180.72) if 180.72 < Zi (z) < 180.72 + sı (29) 
1 if Zi(x) 180.72 + sı 
0 р А : if Z1(x) < 180.72 
E BOE. s ELA. 5 Rae D LN t 
I (21(2)) = 0.99 (99.8752 — 821 +119.875x5 тетт көз тэзе 823)* — (180.72) if 180.72 < Zi(z) < 180.72 + 5 (30) 
1 if Zi(x) > 180.72 + sı 
0 А i А if 21 (20) < 180.72 
E. Ea 2. Bes 5 523 t t 
Lg (21 (x)) = (99.8752 7 —8x1+119.875a5 pii men 823)* — (180.72) if 180.72 « Zi(z) < 180.72 + 81 (3D 
1 if Zı(x) > 180.72 + sı 
1 if Z < 180.72 
p Бок Л РР а 
Fr} (Z1 (x)) = 0.98 (516.70)* —(t1) oi le ea nea Re —823) if 180.72 « ZA (ar) < 516.70 —% (32) 
0 if Zi(x) > 516.70 — ty 
1 | r | if Zı(x) > 516.70 
E 5 tipat he "ЮН Е 2 3. t 
„ыы ос ЕУ 
0 if Zı(x) < 180.72 + ty 
1 if 2 > 516.70 
г мы i i е. 
РР (219) = р ета ра аиа a rate f 180.72 + < Zale) < 516.70 (9 
0 if Zi(r) < 180.724 tı 


Similarly, the second objective 22 (zx) is of minimization type and the satisfaction level of Experts or DMs increases if the values of objective function tends 
towards its lower bound. Thus the truth hesitant membership, indeterminacy hesitant membership and falsity hesitant membership functions of lower bound can 
be represented as follows: 


For 22: The upper and lower bound for second objective and its membership functions. 


1 if Zo(x) < 599.23 
$ « [4 E M 5 0375 t 
fi Zola) = | nas WE stamet ар 999.23 < лда) < G20% es 
0 if Zo(x) > 620.84 
1 if Zo(x) « 599.23 
t р 5 5 5 5 Б t 
ТР? (Zo(x)) = 4 0.99 (670-84) E E рта о.831928) if 599.23 < Zo(x) < 620.84 (36) 
0 if Za(x) > 620.84 
1 if Za(x) « 599.23 
t Б Б 5 9375 + 
TËS (Za(æ)) = 4 (92089 "(S20 4) (509 23)5 222) if 599.23 < Zo(a) < 620.84 (37) 
0 if Za(x) > 620.84 
1 if Zo(x) < 620.84 — s2 
t Б E 5 9375 t 
IF (Zo(a)) = 4 0.98 (620-84) Sane зз 5.037973) — if 620.84 — s2 < Zo(x) < 620.84 (38) 
0 if Zo(x) > 620.84 
1 if Zo(x) < 620.84 — s2 
t 5 қ 9375 t 
IP?(Zj(a)) = 4 0.99 (20-84) OA PIT 5.037973) — if 620.84.— s2 < Zo(x) < 620.84 (39) 
0 if Zo(x) > 620.84 
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1 if Za(x) < 620.84 — 52 
t E 5 5 5 5 5 t 
1з (Zo (a) m (620.84) еке зы Eme med if 620.84 — s2 < Zo (ж) < 620.84 (40) 
0 if Z2(x) > 620.84 
0 if Z2(w) < 599.23 + t2 
E 5 5 5 5 t 5 t t 
Fy" (Za(z)) = ү 0.98 ©:875=1+5- cua ie.) (50323) (2) if 599.23 + te < Z2(®) < 620.84 (41) 
1 if Zo(a) > 620.84 
0 if Z2(w) < 599.23 + t» 
E 5 5 5 5 5 t (5 t t 
Fy? (Za(z)) = 4 0.99 @:875=1+5- Lua ie.) (50323) (2) if 599.23 + te < Zo(x) < 620.84 (42) 
1 if Zo(a) > 620.84 
0 х >, tf Z2(@) < 59923 + t2 
FS (Za(2)) = ү Certi eS (5023) if 599.23 + te < Za(z) < 620.84 (43) 
1 if Zo(w) > 620.84 


The final solution model is given as follows: 


ai +a2 +a3 Ві + 82 + Вз у +2 + 7з 
Мц : Maz х= d + т 4 


i 1 1 
(99.8752? — 8x1 + 119.87522 — 10.125232 + 95.12523 — 8x3)* — (180.72)! Е, 
(516.70)! — (180.72)! Е 


s.t. 0.98 


ay 


i 
2 


Eh i 
(99.8752? — 821 + 119.87527 — 10.1252 + 95.12577 — 8тз)* — (180.72)! | 
Z a2 


0.99 
(516.70)* — (180.72)! 


i i i 
(99.875z2 — 811 + 119.8752 — 10.125235 + 95.1253 — 83)! — (180.72)! = 
(516.70)? — (180.72)* E 


оз 


1 1 1 
(99.87527 — 811 + 119.87577 — 10.1252 + 95.12525 — 8лз)' — (180.72)! 8 


0.98 > Ві 
(si)! 
T 1 1 
99.8752 — 8ту + 119.87522 — 10.125423 + 95.125x3 — 8x3)' — (180.72)* 
ae ( i 1 2 : 2 3 3) -( ) > Bo 
(s1) 
1 1 $ 
(99.8752? — 8х1 + 119.875£2 — 10.125232 + 95.125z3 — 83)! — (180.72)! > в 
2 psa 
(81) 
1 1 1 
UR (516.70)* — (t1)* — (99.8752? — 8x1 + 119.8752 — 10.125223 + 95.125223 — 8x3)! Р 
(516.70): — (180.72) — (t1)! TM 
1 1 1 
dida (516.70)* — (t1)* — (99.875a? — 8a, + 119.8752} — 10.12512 + 95.125r3 — 83)! b 
i (516.70)* — (180.72)* — (t; oe 
1 1 d: 
(516.70)* — (t1)* — (99.87522 — 8r, + 119.8752} — 10.1252 + 95.125r3 — 8x3)! 7 
< 7з 


(516.70) — (180.72) — (t1) 
(620.84)! — (3.87521 + 5.12512 + 5.937523)! - " 
(620.84)! — (599.23): = 
(620.84)! — (3.87521 + 5.12512 + 5.937523)! - 
(620.84)! — (599.23): = 
(620.84)* — (3.87521 + 5.12512 + 5.937523)! " 
(620.84)! — (599.23): E 


0.98 


0.99 


Coe EU a: 4M 
25 (620.84)* — (3.87521 к 5.937523) > ву 
(82) 
620.84)! — (3.87521 + 5.12523 + 5.937523)! 
digg 4 )' = (3.87521 _ 23) > Bo 
(82) 
(620.84) — (3.87521 + 5.12523 + 5.937513)! ыз 
(s2)* E 
3.875 5.12522 + 5.937523) — (599.23)! — (t2)t 
0.98 ST + m a ( - PU 
(620.84)* — (599.23)* — (t2) 
3.875 5.12522 + 5.937523)! — (599.23)! — (t2)t 
0.99 ( xı + 22 z3) ( )' = (t2) eo 
(620.84)* — (599.23) — (t3)! 
(3.87521 + 5.12522 + 5.937523)! — (599.23)* — (t2)! m 
A Уз 


(620.84)* — (599.23)* — (t2)* 
2.06252, + 3.87512 + 2.937513 < 333.125 
3.87521 + 2.062522 + 2.062523 < 365.625 
2.937521 + 2.062522 + 2.937523 > 360 
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1, 22, 233 2 0, 0< 01,02,03 <1, 0 X £1, B2, з < 1, 
0 < у, 72, 7з <1, 0€ 51,50 <1, 0< so, ta <1, 
On 2 Bn, On > "n, On + Bn үл € 3, V n=1,2,3. 


The multiobjective nonlinear programming problem M4 has been written in AMPL language and solved using solvers available on NEOS server online 
facility provided by Wisconsin Institutes for Discovery at the University of Wisconsin in Madison for solving Optimization problems, see (Server [18]). 
At t — 2, the optimal solution of the multiobjective nonlinear programming problem by using the proposed neutrosophic hesitant fuzzy programming approach 
(NHFPA) is x = (60.48, 5.26, 58.37), Z1 = 416.58, 22 = 607.88 with the degree of satisfaction x = 1.20 respectively. 


4.1 Comparative study 


The multiobjective nonlinear programming problem of manufacturing system with conflicting objectives have been solved by using proposed neutrosophic 
hesitant fuzzy programming approach (NHFPA). The solution results obtained by proposed method and with other existing approaches discussed in [19] have 
been summarized in Table-1. From the table, it is clear that the minimum deviation from ideal solution of each objective function is 100.12 and 0.41 by using 
proposed NHFPA and y- operator respectively. Furthermore, the highest satisfaction level has been attained by proposed approach i.e; x-1.20, which reveals 
the superiority of proposed NHFPA over other existing approaches in terms of satisfactory degree of DM(s). Fig-3 shows the graphical representation of the 
objective functions and satisfaction level obtained by different approaches. 


Table 1: Comparison of results with existing methods. 


Solution method Objective values Deviations from ideal solutions Satisfaction level 
Max. Zi Min. Zo (Ui = 21) (Zo = Lə) 
Zimmerman's technique [19] 409.70 607.28 107 8.05 A= 0.62 
y- operator [19] 288.86 599.64 227.84 0.41(min.) (x)= 0.96 
Min. bounded sum operator [19] 416.58 607.88 100.12 8.65 w(x)= 0.99 
Proposed NHFPA 416.58 607.88 100.12(min.) 8.65 x= 1.20 (max.) 
700 14 
mZ1 m22 и Satisfaction level achieved 
600 - 12 - 
500 2 
Ж 08 | 
0.6 
300 + 
200 4 
02 
100 - | 
о ; 
о - Zimmerman's ү- operator D(x) Min. bounded Proposed NHFPA 
Zimmerman's y- operator Min. bounded Proposed NHFPA technique (A) sum operator W(x) (0 
technique sum operator 
(a) Objective functions obtained by different approaches. (b) Satisfaction level achieved by different approaches. 


Figure 3: Comparison of results with proposed NHFPA and different existing approaches. 


5 Conclusions 


In this study, a new approach has been suggested to solve the multiobjective nonlinear programming problem in the neutrosophic hesitant fuzzy environment. 
The proposed neutrosophic hesitant fuzzy programming approach (NHFPA) comprises three different membership functions, namely; truth hesitant, indetermi- 
nacy hesitant and a falsity hesitant membership function which contains a set of different values between 0 and 1. The proposed approach provides the more 
realistic framework and considers various aspects of the DM's neutral thoughts with hesitations in the decision-making process. The main contribution by 
introducing the proposed approach is that it allows the DM(s) to express his/her(their) degree of hesitation and neutral thoughts according to the need of adverse 
situations in a convenient manner. In order to show the superiority of proposed NHFPA, it is applied to solve multiobjective nonlinear programming problem in 
the manufacturing system. To best of our knowledge, no such approach is suggested in the literature to solve MO-NLPP in such an efficient and effective manner. 


Therefore, the proposed NHFPA will be very helpful in such a typical situation when the DM(s) have some neutral thoughts and also with a set some 


hesitation values in the decision-making process. In future, the proposed approach may be applied to the multiobjective fractional programming problem, 
bi-level nonlinear programming problem, multilevel fractional programming problem etc. 
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Single Valued (2п+1) Sided Polygonal Neutrosophic Numbers and 
Single Valued (2n) Sided Polygonal Neutrosophic Numbers 


Said Broumi, Mullai Murugappan, Mohamed Talea, Assia Bakali, Florentin Smarandache, 


Prem Kumar Singh, Arindam Dey 


Said Broumi, Mullai Murugappan, Mohamed Talea, Assia Bakali, Florentin Smarandache, Prem 
Kumar Singh, Arindam Dey (2018). Single Valued (2n+1) Sided Polygonal Neutrosophic Numbers 
and Single Valued (2n) Sided Polygonal Neutrosophic Numbers. Neutrosophic Sets and Systems 25: 
54-65 


Abstract. This paper introduces a single valued (2n as well as 2n+1) sided polygonal neutrosophic numbers 
in continuation with other defined single valued neutrosophic numbers. The paper provides basic algebra like 
addi-tion, subtraction and multiplication of a single valued (2n as well as 2п+1) sided polygonal neutrosophic 
numbers with examples. In addition, the paper introduces matrix for single valued (2n as well as 2п+1) sided 
polygonal neutrosophic matrix and its properties. 


Keywords: Fuzzy numbers, Intuitionistic fuzzy numbers, Single valued trapezoidal neutrosophic numbers, Single 
valued triangular neutrosophic numbers, Neutrosophic matrix. 


1 Introduction 


In the real world problems, uncertainty occurs in many situations which cannot be handled precisely via crisp set 
theory. To approximate those uncertainties exists in the given linguistics words the fuzzy set theory is introduced 
by Zadeh [10]. After that, Dubois and Prade [2] defined the fuzzy number as a generalization of real number. In 
continuation, many authors [5-8, 11-23] introduced various types of fuzzy numbers such as triangular, trapezoi- 
dal, pentagonal, hexagonal fuzzy numbers etc. with their membership functions. Atanassov [1] introduced the 
concept of intuitionistic fuzzy sets that provides precise solutions to the problems in uncertain situations than 
fuzzy sets with membership and non-membership functions. After developing intuitionistic fuzzy sets, authors in 
[4, 6, 10, 19] defined various types of intuitionistic fuzzy numbers and different types of operations on intuition- 
istic fuzzy sets are also established by suitable examples. Smarandache [9] introduced the generalization of both 
fuzzy and intuitionistic fuzzy sets and named it as neutrosophic set. The Single valued neutrosophic number and 
its applications are described in [3]. The results of the problems using neutrosophic sets are more accurate than 
the results given by fuzzy and intuitionistic fuzzy sets [11-20]. Due to which it is applied in various fields for 
multi-decision tasks [20-32]. The applications of n-valued neutrosophic set [24-26] in data analytics research 
fields given a thrust to study the neutrosophic numbers. This paper focuses on introducing mathematical opera- 
tion of 2n and 2п+1 sided polygonal neutrosophic numbers and its matrices with examples. 


The rest of the paper is organized as follows: The section 2 contains preliminaries. Section 3 explains single 


valued 2n+1 polygonal neutrosophic numbers whereas the Section 4 demonstrates Single valued 2n side polygo- 
nal neutrosophic numbers. Section 5 provides conclusions followed by acknowledgements and references. 


581 


Florentin Smarandache (author and editor) Collected Papers, VIII 


2. Preliminaries 


Definition 1 (Fuzzy Number)[4]: А fuzzy number is nothing but an extension of a regular number in the sense 
that it does not refer to one single value but rather to a connected set of possible values, where each 
of the possible value has its own weight between 0 and 1. This weight is called the membership function. The 


complex fuzzy set for a given fuzzy number А can be defined as рд (х) is non-decreasing for x < xg and non- 
increasing for > xo . Similarly other properties can be defined. 


Definition 2 (Triangular fuzzy number [4]): А fuzzy number A= (a, b, c } is said to be a triangular fuzzy 
number if its membership function is given by, wherea < b < c 


(x-a) 
(b-a) 


ua(x)- e for bE€x&c 


forasx<b 


7 
0 otherwise 


Definition 3 (Trapezoidal fuzzy number [4]) 
A Trapezoidal fuzzy number (TrFN) denoted by Ap is defined as (a, b, c, d), where the membership function 


0 forx<a 
(х-а) 
т forasx<b 
Ил„(Х)= 1 forbsx<c 


| forcs<x<d 
(4-с) 
0 forxzd 


(x-a) , (4-х) 
(b-a) * ? (d-c) 


Or, Hap (x)= max ( min ( ) 0) 

Definition 4 (Generalized Trapezoidal Fuzzy Number) (GTrFNs) 

A Generalized Fuzzy Number (а, b, c, d, w), is called a Generalized Trapezoidal Fuzzy Number “х” if its mem- 
bership function is given by 


0 forx<a 
|= = forasx<b 
(b-a) 
(x)= w for Ь<х<с 
[mom forc<x<d 
(4-с) 
0 ғотх > а 
_ А (x-a) (d—x) 
Or, Hap (x)= max ( min (w b-a} Www (dcc 30) 


Definition 5 (Pentagonal fuzzy number [4]) 
A pentagonal fuzzy number (PEN) of a fuzzy set Ap= (a, b, c, d, e] and its membership function is given by, 


0 forx<a 
Sak forasx<b 
(b-a) 
= for b<x<c 
(c-b) 
Ha,(x)-4 1 x=C 
Сад forcsx<d 
(d—c) 
ee ford<x<e 
(e-d) 


0 forx>d 
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Definition 6 (Hexagonal fuzzy number [4]) 
A Hexagonal fuzzy number (HEN) of a fuzzy set Ap= (a, b, c, d, e, f) and its membership function is given by, 
forx«a 
1 „x-a 
2 Ga for а<х<Ь 
1 


1 ,x-b 
< < 
3, Gap) f or b<x<c 


Ha, (x)= 1 с<х<а 
1 х-а 
тз forcsx<d 
265 fordsx<e 
0 forx>d 


Definition 7 (Octagonal fuzzy number [4]) 
A Octagonal fuzzy number (OFN) of a fuzzy set Ap= {а;,а,,а;,а,,а;,а,,а;,а,} and its membership 


function is given by, 


k+(1—k) ‚ а,<х<а, 
a, — a, 
Hic а,<х<а, 
docu 
k+(—k) ‚ а; SxS a, 
dg Ws 


ag — 4; 
0, Otherwise 


Where k= max( d; ,а,,а;,а,,а;,а,,а;,а,) 


Definition 8 (A triangular intuitionistic fuzzy number)[4] 


A triangular intuitionistic fuzzy number d . à = ((a,b,c), (a',b', c), 


'<а<Ь<Ь'<с<с' 
is denoted as 


a 
where 


with the following membership function Ha (x) and non-membership function Уа (2) 
х-а 
‚ a Sb 
b-a 
C =N: 
HM; (х) = ‚ Ь <с 
c-b 
0, otherwise 
pex 
а а' <Ь 
b-a 
x=) 
Vo) = —, Ь<с' 
1, otherwise 
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Definition 9 (Trapezoidal Intuitionistic fuzzy number) 


0 х<0 1 х<0 


сша) «рел ьа а) 


TE fo a«x«b em fora<x<b 
Hag) w  forb<x<c , Va (x) Ua forb<x<c 
d- E 
(m) for c«x«d сезаз) forc«x«d 
pes \ (а—с) 
0 otherwise 1 otherwise 


Definition 10 (Single valued triangular neutrosophic number [3]): 

A triangular neutrosophic number =< (a, b,c) ;wg, ug,yg? is a special neutrosophic set on the real number set 
R, whose truth-membership, indeterminacy- membership and falsity-membership functions are defined as fol- 
lows: 


(x-a) (b-x+ ug(x-a)) 


wa fora<x<b fora<x<b 


(b-a) 2 (b-a) 
Wa for x=b Ug for x=b 
Hà (x)- dai И Và (x)= (x-b4- AERE 
~w; forb<x<c —_*—_ forb<x<c 
o \ (c-b) 
0 otherwise 1 otherwise 
бахар fora<x<b 
= Va for x=b 
a 


(x—b+ уа(с-х)) 

\ (c-b) 
1 otherwise 

A triangular neutrosophic number d =< (a, b,c) ;wg, ug,yg^ may express an ill-known quantity about b which 
is approximately equal to b. 
Definition 11 (Single valued trapezoidal neutrosophic number [3]): 
A triangular neutrosophic number й=< (a, b,c, d) ;wa, ug,yg? is a special neutrosophic set on the real number 
set R, whose truth-membership, indeterminacy- membership and falsity-membership function are defined as fol- 
lows: 


forb<x<c 


(x-a) (b-x+ ug(x-a)) 


wa fora<x<b fora<x<b 


(b-a) 4 (b-a) 
_ Wy forb<x<c Е Ug forb<x<c 
Hà (x)- (4-х) ‚Уа (x)= (x-c* ug(d-x)) 


forc<x<d 


(dcc) WE forc<x<d 
\ 0 otherwise 


\ (4-с) 
1 otherwise 


(b-x4 yg (x-a)) 
(b-a) 
Va forb<x<c 
\ (а-с) 
1 otherwise 
The single valued trapezoidal neutrosophic numbers are a generalization of the intuitionistic trapezoidal fuzzy 
numbers, Thus, the neutrosophic number may express more uncertainty than the intuitionstic fuzzy number. 


fora<x<b 


Aa(x)- 


3. Single valued 2n+1 polygonal neutrosophic numbers 


Definition 12 (Single valued 2п+1 polygonal neutrosophic number): 

A single valued 2п+1 sided polygonal neutrosophic number =< (a4,a» ,....,05,...,025.02544) Wa, Ua Ya? is a 
special neutrosophic set on the real number set R, whose truth-membership, indeterminacy- membership and 
falsity-membership functions are defined as follows: 
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T (x) = 


FAX) = 


х-а 
1 
z a, Sa, 
a, —a, 
х-а 
2 
Wz, а, Sa, 
аз — а, 
х-а 
п 
Wz» a, < Ou 
Gast = а, 
Wz x=4,,, I(x) = 
a – Хх 
п+2 
Wz, A, Sa 
Oo Gu 
a ==; 
n+3 
War Ania $0,, 
аз Е йо 
а X 
2п+1 
Wz , a, 5 аз 
ал a>, 


Any 7X у: (х а„) < 
, hi an+ 
a ny E а, 
Уг , х= Ou 
Xx— алы + Уа (а, Ж x) 
? алы s йо 
йо иш Gast 


Xx — an2 ag Ya (аз m x) 


? йм 5 a n43 


a з = аһ 


х—@5„ + Yz (dana = Х) 


, n = Any 
Qni — 05, 
1], Otherwise 
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a, —x+u; (x-a) 


, 72 
a,— 4a, 
а, =х+и;(х-а,) 
, а, Sa, 
аз – а, 
а = х+и;(х-а,) Р 
, n — an+ 
йа E a, 
Uz , х= Ou 
Xx— any + Uz (an2 E x) 
? any < LE 
йм z аы 
х— Qiao + Uz (аз E x) 
, йо < аз 
а n43 = LE 


> a, 5 азл 


1, Otherwise 
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Example:1 If wg = 0.2 ,u; = 0.4 yg = 0.3 and n= 4 , then we have an nanogonal neutrosophic number d and it 
is taken as d =< (3,6,8,10,11,21,43,44,56) >. Figure 1 demonstrates the Example 1. 


! r- T T T T T 

Merbe snp functor 
итп haction. 

Non Membership tunchon] 1 


Figure: 1 
Example: 2 
If wa 20.2 ju; = 0.4 уа = 0.3 and nz 4, then we have an nanogonal neutrosophic number d and it is taken as 
a =< (3,6,8,10,1,2,4,7,5) >. Figure 2 demonstrates the Example 2 and its neutrosophic membership. 


Матео биеси 
indehermáaate huncon 
Noo-Mambec ip unctio 


Figure: 2 
Note 


The single valued triangular neutrosophic number can be generalized to a single valued 2п+1 polygonal neutro- 
sophic number, where n=1,2,3,...,n 


й=< (04,05 ,....,0n,..., 02502541) Wa, Ug. ya^, where may express an ill -known quantity about a, which is 
gradually equal to a,. 
We mean that a;approximatesa,, азарргохітаѓеѕа,, a littel better thanas,................... Q4, 1approximatesa,, a 


litte better than all previous a4, @2,...an, 
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Remark 
If OS wa, ug,yg Sl, OS Wat ug*yg <1, yg7 0 and the single valued 2п+1 sided polygonal neutrosophic num- 
ber reduced to the case single valued 2n+1 sided polygonal fuzzy number. 


3.1. Operations of single valued 2n+1 sided polygonal neutrosophic numbers 

Following are the three operations that can be performed on single valued 2n+1 polygonal neutrosophic numbers 
Suppose Apnn=< (a, 912 gree Ans. 020502544); Wa; UgsVa> and Bpnn=< (b,,b2 gee EN Bn. . »D2n:D2n44) SWS 
Uug, Yz >are two single valued 2n+1 polygonal neutrosophic numbers then 


(i) Addition: 
Аруу + Bpyn= < (Q4 *D4,, аз+6), ..., Ant+Dy, ..., 05,54, 024, 4*D2541); WatW5-Wa МБ , Ug: 
Ujya' Y? 


(ii) Subtraction: 

Аруу 7 Вруу = < (04-D4, a2-b2, ..., An-Dyy ...,054-D54, Azn+1-B2n+1); = Wa *Wg-Wa* W3 , Ug: 
Una Yg > 
Multiplication: 
Аруу? Bpyn = < (ау ‘Б, ,а b, ,....,04^: Dyy.+-5Q2n * Don ,02n41^ Боп) Wa М „Ua + Ug- Ug’ ug, ya + 
УБ— Ya’ Yo’ 


Remark 

Ifwa=1 ,ua=0ya=0 then single valued 2n+1 sided polygonal neutrosophic number Apyy=< (04,0; 
seeen- 025:02544) Was Uas Ya? reduced to the case of single valued 2n+1 sided polygonal fuzzy num- 
berApry=< (04,05 jesse 025502544)?, n-1,2,3,. . T1. 


Remark 

If OS Wg, ug,yg Sl , OS Wat ug*yg <3, and n=1, the single valued 2п+1 -sided polygonal neutrosophic num- 
ber reduced to the case of the single valued triangular neutrosophic numberA pyy=< (04,02,03); Wa, ua, Ya >13]. 
Example 3: Let wg = 1, ug = 0, yg = 0 and n= 1 


If wg = 1, ug = 0, ya = О and n= 2, then we have an Pentagonal fuzzy number [5]: 


Let A=( 1, 2, 3, 4, 5) and B=(2, 3,4,5,6) be two Pentagonal fuzzy numbers, then 


i. A +В 2 (8,5, 7, 9,11) 
ii. A - B 2 (-1,-1, -1,-1,-1) 
iii. 2A = (2, 4, 6, 8, 10) 
iv. A.B = (2, 6, 12, 20, 30) 
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Figure: 3 
Figure 3 demonstrates operation given in Example 3. The single valued 2п+1 polygonal neutrosophic number 
are generalization of the Pentagonal fuzzy number numbers [5] , and single valued triangular neutrosophic num- 
ber [3] 


4. Single valued 2n-sided polygonal neutrosophic numbers 


Definition 13: The single valued trapezoidal neutrosophic number can be extended to a single valued 2n sided 


polygonal neutrosophic number =< (404,05 ,....,04,0444.  ...,02n 1.025); Was Ug, Ya? where n=1,2,3,...,n, 
whose truth-membership, indeterminacy- membership and falsity-membership functions are defined as follows: 
X—a 
k Lw, a SxSa, 
а, – 
a, 
k+(U-k) We, d, SX <a 
a, — a, 
п-1 
k + (1— mk) Way U4 SX Su. 
а, ш а 
T,(x) = We, Aa, S X$ a. 
O5 x 
k +(1—mk) Wie A, S SO us 
аһ а аы 
а =X 
2n-l 
EE) — — w, 15:5 S X S 85, 
Qua T 0342 
а, —X 
2n 
kK — — Mas yg S XS, 
a, mn 5,4 


0, Otherwise 
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a, =d; 


kc (l-(m-Dk)-23—Lu,, a, < x< a, 


a,— а, 
k+(1-k)—2 uz, Gig X Eas 
an = an-2 
M X 
n 
k и, “Gig Xa. 
a, Е ар 
I,(x) = 0, ал504 
х-а 
n+l 
k Us, Any S XS,» 
d 2 ant 
n+2 
k+(l-k) Uz 2,42 SX S an3 
а n43 = Qi) 
X—a 
2n-2 
k - (1 - (m- Dk) ис, Age gs XS Oy, 
Aan- — 05542 
х-а 
2п-1 
k +(1—-mk) Uz, du XS 
05, Ol 
Otherwise 
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a? md 
а-а, 
a,—X 
k*(ü-(m-1k)—— ——— yz, а, < xX Sa, 
a, — a, 
-1 
k+ (1— к) — Ve, 4,2 S X Su, a 
nd  *m»-2 
а, = х 
k yo u$ xs, 
a, Tan 
F(x) = 0, GSAS As 
X— Gist 
k Ya Any S XSa,, 
LE а 
X— 0,5 
k * (1—- К) Ya» Ansa <х<а,3 


Oa T 0545 


a, = 05,1 
1, Otherwise 
where @ may represent an ill-known quantity of range, which is gradually approximately equal to the interval 
[Ans 4+1]. 
We mean that (a5, аһ; ) approximates [а,, ал+1], 


(а, аһ ) approximates [а„, a, ,4] a little better than (Az, 424,4 ) ..................... (аһ, An41 ) approximates 
[a4, an+1] a little better than all previous intervals. 
Remark 


If OS wa, Ua Ya <1, OS Wat ug*yg <1, Уа =O and the single valued 2n -sided polygonal neutrosophic number 
reduced to the case of single valued 2n-sided polygonal fuzzy number. 


4.1 Single valued 2n-sided polygonal neutrosophic number 


Following are the three operations that can be performed on single valued 2n-sided polygonal neutrosophic 


numbers suppose Apyy=< (04,05 ,....,Q,.Qg 44, ·.:,@2п-1,02п)3 Ма» Ug, ya? and Bpyn=<(b1,b2 ,...., D, Dua, 
Dog 424); Wg, Ups Yg are two2n-sided polygonal neutrosophic number. 
(i) Addition: Apyyt+Bpyy=(Q1 + Ь,,а» + Б,....„аһ + by Ane. + Dysi,---don—1 + D24 4,025 + 
D2,) Wa *Wg-Wa' W5 , Ug" UD Ya ` УБ> 
(ii) Subtraction: A pyy-B pyy=<(Q, — D55,05 — D554,....,0& — Раа — Dy 4,254 — D2,054, — 
b1);WatW5-Wa ` W5 , Ug ируа ` УБ> 
(iii) Multiplication: Apyy* Bpyy =<(@ * b4,a5 * D5,....,a4, * by Rua "Рал, una Dog 4027 
D2,) Wa ‘М Ua + Ug- Ug" Ug Ya + УБ— Ya' Y? 
Remark 
Шис = 1 уша = Оу = 0 Шеп single valued 2nsidedpolygonal neutrosophic number Apyy-«(a, ,a; 
ойпан ++5A2n-1:42n)$Was UasYa> reduced to the case of single valued 2n- sided polygonal fuzzy 
numberA pry=<(Q1,02 ,....,05,0544, ...,025 1,025) for n=1,2,3,...,n. 
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Remark 
If OS wa, ug,yg €1 , OS Wat Uatya <3, and п=2, the single valued 2n-sided polygonal neutrosophic number 
reduced to the case of single valued trapezoidal neutrosophic number A pyy=< (04,025,054 , G4); Wa, ua ya? [X]. 


Example 4: ifw; 21 и; =0 ул = 0 and n= 3 then we have an Hexagonal fuzzy number [7-8]: 
Let А=( 1, 2,3 ,5 ,6) and B=(2, 4,6,8,10,12) be two Hexagonal fuzzy numbers then 
A+ B= (3, 6,9, 13,16,19) 


Figure: 4 
Figure 4 demonstrates operation given in Example 4. 
The single valued 2n-sided polygonal neutrosophic number are generalization of the hexagonal fuzzy numbers 
[8] ,intuitionistic trapezoidal fuzzy numbers[x] and single valued trapezoidal neutrosophic number [3] with its 
application [12-23] for multi-decision process [24-26]. 


5. Conclusion: 

This paper introduces single valued (2n and 2n+1) sided polygonal neutrosophic numbers its addition, subtrac- 
tion, multiplication as well as polygonal neutrosophic matrix with an illustrative example. In near future our fo- 
cus will be on applications of single-valued 2n sided polygonal neutrosophic numbers and its other mathematical 
algebra. 
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A Novel Methodology Developing an Integrated ANP: 


A Neutrosophic Model for Supplier Selection 


Abduallah Gamal, Mahmoud Ismail, Florentin Smarandache 


Abduallah Gamal, Mahmoud Ismail, Florentin Smarandache (2018). A Novel Methodology 
Developing an Integrated ANP: A Neutrosophic Model for Supplier Selection. Neutrosophic 
Operational Research Ш: 63-85 


Abstract 


In this research, the main objectives are to study the Analytic 
Network Process (ANP) technique in neutrosophic environment, to 
develop a new method for formulating the problem of Multi-Criteria 
Decision-Making (MCDM) in network structure, and to present a 
way of checking and calculating consistency consensus degree of 
decision makers. We have used neutrosophic set theory in ANP to 
overcome the situation when the decision makers might have 
restricted knowledge or different opinions, and to specify 
deterministic valuation. values to comparison judgments. We 
formulated each pairwise comparison judgment as a trapezoidal 
neutrosophic number. The decision makers specify the weight 
criteria in the problem and compare between each criteria the effect 


of each criteria against other criteria. In decision-making process, 


-1 i 
ROO) relations for n 


each decision maker should make 


alternatives to obtain a consistent trapezoidal neutrosophic 
preference relation. In this research, decision makers use judgments 
to enhance the performance of ANP. We introduced a real life 
example: how to select personal cars according to opinions of 
decision makers. Through solution of a numerical example, we 
formulate an ANP problem in neutrosophic environment. 


Keywords 


Analytic Network Process, Neutrosophic Set, Multi-Criteria 
Decision Analysis (MCDM). 
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1 Introduction 


The Analytic Network Process (ANP) is a new theory that extends the 
Analytic Hierarchy Process (AHP) to cases of dependency and feedback, and 
generalizes the supermatrix approach introduced by Saaty (1980) for the AHP 
[1]. This research focuses on ANP method, which is a generalization of AHP. 
Analytical Hierarchy Process (AHP) [2] 1s a multi-criteria decision making 
method where, given the criteria and alternative solutions of a specific model, a 
graph structure is created, and the decision maker is asked to pair-wisely compare 
the components, in order to determine their priorities. On the other hand, ANP 
supports feedback and interaction by having inner and outer dependencies among 
the models’ components [2]. We deal with the problem, analyze it, and specify 
alternatives and the critical factors that change the decision. ANP is considered 
one of the most adequate technique for dealing with multi criteria decision- 
making using network hierarchy [19]. We present a comparison of ANP vs. AHP 
in Table I: how each technique deals with a problem, the results of each 
technique, advantages and disadvantages. 


Tablel. Comparison of ANP vs. AHP. 


ANP AHP 
Property (Analytic Network (Analytic Hierarch 
Process) Process) 


mmn a 
Structure озен) 
= | 
Network Hierarchy 
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Why are the 
results 
different 


The user learns through 
feedback comparisons that 
his/her priority for cost is not 


nearly as high as originally 
thought when asked the 
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The user going top down 
makes comparisons, when 
asked, without referring to 
alternatives, and 


the 


actual 


overestimates impor- 


tance of cost. 


question abstractly, while 
prestige gets more weight. 


Using feedback and 
interdependence 
between criteria. 
Deal with complex 
problem without 
structure. 

Conflict between 
decision makers. 
Inconsistencies. 
Hole of large scale 1 
to 9. 

Large comparisons 
matrix. 


Straightforward and 
convenient. 
Simplicity by using 


Advantages D i 
pairwise Comparisons. 


Decision maker’s 
capacity. 
Inconsistencies. 
Hole of large scale 1 
to 9. 

Large comparisons 
matrix. 


Disadvantages 


Analytic network process (ANP) consists of criteria and alternatives by 
decomposing them into sub-problems, specifying the weight of each criterion and 
comparing each criterion against other criterion, in a range between 0 and 1. We 
employ ANP in decision problems, and we make pairwise comparison matrices 
between alternatives and criteria. In any traditional methods, decision makers 


n x(n-1) 


face a difficult problem to make consistent judgments for each 


alternative. 


In this article, we deal with this problem by making decision maker using 
(n-1) judgments. The analysis of ANP requires applying a scale system for 
pairwise comparisons matrix, and this scale plays an important role in 
transforming qualitative analysis to quantitative analysis [4]. 


Most of previous researchers use the scale 1-9 of analytic network process 
and hierarchy. In this research, we introduced a new scale from 0 to 1, instead of 
the scale 1-9. This scale 1-9 creates large hole between ranking results, and we 
overcome this drawback by using the scale [0, 1] [5], determined by some serious 
mathematical shortages of Saaty's scale, such as: 


e Large hole between ranking results and human judgments; 
e Conflicting between ruling matrix and human intellect. 
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The neutrosophic set is a generalization of the intuitionistic fuzzy set. 
While fuzzy sets use true and false for express relationship, neutrosophic sets use 
true membership, false membership and indeterminacy membership [6]. ANP 
employs network structure, dependence and feedback [7]. MCDM is a formal and 
structured decision making methodology for dealing with complex problems [8]. 
ANP was also integrated as a SWOT method [9]. An overview of integrated АМР 
with intuitionistic fuzzy can be found in Rouyendegh, [10]. 


Our research is organized as it follows: Section 2 gives an insight towards 
some basic definitions of neutrosophic sets and ANP. Section 3 explains the 
proposed methodology of neutrosophic ANP group decision making model. 
Section 4 introduces a numerical example. 


2 Preliminaries 
In this section, we give definitions involving neutrosophic set, single 
valued neutrosophic sets, trapezoidal neutrosophic numbers, and operations on 


trapezoidal neutrosophic numbers. 


2.1 Definition 26-27 

Let X be a space of points and x€X. A neutrosophic set А in X is defined 
by a truth-membership function T4 (x), an indeterminacy-membership function 
I, (x) and a falsity-membership function F4 (х), Та (x), I4 (x) and F4 (x) are real 
standard or real nonstandard subsets of ]-0, 1+/. That is T,(x):X—/-0, 
1+/,1; (x):X]-0, I *[ and F4 (x):X]-0, 1+/. There is no restriction on the sum 


of T4 (x), I4 (x) and Fy (x), so 0— € sup (x) + sup x + sup x <3+. 


2.2 Definition 13, 14, 26 

Let X be a universe of discourse. A single valued neutrosophic set A over 
X is an object taking the form A= {(x, T4 (x), I, (х), FA (х), ):xEX}, where 
Та (x):X [0,1], I, (x):X— [0,1] and F4 (x):X[0,1] with 0< T4 (x) + I, (x) + 
Ед (x) <3 for all x€X. The intervals T4 (x), I4 (x) and F; (x) represent the truth- 
membership degree, the indeterminacy-membership degree and the falsity 
membership degree of x to A, respectively. For convenience, a SVN number is 


represented by A= (a, b, c), where a, b, cE [0, 1] and a+b+c<3. 
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2.3 Definition 14, 15, 16 

Suppose ag , 05 , Pa € [0,1] and a, , az , a3 , a4 € R, where a, € a; < a3 
< ад. Then, a single valued trapezoidal neutrosophic number a=((a1 , аз , аз, 
ал); Aa , а, Ва) is a special neutrosophic set on the real line set R, whose truth- 


membership, indeterminacy-membership and falsity-membership functions are 


defined as: 
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(a, € x € a) 


(a; € x € аз) 


m а 
mo- ^". (1) 
| aa (E) (ах a) 
0 otherwise 
(а2-х+0а(х-а1)) 
eaea (a, <x< az) 
= Qa (a; € x € аз) 
la (x) (x-a3+0q(a4—-x)) << у< (2) 
(ua) (92 SX S u) 
\ 1 otherwise 
(az —x* Ba(x-a4)) 
Seen ed ED 
= а (a; €x < аз) 
Fa (x) (х-аз * Ba (a4—x)) (a <x<a ) (3) 
(а4-аз) Succ 
\ 1 otherwise 


where æa , 05 and Pa represent the maximum truth-membership degree, the 
minimum indeterminacy-membership degree and the minimum falsity- 
membership degree, respectively. A single valued trapezoidal neutrosophic 
number a=((a; , az , аз , йл); ®а , Oa , Ва) may express an ill-defined quantity 


of the range, which is approximately equal to the interval [az , аз]. 
2.4 Definition 15, 14 


Let а=((а, > A2 , Q3, Q4); Qa, 05 , Ba) and b=((by Й bz > b3 > b4); ав , 05 Й 
Ву) be two single valued trapezoidal neutrosophic numbers, and Y 0 be any real 


number. Then: 


- Addition of two trapezoidal neutrosophic numbers: 


а Fb =((a, H bi, az H b2, аз Fbs, a4 Ер); ag А аў, Oa V O5, Ba v B5) 
-  Subtraction of two trapezoidal neutrosophic numbers: 


a - b —((a, - b, à; - bs, az - bz, a4 - by); аа А ав, Oa У O5, Ba v Bs) 
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- Inverse of trapezoidal neutrosophic number: 


DN ST 252): ааз ба, Ba) where (a # 0) 


- Multiplication of trapezoidal neutrosophic number by constant value: 


Ya = | ,Ya;,Yas,Ya4); aa, 0a pa) if (Y > 0) 
((Ya,,Yas,Ya;,Ya,); a, Oa Ba) if (Y « 0) 


- Division of two trapezoidal neutrosophic numbers: 


(2 2, 3,5); пало, O5 vOs Ba vf) if (ay > 0, b, > 0) 
b, із b; bi 

= ((2,5,2 %1); ganag Өү Ө5,ВауВ5) if (a, <0, by > 0) 
b, із b; bi 
а аз az 


(o s ыы? аа A a5, да у Ө5, Ва у 5) if (a4 <0, b, <0) 


TES 


- Multiplication of trapezoidal neutrosophic numbers: 


(ар, , azb; ,a3b; ,a4b,); aa ^ а,б V Op, Ba v Bg) if (a4 « 0, b, > 0) 


ES (а,Ь; ,azbz ,a3b3 ,a4b4); аа Aag, Oav Og, Ba v Bg) if (a, >0, by > 0) 
ab = 
((a4b4 ,a3b3 аро ,aıbı); ag лар, Oav Op, Ba v Bg) if (ag « 0, b, < 0) 


3 Methodology 


In this study, we present the steps of the proposed model, we identify 
criteria, evaluate them, and decision makers also evaluate their judgments using 
neutrosophic trapezoidal numbers. 


In previous articles, we noticed that the scale (1-9) has many drawbacks 
illustrated by [5]. We present a new scale from 0 to 1 to avoid this drawbacks. 
We use (n-1) judgments to obtain consistent trapezoidal neutrosophic preference 


n x(n-1) 


relations instead of , in order to decrease the workload. ANP is used for 


ranking and selecting the alternatives. 
The model of ANP in neutrosophic environment quantifies four criteria to 
combine them for decision making into one global variable. To do this, we first 


present the concept of ANP and determine the weight of each criterion based on 
opinions of decision makers. 


Then, each alternative is evaluated with other criteria, considering the 
effects of relationships among criteria. The ANP technique is composed of four 
steps in the traditional way [17]. 


The steps of our ANP neutrosophic model can be introduced as: 
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Step- 1 constructing the model and problem structuring: 
1. Selection of decision makers (DMs). 


Form the problem in a network; the first level represents the goal and the 
second level represents criteria and sub-criteria and interdependence and 
feedback between criteria, and the third level represents the alternatives. An 
example of a network structure: 


Figure 1. ANP model. 


Another example of a network ANP structure [17]: 


м2 


чї 


Fig. 2. A Network Structure. 


2. Prepare the consensus degree as it follows: 
CD- T x 100%, where NE is the number of decision makers that 


have the same opinion and N is the total numbers of experts. 


Consensus degree should be greater than 50% [16]. 
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Step-2 Pairwise comparison matrices to determine weighting 

1. Identify the alternatives of a problem A = (A1, A2, A3, ..., Am}. 

2. Identify the criteria and sub-criteria, and the interdependency 
between them: 

(—1C1,C€2, C3, Cm}. 

3. Determine the weighting matrix of criteria that is defined by decision 
makers (DMs) for each criterion (W1). 

4. Determine the relationship interdependencies among the criteria and 
the weights, the effect of each criterion against another in the range 
from 0 to 1. 

5. Determine the interdependency matrix from multiplication of 
weighting matrix in step 3 and interdependency matrix in step 4. 

6. Decision makers make pairwise comparisons matrix between 


alternatives compared to each criterion, and focus only on (n-1) 


: А : nx(n-1 
consensus judgments instead of using LM [16]. 
(hi magi Mitu U11) (li Mit mauus U11) Ms (an, Mint» Minu Uan) 
p= (lo, M211; Mz1w U21) (122, M221, M22u U22) ш Clans Mont» Тәпи, U2n) 
(ln туц, Ти, иһ) (122, ту, Mnzu» Un2) ВЕ (Inn, тут, Ty, Unn) 


To make the comparisons matrix accepted, we should check the 
consistency of the matrix. 

Definition 5 The consistency of a trapezoidal neutrosophic reciprocal 
preference relations Ё = (Tij) n x n can be expressed as: 

T; = Tin + Ty; — (0.5, 0.5, 0.5, 0.5) where i, j, К = 1, 2... n. can also be 
written as lj; = liy + ly; — (0.5, 0.5, 0.5, 0.5), mij; = mi, + ть р — (0.5, 0.5, 0.5, 
0.5), Miju = mig, + т з - (0.5, 0.5, 0.5, 0.5), щу = тїк + my; — (0.5, 0.5, 0.5, 
0.5) , where i, j, k= 1,2... n and for 7; = l- y; {Abdel-Basset, 2017 [16]}. 

Definition 6 In order to check whether a trapezoidal neutrosophic 
reciprocal preference relation Ё is additive approximation - consistency or not 


[16]. 
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U= ov. (3) 
" —Uijtex 

fij 2 (6) 
uij - mij =A (7) 


We transform the neutrosophic matrix to pairwise comparison 
deterministic matrix by adding (a, 0, B), and we use the following equation to 


calculate the accuracy and score 


к 1 
5 (4ij) = == [a1 + b1 + с di] x Q + aa - Oa -Pa ) (8) 
and 

# 1 
A @)= таз t by + с + di] x (2 + оа - 03 +Ва) (9) 


We obtain the deterministic matrix by using S (3jj). 
From the deterministic matrix, we obtain the weighting matrix by dividing 


each entry by the sum of the column. 


Step - 3 Formulation of supermatrix 


The supermatrix concept is similar to the Markov chain process [18]. 


1. Determine scale and weighting data for the n alternatives against n 
Criteria W21, W22, W23, ..., Моп. 

2. Determine the interdependence weighting matrix of criteria 
comparing it against another criteria in range from 0 to 1, defined as: 

C4 C; Сз C; 
C4 (0—1) 
„з БОЕ di de Qu (10) 
| “ш . (0-1) 
3. We obtain the weighting criteria W, = W3 x W,. 


4. Determine the interdependence matrix А е among the 


alternatives with respect to each criterion. 


Acriteria 
(0.5, 0.5,0.5,0.5) (li Miri Mw U11) e (lin Mint» Mnw Ша) 
(l24, M211, Mz1u U21) (0.5, 0.5,0.5,0.5) e (lens Mant, Тәпи, Шәп) 
1 _. (0.5, 0.5,0.5,0.5) e: 
(21, Mna Tw Uni) (Inz, Mn21 Tzu, Un2) V (0.5, 0.5,0.5,0.5) 
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Step - 4 Selection of the best alternatives 
1. Determine the priorities matrix of the alternatives with respect to each 
of the n criteria W,,, where n is the number of criteria. 
Then, Wa, = Ид, * Wai 
Wa? Wig. X Wa; 
Was = Ид, * W3 
Wan = Wi, * Won 
Then, Wy = [ Wa, Wa2, Was, ..., Wan]. 


2. In the last we rank the priorities of criteria and obtain the best 
alternatives by multiplication of the W4 matrix by the Weighting 
criteria matrix W,, i.e. 


Wa х We 


Тай сыен ed egy dee ee | 
эрш: ты mim acm] zumo eee | 


LUI B qp ET ITE T SL] 
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Figure 3. Schematic diagram of ANP with neutrosophic. 


4 Numerical Example 


In this section, we present an example to illustrate the ANP in neutrosophic 
environment - selecting the best personal car from four alternatives: Crossover is 
alternative Al, Sedan is alternative A2, Diesel is alternative A3, Nissan is 
alternative A4. We have four criteria C; (j = 1, 2, 3, and 4), as follows: Су for 
price, C; for speed, C3 for color, C4 for model. The criteria to be considered is 
the supplier selections, which are determined by the DMs from a decision group. 
The team is split into four groups, namely DM,, DM,, DM; and DM,, formed to 
select the most suitable alternatives. The criteria to be considered in the supplier's 
selection are determined by the DMs team from the expert's procurement office. 


Selection of 
personnel car 


: | 
Д E 

RI { 
M /——- - " й . 


à 


- 


Figure 4. Network structure of the illustrative example. 
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In this example, we seek to illustrate the improvement and efficiency of 
ANP, the interdependency among criteria and feedback, and how a new scale 
from 0 to 1 improves and facilitates the solution and the ranking of the 


alternatives. 


Step - 1: In order to compare the criteria, the decision makers assume that there 
is no interdependency among criteria. This data reflects relative weighting 
without considering interdependency among criteria. The weighting matrix of 
criteria that is defined by decision makers 15 W,= (P, S, C, M) = (0.33, 0.40, 0.22, 
0.05). 


Step - 2: Assuming that there is no interdependency among the four alternatives, 
(А; Az, Аз, Ад), they are compared against each criterion. Decision makers 
determine the relationships between each criterion and alternative, establishing 
the neutrosophic decision matrix between four alternatives (41, Az,A3, A4) and 
four criteria (C4, Cz , Сз, C4): 
Cy C; Сз C4 
(0.3 ,0.5,0.2,0.5) | (0.6,0.7,0.9,0.1) (0.7,0.2,0.4,0.6) (0.3, 0.6,0.4,0.7) 
(0.6 ,0.3,0.4,0.7) (0.2 ,0.3,0.6,0.9)  (0.6,0.7,0.8,0.9) (0.3, 0.5,0.2,0.5) 


аз | (0.3,0.5,0.2,0.5) (0.3,0.7,0.4,0.3) (0.8, 0.2,0.4,0.6) (0.2, 0.5,0.6,0.8) 
(0.4,0.3,0.10.6) (0.1,0.4,0.2,0.8) (0.5,0.3,0.2,0.4) (0.6, 0.2,0.3,0.4) 


The last matrix appears consistent to definition 6 (5, 6, 7). Then, by ensuring 
consistency of trapezoidal neutrosophic additive reciprocal preference relations, 
decision makers (DMs) should determine the maximum truth-membership degree 
(a), minimum indeterminacy-membership degree (0), and minimum falsity- 
membership degree (В) of single valued neutrosophic numbers, as in definition 6 


(c). Therefore: 


C C; C3 C, 
a 
К=з 
(0.3,0.5,0.2,0.5; 0.3,0.4,0.6) (0.6,0.7,0.9,0.1; 0.4,0.3,0.5) (0.7,0.2,0.4,0.6; 0.8,0.4,0.2) (0.3,0.6,0.4,0.7; 0.4,0.5,0.6) 
(0.6,0.3,0.4,0.7; 0.2,0.5,0.8) (0.2,0.3,0.6,0.9; 0.6,0.2,0.5) (0.6,0.7,0.8,0.9; 0.2,0.5,0.7) (0.3,0.5,0.2,0.5; 0.5,0.7,0.8) 
(0.3,0.5,0.2,0.5; 0.4,0.5,0.7) (0.3,0.7,0.4,0.3; 0.2,0.5,0.9) (0.8,0.2,0.4,0.6; 0.4,0.6,0.5) (0.2,0.5,0.6,0.8; 0.4,0.3,0.8) 
(0.4,0.3,0.1,0.6; 0.2,0.3,0.5) (0.1,0.4,0.2,0.8; 0.7,0.3,0.6) (0.5,0.3,0.2,0.4; 0.3,0.4,0.7) (0.6,0.2,0.3,0.4; 0.6,0.3,0.4) 
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" 1 
5 (8:3) = [а + by + с di] x (2 + ea - Oa - Ва) 
And 

- 1 
А (ij) = iz [aa + by + c + di] (2+ aa - 03 + Ва) 


The deterministic matrix can be obtained by S (3;;) equation in the following 
step: 


C C; Сз б 


0.122 0.23 0.261 0.163 
41 |0.113 0.238 0.188 0.10 
аз 10.113 0.085 0.163 0.17 

0.123 0.169 0.105 0.178 


Scale and weighting data for four alternatives against four criteria is derived by 
dividing each element by the sum of each column. The comparison matrix of four 
alternatives and four criteria is the following: 

Cy C; C3 C, 


0.259 0.319 0.364 0.268 
410.240 0.329 0.262 0.164 
4310.240 0.118 0.227 0.278 

0.261 0.234 0.146 0.291 


W21 W22 W23 W24 

Step - 3: Decision makers take into consideration the interdependency 
among criteria. When one alternative is selected, more than one criterion should 
be considered. Therefore, the impact of all the criteria needs to be examined by 
using pairwise comparisons. By decision makers’ group interviews, four sets of 
weightings have been obtained. The data that the decision makers prepare for the 
relationships between criteria reflect the relative impact degree of the four criteria 
with respect to each of four criteria. We make a graph to show the relationship 
between the interdependency among four criteria, and the mutual effect. 


Figure 5. Interdependence among the criteria. 
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The interdependency weighting matrix of criteria is defined as: 


б QO б C, 


a [1 08 04 0 
w,-G|0 02 05 06 
3 Gjo о 01 03 
“^lo o o0 o1 
1 0.8 04 0.33] [0.738 
w.= w xw, -|0 02 05 T а Е 
© 371 lo 0 04 0.22| |0.037 
0 0 0 0.051 10.005 


Thus, it is derived that м.= (C1,C2 ,C3 ,C4) = (0.738, 0.220, 0.037, 0.005). 


Step - 4: The interdependency among alternatives with respect to each 
criterion is calculated by respect of consistency ratio that the decision makers 
determined. In order to satisfy the criteria 1 (C4), which alternative contributes 
more to the action of alternative 1 against criteria 1 and how much more? We 
defined the project interdependency weighting matrix for criteria С, as: 


a. First criteria (C4) 
DMs compare criteria with other criteria, and determine the weighting of every 


criteria: 
ac А» Аз A 
(0.5,0.5,0.5,0.5) | (0.3, 0.2,0.4,0.5) y y 
do 24 y (0.5,0.5,0.5,0.5) (0.1, 0.2,0.4,0.8) y 
co ida y y (0.5, 0.5,0.5,0.5) (0.2 , 0.3,0.4,0.7) 
i y y y (0.5 , 0.5,0.5,0.5) 


where y indicates preference values that are not determined by decision makers. 
Then, we can calculate these values and make them consistent with their 
judgments. Let us complete the previous matrix according to definition 5 as 
follows: 

Куз = f45 + Ёз -(0.5,0.5,0.5,0.5) = (—0.1, —0.1,0.3,0.8) 


R3, =1-Ry3 = 1 - (-0.1, —0.1,0.3,0.8) = (0.2, 0.7,1.1,1.1) 
32 =¥31 + Fz - (0.5, 0.5,0.5,0.5) = (0.0,0.4 ,1.0,1.1) 

R21 = 1 - Ё, = 1 — (0.3, 0.2,0.4,0.5) = (0.5, 0.6, 0.8, 0.7) 
К.а = їз + ёза - (0.5, 0.5,0.5,0.5) = (—0.1, —0.3,0.2,1.1) 
Rog = 1 + - (0.5, 0.5,0.5,0.5) = (—0.1, —0.2,0.5,1.2) 
Ry, = 1 - R44 = 1 — (—0.1, —0.3,0.2,1.0) = (1.0, 0.8, 1.3, 1.1) 
Raz = 1 - К, = 1 — (—0.1, —0.2,0.5,1.2) = (0.2, 0.5, 1.2, 1.1) 
R45 = 1 - R34 = 1 — (0.2, 0.3,0.4,0.7) = (0.3, 0.6, 0.7, 0.8) 
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The comparison matrix will be as follows: 
А, А; As A, 


4, [(05,05,05,0.5) (0.3,0.2,0.4,0.5) (—0.1, —0.1,0.3,0.8) (—0.1, —0.3,0.2,1.1) 
+ 1(0.5,0.6,0.8,0.7) (0.5,0.5,0.5,0.5) (0.1,0.2,0.4,0.8)  (—0.1, —0.2,0.5,1.2) 
Аз | (0.2,0.7,1.1,1.1) (0.0,0.4,1.0,1.1) (0.5,0.5,0.5,0.5) (0.2,0.3,0.4,0.7) 
(1.0,0.8,1.3,1.1) (0.2,0.5,1.2,1.1) (0.3,0.6,0.7,08) (0.5,0.5,0.5,0.5) 


According to definition 6, one can see that this relation is not a trapezoidal 
neutrosophic additive reciprocal preference relation. By using Eq. 5, Eq. 6 and 
Eq. 7 in definition 6, we obtain the following: 


Ay A2 43 A4 


4, [0:5,0.5,0.5,0.5) (0.3,0.2,0.4,0.5) (0.1, 0.1,0.3,0.8) (0.1, 0.3,0.2,1.0) 
* |(0.5,0.6,0.8,0.7) (0.5,0.5,0.5,0.5) (0.1,0.2,0.4,0.8) (0.1, 0.2,0.5,1.0) 
аз | (0.2,0.7,1.0,1.0) (0.0,0.4,1.0,1.0) (0.5,0.5,0.5,0.5) (0.2, 0.3,0.4,0.7) 
* 1(1.0,0.8,1.0,1.0) (0.2,0.5,1.0,1.0) (0.3, 0.6,0.7,0.8) (0.5, 0.5,0.5,0.5) 


We check if the matrix is consistent according to definition 6. By ensuring 
consistency of trapezoidal neutrosophic additive reciprocal preference relations, 
decision makers (DMs) should determine the maximum truth-membership degree 
(a), the minimum indeterminacy-membership degree (0) and the minimum 
falsity-membership degree (B) of single valued neutrosophic numbers as in 
definition 6. 


А, А Аз A4 


(0.5 ,0.5,0.5,0.5) (0.3, 0.2,0.4,0.5; 0.7 ,0.2,0.5) (0.1, 0.1,0.3,0.8; 0.5 ,0.2,0.1) — (0.1, 0.3,0.2,1.0; 0.5,0.2,0.1) 
(0.5, 0.6, 0.8, 0.7; 0.7 ,0.2, 0.5) (0.5 ,0.5,0.5,0.5) (0.1,0.2,0.4,0.8;0.4,0.5,0.6) (0.1, 0.2,0.5,1.0; 0.5,0.1,0.2) 
(0.2,0.7,1.0,1.00.8,0.2,0.1) (0.0,0.4 ,1.0,1.0; 0.3, 0.1, 0.5) (0.5 ,0.5,0.5,0.5) (0.2 ,0.3,0.4,0.7; 0.7, 0.2, 0.5) 
(1.0,0.8,1.0,1.0:0.6,0.2,0.3) (0.2, 0.5, 1.0, 1.0; 0.6,0.2,0.3) (0.3, 0.6, 0.7, 0.8; 0.9,0.4,0.6) (0.5 ,0.5,0.5,0.5) 


We make sure the matrix 1s deterministic, or we transform the previous matrix to 
be a deterministic pairwise comparison matrix, to calculate the weight of each 
criterion using equation (8, 9) in definition 6. 


The deterministic matrix can be obtained by S (3j) equation in the following 


step: 


05 0.175 0.179 02 

д. -|0325 05 0.122 0.25 
er 0.453 0.265 0.5 0.2 
0.38 0.354 0.285 0.5 
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We present the weight of each alternatives according to each criteria from the 
deterministic matrix easily by dividing each entry by the sum of the column; we 
obtain the following matrix as: 


0.30 0.135 0.165 0.188 
7 10.196 0.386 0.112 0.214 


e 0.273 0.198 0.460 0471 
0.229 0.274 0.262 0.427 


b. Second criteria (C3) 


DMs compare criteria with other criteria, and determine the weighting of every 


criteria: 
А, 4; Аз A, 
4, [(0.5,0.50.50.5) (0.3, 0.6,0.4,0.5) y y 
bee y (0.5 ,0.5,0.5,0.5) (0.5, 0.2,0.4,0.9) y 
c2 5A y y (0.5,0.5,0.5,0.5) (0.5, 0.3,0.4,0.7) 
ds y y y (0.5 , 0.5,0.5,0.5) 


where y indicates preference values that are not determined by decision makers, 
then we can calculate these values and make them consistent with their 
judgments. 

We complete the previous matrix according to definition 5 as follows: 


The comparison matrix will be as follows: 
Ay А, Аз Ay 


(0.5,0.5,0.5,0.5) (0.3, 0.6,0.4,0.5) (0.3, 0.3,0.3,0.9) (0.3, 0.1,0.2,1.1) 


i a (0.5, 0.6,0.4,0.7) (0.5,0.5,0.5,0.5) (0.5,0.2,0.4,0.9) (0.3, 0.2,0.1,1.3) 
@ As | (0.1,0.7,0.7,0.7) (—0.1,0.8,0.3,0.5) (0.5 ,0.5,0.5,0.5) (0.5 ,0.3,0.4,0.7) 
* 1(2.0,0.8,0.9,0.7) (0.3,0.9,0.8,0.7) (0.3, 0.6,0.7,0.5) (0.5,0.5,0.5,0.5) 


According to definition 6, one can see that this relation is not a trapezoidal 
neutrosophic additive reciprocal preference relation. By using Eq. 5, Eq. 6 and 
Eq. 7 in definition 6, we obtain the following: 


Ay А, Аз Ag 


4, [0-5 ,0-5,0.5,0.5) (0.3,0.6,0.4,0.5) (0.3, 0.3,0.3,0.9) (0.3, 0.1,0.2,1.0) 
+ 1(0.5,0.6,0.4,0.7) (0.5,0.5,0.5,0.5) (0.5,0.2,0.4,0.9) (0.3, 0.2,0.1,1.0) 
^: | (0.1,0.7,0.7,0.7) (0.1,0.8,0.3,0.5) (0.5,0.5,0.5,0.5) (0.5 , 0.3,0.4,0.7) 
* [(1.0,0.8,0.9,0.7) (0.3, 0.9,0.8,0.7) (0.3, 0.6,0.7,0.5) (0.5, 0.5,0.5,0.5) 


Let us check that the matrix is consistent according to definition 6. Then, by 
ensuring consistency of trapezoidal neutrosophic additive reciprocal preference 
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relations, decision makers (DMs) should determine the maximum truth- 
membership degree (о), the minimum indeterminacy-membership degree (0) and 
the minimum falsity-membership degree (В) of single valued neutrosophic 
numbers, as in definition 6. Then: 


А, A, As A, 


(0.5 ,0.5,0.5,0.5) (0.3, 0.6,0.4,0.5 ; 0.7 ,0.3,0.5) (0.3,0.3,0.3,0.9;0.5,0.2,0.1) — (0.3,0.1,0.2,1.0; 0.5,0.2,0.1) 
(0.5, 0.6, 0.4, 0.7; 0.7 ,0.3, 0.5) (0.5 , 0.5,0.5,0.5) (0.5 ,0.2,0.4,0.9; 0.4,0.5,0.6) (0.3, 0.2,0.1,1.0; 0.5,0.1,0.4) 
(0.1, 0.7,0.7,0.7; 0.8, 0.20.3) — (0.1,0.8 ,0.3,0.5; 0.4, 0.2, 0.5) (0.5 , 0.5,0.5,0.5) (0.5 , 0.3,0.4,0.7; 0.6, 0.2, 0.5) 
(1.0, 0.8, 0.9, 0.7; 0.6,0.4,0.3) (0.3, 0.9, 0.8, 0.7; 0.6,0.2,0.3) — (0.3, 0.6, 0.7, 0.5; 0.9,0.4,0.5) (0.5 ,0.5,0.5,0.5) 


Let us be sure the matrix is deterministic, or transform the previous matrix to be 
deterministic pairwise comparison matrix, to calculate the weight of each criteria 
using equation (8, 9) in definition 6. 


The deterministic matrix can be obtained by S (3;;) equation in the following 
step: 

0.5 0.214 0.247 0.22 
7 0.216 0.5 0.163 0.20 


Acz ~ 10.316 0.181 0.5 0.226 
0.404 0.354 0.3 0.5 


We present the weight of each alternatives according to each criteria from the 
deterministic matrix by dividing each entry by the sum of the column; we obtain 


the following matrix: 
0.50 0.215 0.244 0.192 
ded 0.216 0.503 0.161 0.175 
0.273 0.182 0.495 0.197 
0.229 0.356 0.259 0.436 


c. Third criteria (C3) 
DMs compare criteria with other criteria, and determine the weight of every 


criteria. 
Ау 4; Аз A, 
4, [(05,0.50.50.5) (0.6, 0.7,0.9,0.1) y y 
ГЕ. y (0.5,0.5,0.5,0.5) (0.6 , 0.7,0.8,0.9) y 
сз TA; y y (0.5,0.5,0.5,0.5) (0.2,0.5,0.6,0.8) 
у y y (0.5 , 0.5,0.5,0.5) 


where y indicates preference values that are not determined by decision makers; 
then, we can calculate these values and make them consistent with their 
judgments. 
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We complete the previous matrix according to definition 5 as follows: 


А, A, As А, 


(0.5 ,0.5,0.5,0.5) (0.6,0.7,0.9,0.1) (0.7,0.9,1.2,1.4) (0.4, 0.7,1.3,1.7) 
; _a | (0.0,0.1,0.3,0.4) (0.5,0.5,0.5,0.5) (0.6,0.7,0.8,0.9) (0.3, 0.5,0.9,1.2) 
As |(—0.4,— 0.2,0.1,0.3)  (—0.3,0.0,0.5,0.8) (0.5,0.5,0.5,0.5) (0.2, 0.5,0.6,0.8) 
(—0.7, —0.3, 0.3,0.6) (—0.6, —0.1,0.7,1.1) (0.2,0.4,0.5,0.8) (0.5 ,0.5,0.5,0.5) 


According to definition 6, one can see that the relation is not a trapezoidal 
neutrosophic additive reciprocal preference relation. By using Eq. 5, Eq. 6 and 
Eq. 7 in definition 6, we obtain the following: 


Ay A2 Аз Ag 


(0.5, 0.5,0.5,0.5) (0.6,0.7,0.9,0.1) (0.7, 0.9,1.0,1.0) (0.4, 0.7,1.0,1.0) 
д. -4 |(0.0,0-1,0.3,0.4) (0.5, 0.5,0.5,0.5) (0.6 ,0.7,0.8,0.9) (0.3, 0.5,0.9,1.0) 
сз As | (0.4,0.2,0.1,0.3) (03,0.0,0.5,0.8) (0.5, 0.5,0.5,0.5) (0.2, 0.5,0.6,0.8) 
* 1(0.7,0.3,0.3,0.6) (0.6,0.1,0.7,1.0) (0.2,0.4,0.5,0.8) (0.5, 0.5,0.5,0.5) 


Then, let us check that the matrix is consistent according to definition 6. Then, by 
ensuring consistency of trapezoidal neutrosophic additive reciprocal preference 
relations, decision makers (DMs) should determine the maximum truth-membership 
degree (а), the minimum indeterminacy-membership degree (0) and the minimum 
falsity-membership degree (В) of the single valued neutrosophic numbers as in 
definition 6. Then: 


Ay A, As Ay 


(0.5 , 0.5,0.5,0.5) (0.6, 0.7,0.9,0.1; 0.7 ,0.2,0.5) (0.7, 0.9,1.0,1.0; 0.5 ,0.2,0.1) (0.4, 0.7,1.0,1.0; 0.5,0.2,0.3) 
(0.0, 0.1, 0.3, 0.4; 0.8 ,0.2, 0.6) (0.5 , 0.5,0.5,0.5) (0.6 , 0.7,0.8,0.9; 0.5, 0.2,0.1) (0.3, 0.5,0.9,1.0; 0.5,0.1,0.2) 
(0.4, 0.2,0.1,0.3; 0.5, 0.3 ,0.4) (0.3,0.0 ,0.5,0.8; 0.8, 0.5, 0.3) (0.5 , 0.5,0.5,0.5) (0.2 ,0.5,0.6,0.8; 0.6, 0.4, 0.2) 
(0.7, 0.3, 0.3, 0.6; 0.5,0.2,0.1) (0.6, 0.1, 0.7, 1.0; 0.3,0.1,0.5) (0.2, 0.4, 0.5, 0.8; 0.3,0.1,0.5) (0.5 ,0.5,0.5,0.5) 


Let us be sure the matrix is deterministic, or transform the previous matrix to be 
deterministic pairwise comparison matrix, to calculate the weight of each criteria 
using equation (8, 9) in definition 6. 


The deterministic matrix can be obtained by S (3;j) equation in the following 
step: 

0.5 0.4 0.49 0.41 
x 0.1 0.5 0.41 0.37 


Acs -loig 024 05 056 
0.38 0.30 020 05 
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We present the weight of each alternatives according to each criteria from the 
deterministic matrix by dividing each entry by the sum of the column; we obtain 
the following matrix: 


0.43 027 030 0.22 
A. -|008 035 026 0.20 
e 0.15 016 0.31 0.30 
0.33 0.21 0.12 0.27 


d. Four criteria (C4) 
DMs compare criteria with other criteria, and determine the weighting of every: 


A А; Аз Aa 
(0.5,0.5,0.5,0.5) (0.4, 0.5,0.3,0.7) y y 
Ж nda y (0.5,0.5,0.5,0.5) (0.4, 0.2,0.7,0.5) y 
Са TAs y y (0.5, 0.5,0.5,0.5) (0.4, 0.6,0.5,0.8) 
5 y y y (0.5 ,0.5,0.5,0.5) 


Where y indicates the preference values that are not determined by decision 
makers; then, we can calculate these values and make them consistent with their 
judgments. 

We complete the previous matrix according to definition 5 as follows: 


Ay A2 As А, 


(0.5,0.5,0.5,0.5) (0.4,0.5,0.3,0.7) (0.3,0.2,0.5,0.7) (0.2, 0.3,0.5,1.0) 
(0.3,0.7,0.5,0.6) (0.5,0.5,0.5,0.5) (0.4,0.2,0.7,0.5) (0.0, 0.5,0.5,1.1) 
Аз |(0.3,0.7,0.5,0.6) (0.2,0.5,0.6,0.9) (0.5,0.5,0.5,0.5) (0.4, 0.6,0.5,0.8) 
(0.3, 0.7,0.5,0.6) (—0.1,0.5,0.5,1.0) (0.2,0.5,0.4,0.6) (0.5,0.5,0.5,0.5) 


According to definition 6, one can see that this relation is not a trapezoidal 
neutrosophic additive reciprocal preference relation. By using Eq. 5, Eq. 6 and Eq. 7 
in definition 6, we obtain the following: 


Ay A2 Аз A4 


(0.5,0.5,0.5,0.5) (0.4,0.5,0.3,0.7) (0.3, 0.2,0.5,0.7) (0.2, 0.3,0.5,1.0) 
(0.3,0.7,0.5,0.6) (0.5,0.5,0.5,0.5) (0.4,0.2,0.7,0.5) (0.0, 0.5,0.5,1.0) 
Аз |(0.3,0.7,0.5,0.6) (0.2,0.5,0.6,0.9) (0.5,0.5,0.5,0.5) (0.4, 0.6,0.5,0.8) 
(0.3,0.7,0.5,0.6) (0.1,0.5,0.5,1.0) (0.2,0.5,0.4,0.6) (0.5,0.5,0.5,0.5) 


Then, we check that the matrix is consistent according to definition 6. By ensuring 
consistency of trapezoidal neutrosophic additive reciprocal preference relations, 
decision makers (DMs) should determine the maximum truth-membership degree 
(a), the minimum indeterminacy-membership degree (0) and the minimum 
falsity-membership degree (В) of the single valued neutrosophic numbers, as in 
definition 6. 
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Ai A2 Аз A4 


А, 
(0.5 , 0.5,0.5,0.5) (0.4, 0.5,0.3,0.7 ;0.4,0.3,0.6) (0.3, 0.2,0.5,0.7 ; 0.2,0.3,0.5) (0.2, 0.3,0.5,1.0; 0.3,0.1,0.8) 
(0.3, 0.7, 0.5, 0.6; 0.7 ,0.4, 0.5) (0.5 ,0.5,0.5,0.5) (0.4,0.2,0.7,0.5; 0.3, 0.5,0.6) (0.0, 0.5,0.5,1.0; 0.4,0.3,0.2) 
(0.3, 0.5,0.8,0.7; 0.7 ,0.4,0.5) (0.2,0.5 ,0.6,0.9; 0.7, 0.4, 0.3) (0.5 , 0.5,0.5,0.5) (0.4, 0.6,0.5,0.8; 0.7, 0.3, 0.5) 
(0.0, 0.5, 0.7, 0.8; 0.5,0.2,0.4) (0.1, 0.5, 0.5, 1.0; 0.5,0.3,0.6) (0.2, 0.5, 0.4, 0.6; 0.4,0.6,0.2) (0.5, 0.5,0.5,0.5) 


Let us be sure the matrix is deterministic, or transform the previous matrix to be 
deterministic pairwise comparison matrix, to calculate the weight of each criteria 
using equation (8, 9) in definition 6. 


The deterministic matrix can be obtained by S (3;;) equation in the following 
step: 


05 018 015 0.17 

д =|024 05 013 023 
= 0.29 0.27 05 027 
0.23 0.21 017 05 


We present the weight of each alternative according to each criteria from the 
deterministic matrix by dividing each entry by the sum of the column; we obtain 
the following matrix: 


0.40 0.16 0.16 0.15 
A. -|019 043 014 0.19 
at 0.23 023 05 0.23 
0.18 0.18 0.18 0.42 


Step 4: The priorities of the alternative W, with respect to each of the four 
criteria are given by synthesizing the results from Steps 2 and 4 as follows: 


0.199 
0.172 
0.273 
0.299 


War = Ид х War = 


0.303 


0.294 
Wa; = Ид, х Wz = 


0.327 
0.209 
0.210 
0.241 


E: 
0.347 
Wig Wa. х Из = | 

0.222 
0.216 


0.305 
0.250 


Wa Wa, x Wa = 


The matrix W, is defined by grouping together the above four columns: 


Wa =[ Wai, W45, Was, Waa] 
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Step 5: The overall priorities for the candidate alternatives are finally 
calculated by multiplying W, and W,: 
War Wa2 W33 Wag 


0.199 0.303 0.327 0.222 0.738 0.226 


= _|0.172 0.294 0.209 0.216 0.220] | |0.200 
=W, x W, = x - 
0.273 0.251 0.210 0.305 0.037 0.265 
0.299 0.347 0.241 0.250 0.005 0.307 


The final results in the АМР Neutrosophic Phase are (A1, A2, A3, A4) = (0.226, 
0.200, 0.265, 0.307). These ANP Neutrosophic results are interpreted as follows. 
The highest weighting of criteria in this problem selection example is A4. Next 
1s Al. These weightings are used as priorities in selecting the best personnel car. 

Then, it is obvious that the four alternative has the highest rank, meaning that 
Nissan is the best car according to this criteria, followed by Crossover, Diesel 
and, finally, Sedan. 


Table 2. Ranking of alternatives. 


Car Name Priority 


Crossover 0.22 
Diesel 0.20 
Nissan 0.26 
Sedan 0.30 


Mean priority 


0,2 
0 
CrossOver Sedan Diesel Nissan 


Figure 6. ANP ranking of alternatives. 


5 Conclusion 


This research employed the ANP technique in neutrosophic environment 
for solving complex problems, showing the interdependence among criteria, the 
feedback and the relative weight of decision makers (DMs). We analyzed how to 
determine the weight for each criterion, and the interdependence among criteria, 
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calculating the weighting of each criterion to each alternative. The proposed 


model of ANP in neutrosophic environment is based on using of (n – 1) consensus 


-1) 


judgments instead of i ones, in order to decrease the workload. We used a 


new scale from 0 to 1 instead of that from 1 to 9. We also presented a real life 
example as a case study. In the future, we plan to apply ANP in neutrosophic 
environment by integrating it with other techniques, such as TOPSIS. 
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A Neutrosophic Technique Based Efficient Routing Protocol 
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Mullai Murugappan, V. Venkateswara Rao 
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Murugappan, V. Venkateswara Rao (2019). A Neutrosophic Technique Based Efficient Routing 
Protocol for MANET Based on Its Energy and Distance. Neutrosophic Sets and Systems 24: 61-69 


Abstract. In the last decade, characterizing the energy in MANET based on its acceptation, rejection and 
uncer-tain part is addressed as one of the major issues by the researchers. An efficient energy routing protocol for 
MA-NET is another issue. To resolve these issues current paper focuses on utilizing the properties of 
neutrosophic technique. The essential idea of the protocol is to choose an energy efficient route with respect 
to neutrosophic technique. In this neutrosophic set, we have three components such as (T, L F). Each 
parameter such as energy and distance is taken from these neutrosophic sets to determine the efficient energy 
route in MANET. After taking a brief survey about energy efficient routing for MANET using various methods, 
we are trying to implement the neutrosophic set technique to find the efficient energy route for MANET which 
provides the better energy route in uncertain situations. The comparative analysis between vague set MANET and 
neutrosophic MANET for the val-ues of energy functions and distance functions is done by using Matlab and the 
result is discussed graphically 


1 Introduction 


Wireless networking technologies play a vital role for giving rise to many new applications in internet world. 
Mobile ad-hoc network (MANET) is one of the most leading fields for research and development of 
wireless network. Now a days, wireless ad-hoc network has become one of the most vibrant and active field of 
communi-cation and networks due to the popularity of mobile devices. Also, mobile or wireless network has 
become one of the indeed requirement for the users around the world. In this network, there are no groundwork 
stations or mobile switching centres and other structures of these types. The topology of Mobile ad-hoc network 
(MANET) changes dynamically. Each node is within others node's radio range via wireless networks. In the 
present era, nearly everyone has a mobile phone and most of it are smart phones. These devices are very 
cheaper and more powerful which make Mobile ad-hoc network (MANET) as the speed-growing network [1, 26, 
36, 37]. Because of frequent braking of communication links, the nodes in mobile ad-hoc networks are free to 
move to anywhere. Also, a node in Mobile ad-hoc network (MANET) performs complete access to send data 
from one node to the other very fast and provides accurate services. Mobile ad-hoc network (MANET) is user 
friendly network which is easy to add or remove from the network. In this, each node contains some energy with 
limited battery capacity. The energy has been lost very speed in ad-hoc networks by transforming the data from 
one node to another node and also over all network's lifetime. Therefore the energy efficient routing indicates 
that the selecting route re-quires high energy and shortest distance. In this regard recently one of the authors 
has utilized implications of weighted concept lattice [31] and its implications using three-way neutrosophic 
environment [32-33] at different threshold [25] beyond the fuzzy logic [40]. It is shown that the computing 
paradigm of neutrosophic logic pro-vides an authorization to deal with indeterminacy in the given network when 
compared to any other approaches available in fuzzy logic. Hence the current paper focused on introducing 
the concept of neutrosophic logic for analyzing the energy efficient routing protocol in Mobile ad-hoc network 
(MANET). 
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Neutrosophic set was in-troduced by Florentin Smarandache [34] in 1995. Neutrosophic set is the 
generalization of fuzzy set, intuition-istic set fuzzy set, classical set and paraconsistent set etc. In 
intuitionistic fuzzy sets[2], the uncertainty is de-pendent on the degree of belongingness and degree of non- 
belongingness. In case of neutrosophy theory, the in-determinacy factor is independent of truth and falsity 
membership-values. Also neutrosophic sets are more gen-eral than IFS, because there are no conditions between 
the degree of truth, degree of indeterminacy and degree of falsity. In 2005, Wang et.al [38] introduced single 
valued neutrosophic sets which can be used in real world ap-plications. In this case, a problem is addressed 
while dealing with efficient route in routing protocol based on its distance or energy. To shoot this problem, the 
current paper introduces a method to characterize the energy effi-cient route in Mobile ad-hoc network 
(MANET) based on its acceptation, rejection and uncertain part. In the same time the analysis of the 
proposed method is compared with one of the existing methods to validate the re-sults. The motivation is to 
discover the precise and efficient path based on its maximal acceptance, minimum re-jection, and minimal 
indeterminacy. The objective is to provide an optimal routing in Mobile ad-hoc network (MANET) in 
minimal energy utilization when compared to vague set [18]. One of the significant outputs of the proposed 
method is that it deals with uncertainty independent from truth and false membership-values. 

The remaining part of the paper is organized as follows: Section 2 provides preliminaries about each of the 
set theories. Section 3 provides proposed method with its comparative analysis in Section 4. Section 5 provides 
conclusions and future research. 


2 Overview of Mobile ad-hoc networks[28] 


Mobile Ad Hoc networking (MANET) can be classified into first, second and third generations. The first genera- 
tion of mobile ad-hoc network came up with “packet radio" networks ( PRNET) in 1970s and it has evolved to 
be a robust, reliable, operational experimental network. The PRNET used a combination of ALOHA and channel 
access approaches CSMA for medium access, and a distance-vector routing to give packet-switched networking 
to mobile field elements in an infrastructure less, remote environment. The second generation evolved in early 
1980's when SURAN (Survivable Adaptive Radio Networks) significantly improved upon the radios, scalability 
of algorithms, and resilience to electronic attacks. During this period include GloMo (Global Mobile Information 
System) and NTDR (Near Term Digital Radio)were developed. The aim of GloMo was to give office- 
environment Ethernet-type multimedia connectivity anytime, anywhere, in handheld devices. Channel access 
approaches were in the CSMA/CA and TDMA molds, and several novel routing and topology control schemes 
were developed. The NTDR used clustering and link- state routing, and self-organized into a two-tier ad hoc 
network. Now used by the US Army, NTDR is the only “real” (non-prototypical) ad hoc network in use today. 
The third generation evolved in 1990's also termed as commercial network with the advent of Notebooks com- 
puters, open source software and equipments based on RF and infrared. IEEE 802.11 subcommittee adopted the 
term *ad hoc networks." The development of routing within the Mobile ad-hoc networking (MANET) working 
group and the larger community forked into reactive (routes on- demand) and proactive (routes ready-to-use) 
routing protocols 141. The 802.1 1 subcommittee standardized a medium access protocol that was based on col- 
lision avoidance and tolerated hidden terminals, making it usable, if not optimal, for building mobile ad hoc net- 
work prototypes out of notebooks and 802.11 PCMCIA cards. HIPERLAN and Bluetooth were some other 
standards that addressed and benefited ad hoc networking. With the increase of portable devices with wireless 
communication, ad-hoc networking plays an important role in many applications such as commercial, military 
and sensor networks, data networks etc., Mobile ad-hoc networks allow users to access and exchange infor- 
mation regardless of their geographic position or proximity to infrastructure. Since Mobile ad-hoc networking 
(MANET) has no static infrastructure, it offers an advantageous decentralized character to the network. Decen- 
tralization makes the networks more flexible and more robust. 


3 Preliminaries 
Definition of Fuzzy Set: 


Fuzzy set was introduced by Zadeh in 1965 [40] and it gives new trend in application of mathematics. Every 
value of the fuzzy set consisting of order pair one is true membership and another one is false membership which 
lies between 0 and 1. Several authors [30, 39, 21-23, 27, 29] used fuzzy set theory in ad-hoc network and wire- 
less sensor network to solve routing problems. The logic in fuzzy set theory is vastly used in all fields of mathe- 
matics like networks, graphs, topological space ...etc. 


Definition:[9]Intuitionistic Fuzzy Set: 


Intuitionistic Fuzzy Sets are the extension of usual fuzzy sets. All outcomes which are applicable for fuzzy sets 
can be derived here also. Almost all the research works for fuzzy sets can be used to draw information of IFSs. 
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Further, there have been defined over IFSs not only operations similar to those of ordinary fuzzy sets, but also 
operators that cannot be defined in the case of ordinary fuzzy sets. 


Definition:[17,24] Adroit System: 


Adroit system [17, 24] is a computer program that efforts to act like a human effect in a particular subject area to 
give the solution to the particular unpredictable problem. Sometimes, adroit systems are used instead of human 
minds. Its main parts are knowledge based system and inference engine. In that the software is the knowledge 
based system which can be solved by artificial intelligence technique to find efficient route. The second part is 
inference engine which processes data by using rule based knowledge. 


Definition:[34] Neutrosophic Set: 

A neutrosophic set is a triplet which contains a truth membership function, a false membership function 
and indeterminacy function. Many authors extended this neutrosophic theory in different fields of mathematics 
such as decision making, optimization, graph theory etc.,[3-16, 42-52]. In particular, with the best knowledge, 
this is the first time to calculate efficient energy protocol for MANET based on the neutrosophic technique. 


Let U be the universe. The neutrosophic set A in U is characterized by a truth-membership function Ta, a inde- 
terminacy-membership function I, and a falsity-membership function FA. T(x), IA(x) and Fa(x) are real stand- 
ard elements of [0,1]. It can be written as 


Aus = KTL, F GO x €U,T,(x),1,00).F, efor tt о 


There is no restriction on the sum of TA(x) , Ia(x) and F (х). So 0€ Ta(x)+Ia(x)+Fa(x) < 3*. 


Definition:[35] Let U be a universe of discourse and A the neutrosophic set A C U. Let 
T,(x),1,(x), Е, (x) be the functions that describe the degree of membership, indeterminate membership and 


non-membership respectively of a generic element x € U with respect to the neutrosophic set A. A single valued 
neutrosophic overset (SVNOV) A on the universe of discourse U is defined as: 


Aswoy = KT), LE), FG) > x €U,T, (x), 1,00), Е,0) €[0,Q]}} D 
where TA(x),L, (x), F(x): 0 [0, o]. 0<1<Q апа Q is called overlimit. Then there exists at least one 


element in A such that it has at least one neutrosophic component >1апа no element has neutrosophic component 
«0 
Definition:[35]Let U be a universe of discourse and the neutrosophic set А С U. Let Т, (х), Г, (x), Е, (x) be 


the functions that describe the degree of membership, indeterminate membership and non-membership respec- 
tively of a generic element x € U with respect to the neutrosophic set A. A single valued neutrosophic underset 
(SVNU) A on the universe of discourse U is defined as: 


Ауу = {< Т,(х), I, (х), F(x) > x €U,T, (x), FL, (х), F(x) € EA (3) 


where T,(x),1,(x), F(x): U> [v.i]. V «0«1 and V is called lowerlimit.Then there exists at least one 


element in A such that it has at least one neutrosophic component«0 and no element has neutrosophic compo- 
nent >1 


Definition:[35] Let U be a universe of discourse and the neutrosophic set AC U. Let T, (x), Г, (х), Е, (х) be 


the functions that describe the degree of membership, indeterminate membership and non-membership respec- 
tively of a generic element x € U with respect to the neutrosophic set A. A single valued neutrosophic offset 
(SVNOF) A on the universe of discourse U is defined as: 


Азор = KLO, LO, F(x) > x eU,T (х), 1, (х), Е, Оо) є[Ф,О] (4) 


where T, (x),I (x), F(x): U> [v]. Y «0«1« О and V. is called underlimit while Q is called over- 


limit. Then there exist some elements in A such that at least one neutrosophic component > 1, and at least another 
neutrosophic component « 0 


Example 1: Let A={(X,,<1.2, 040.1»), (x; ,«0.2, 0.3,-0.7>)},since T(x, )=1.2>1, F(x,)- - 0.7 <0 
Definition:[35]The complement of a single valued neutrosophic overset/ underset/offset A is denoted by C(A) 
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and is defined by 

С(А) ={(х,< F, (x), V - 2 I, (х), Г, (х) >, x €U } (5) 
Definition:[35]The intersection of two single valued neutrosophic overset/ underset/offset А and B is a single 
valued neutrosophic overset/ underset/offset denoted C and is denoted by C= A A B and is defined by 


С= А B={(x,< min(T, (х), Г, (х)), тах(/, (х), 1,(х)). max(F, Go, F5(x))). хє U} (6) 
Definition:[35]The union of two single valued neutrosophic overset/ underset/offset A and В is а single valued 
neutrosophic overset/ underset/offset denoted C and is denoted by C= AU B and is defined by 


C2 AU В ={(х,< max(T,(x),T,(x)). піп, (х), 0), min(F, (x), F,(x))).x€ U} (7) 


The following table 1, describe the neutrosophic oversets, neutrosophic undersets, neutrosophic offsets and Sin- 
gle valued neutrosophic sets 


Types of neutrosophic sets Y (under limit) Q (overlimit) 
neutrosophic oversets 0 1kQ 
neutrosophic undersets Y «0 1 

neutrosophic offsets Y «0 1<0 

Single valued neutrosophic sets 0 1 


Table 1. Some type of neutrosophic sets 


It can be observed that, the algebra of neutrosophic set provides an independent way to deal with indeterminacy 
beyond the truth and false membership-values of a vague set. However characterizing the distance of routing 
protocol in MANET based on its truth, falsity and indeterminacy membership-values is complex problem. To 
deal with this problem, one of the algorithms is proposed in the next section with an illustrative example. 


4 PROPOSED PROTOCOL 


In this section, a method is proposed to characterize the efficient routing path in MANET based on the neu- 
trosophic technique using energy and distance. In this proposed protocol, energy function may be low, medium 
and high and also in a similar way distance may be short, medium and long. To represent these levels a neutro- 
sophic set based membership function 4 , Indeterminacy с and non-membership y is defined in this paper. 


All these energy membership functions E,,E,andE;, and distance membership func- 
tions D,, D,and D, are given in Table 2 and Table3. 


Linguistic value | Notation | Neutrosophic range | Basic value 
Low Er (Ei Ei EL) (0,0.9,1.8) 
Medium Ем (Ем*,Ем?,Ем) (1.8,2.7,3.5) 
High En (Eu*, En); Eu) (3.5,4.4,5) 


Table 2. A neutrosophic set based representation of energy function 


Linguistic value | Notation Neutrosophic range Basic value 
Short Ds (DL+,DL0,DL-) ( 0,9,17) 
Medium DM (DM+,DM0,DM-) (17,26,34) 
Large DL (DH+,DH0,DH-) (34,42,50) 


Table 3. A neutrosophic set based representation of distance function 
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The a single valued neutrosophic overset/ underset/offset are characterized by three memberships, the 
truth-membership, indeterminacy-membership and false membership functions as described in definitions 


above. 


It gives an interpretation of membership grades. Low, medium and high of the energy and distance functions 
are written as follows: 


Neutrosophic Energy function values: 
M(E,) = (0.3, 0.7, 1.2), (Е) = (1.4, 2.3, 3), (Ej) (3.2, 4, 4.8) 
o(E,) = (0.4, 0.9, 1.4), o( Ey, ) = (1.3, 2.6, 3.2), o(E,,) = (34, 3.8, 4.6) 


У(Е,) = (0.2, 0.6, 1.5, У(Е н) = (1.2, 2.5, 3.4), У(Е„) = G, 4.2, 4.5) 


Neutrosophic Distance function values: 
(Р) = (0.2, 4, 10), (D, ) = (12, 20, 32), = (30, 38, 44) 

o(D,) = (0.5, 5, 12), o(D,,)= (10, 23, 30), o(D, )= Q9, 41, 49) 
Y(D,) = (0.3, 6,8), Y(D,,) = (14, 21, 28), y(D,) = (32, 40, 47) 


Recently, several authors tried to deduce the neutrosophic values in various fields [40]. The current paper 
tried most suitable and ideal solution deduced by considering true members function 4/ for the better solution. 


These neutrosophic values are used for efficient route selection in MANET which is given below in table 3. By 
comparing different routes of the MANET, rating of the route is calculated by the Eq. 8 as given below: 


NR, = meanof a T ii (8) 


From the rating of different route given in Table 4, each value of NR, ; 1S a neutrosophic route having differ- 


ent values which determine the nature of the route in MANET. 


S.No Neutrosophic possible route 

1 If Energy is (Е, ) and (Distance is (D. ) ,then the route is КІ. 

2 If Energy is (Е, ) and (Distance is (0, ), then the route is R2. 
3 If Energy is (Е, ) and (Distance is (О) then the route is R3. 
4 If Energy is Ш(Е, ) and (Distance is (0, ) ,then the route is R4. 
5 If Energy is (E, ) and (Distance is (D ) then the route is R5. 
6 If Energy is Ш(Е,, ) and (Distance is 44(D, ) «then the route is R6. 
7 If Energy is /( Ej, ) and (Distance is 44(D,) Шеп the route is R7. 
8 If Energy is (Е, ) and (Distance is (D ) then the route is R8. 
9 If Energy is (Е, ) and (Distance is (D, ) then the route is R9. 


Table 4. A neutrosophic technique based efficient route selection 
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Route num- Neutrosophic Rating of route Enlightenment of Rating 
ber 

КІ 0.154929 Good 

R2 0.034375 Bad 

R3 0.019642 Very Bad 

R4 0.471830 Excellent 

R5 0.104687 Poor 

R6 0.059821 Very poor 

R7 0.873239 Very excellent 

R8 0.19375 Very good 

R9 0.110714 Medium 


Table 5. Enlightenment of rating of different routes in Neutrosophic Technique 


Hence, each neutrosophic route has a specific rating in MANET. Table 4 provides a way to defined different 
neutrosophic routes by considering various energy functions and as well as distance functions. Following that the 
sequences of different routes based on their rating is given in Table 5. The decreasing order according to rating 
on the routes is R3 < R2« R5 < R9 < RI <R8 < R4 < R7.Table 5 represents that based on neutrosophic ordering 
defined by the proposed method route R7 is one of the best energy efficient route among them for the given 
MANET. 


5 Comparative Analysis 


While comparing vague set and neutrosophic set, vague set is equivalent to intuitionistic fuzzy set because 
both of them having only truth and false membership functions. Also neutrosophic set is the generalization of 
fuzzy and intuitionistic fuzzy sets. Hence the results obtained by using neutrosophic set is better than the results 
obtained by using vague set. In this section, the comparative analysis among neutrosophic and vague set based 
routing protocol is discussed. The membership values of energy and distance functions of vague set Manet and 
neutrosophic set Manet are given in Table 6. Comparison between Vague set rating of route (VSR) and Neutro- 
sophic rating of route (NRR) are given in Table 7. 


Table 6. Membership values of energy and distance function 


Base Value of Energy function Base Value of Distance function 
Notation УМ AM Notation AM NM 
EL (0,1.8) (0,0.9,1.8) Ds (0, 17) ( 0.9.17) 
EM (1.8, 3.5) (1.8,2.7,3.5) DM (17, 34) (17,26,34) 
EH (3.5, 5) (3.5,4.4,5) DL (34, 50) (34,42,50) 


Table 7. Comparison between Vague Set Rating of route(VSR) and Neutrosophic Rating of route (NRR): 


Route Vague Set Rating | Neutrosophic Rating of Enlightenment of Rating 
number of route(VSR) route (NRR) VSR NRR 

R1 0.011842 0.154929 Very Bad Good 

R2 0.021176 0.034375 Bad Bad 

R3 0.105882 0.019642 Satisfactory Very Bad 
R4 0.059211 0.471830 Medium Excellent 
R5 0.105882 0.104687 Less Good Poor 

R6 0.529412 0.059821 Good Very poor 


621 


Florentin Smarandache (author and editor) 


Collected Papers, VIII 


R7 0.1 0.873239 Very good Very excellent 
R8 0.178824 0.19375 Excellent Very good 
R9 0.894118 0.110714 Very excellent Medium 


Analysis of Energy efficient routing of MANET between Neutrosophic and Vague set techniques 
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Figure. 1: The comparison of energy efficient MANET using neutrosophic and vague set 


The graph for rating of routes of MANET using neutrosophic set and vague set techniques are plotted in Fig- 
ure 1 for the values of energy functions and distance functions by using Table 6 and Table 7 with the help of 
Matlab software. It provides an information that, the efficient energy routing of mobile ad-hoc network using 
neutrosophic set technique(NM) is much better than the efficient energy routing of MANET using vague set 
technique(VM) in uncertain environment. However, the proposed method is focused on static environment in 
case the node and data set changes at each interval of time then the proposed unable to represent the case precise- 
ly. To deal with dynamic environment author will focus in near future to introduce the extensive properties of 
neutrosophic set and its applications to wireless ad-hoc network(WANET), flying ad-hoc network(FANET) and 
vehicular ad-hoc network(V ANET). 


Conclusion and future work 


This paper utilizes properties of single valued neutrosophic for finding an efficient routing protocol for MANET 
based on distance and energy. In this regard, several algorithms are proposed to characterize it based on truth and 
falsity membership-values of a defined vague set. However the current paper aimed at dealing with uncertainty 
in routing protocol of MANET based on its truth, falsity and indeterminacy membership-values, indeterminacy. 
It is shown that the proposed method provides a precise representation and selection of energy efficient routing 
protocol when compared to vague sets as shown in Table 6 and 7. In future, the authors will focuses on investi- 
gating the energy efficient routes for WANET, FANET, VANET for dynamic environment 
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A Review of Seven Applications of Neutrosophic Logic: In Cultural 
Psychology, Economics Theorizing, Conflict Resolution, Philosophy 


of Science, etc. 
Victor Christianto, Florentin Smarandache 


Victor Christianto, Florentin Smarandache (2019). A Review of Seven Applications of Neutrosophic 
Logic: In Cultural Psychology, Economics Theorizing, Conflict Resolution, Philosophy of Science, 
etc. Multidisciplinary Scientific Journal 2: 128—137; DOI: 10.3390/j2020010 


Abstract: In this short communication, we review seven applications of NFL that we have explored 
in a number of papers: (1) Background: the purpose of this study is to review how neutrosophic logic 
can be found useful in a number of diverse areas of interest; (2) Methods: we use logical analysis 
based on NL; (3) Results: some fields of study may be found elevated after analyzed by NL theory; 
and (4) Conclusions: we can expect NL theory to be applied in many areas of research too, in applied 
mathematics, economics, and physics. Hopefully the readers will find a continuing line of thoughts 
in our research from the last few years. 


Keywords: neutrosophic logic; cultural psychology; economics; conflict resolution; philosophy of 
science; cosmology 


1. Introduction 


First, let us discuss a commonly asked question: what is Neutrosophic Logic? Here, we offer a 
short answer. 

Vern Poythress argues that sometimes we need a modification of the basic philosophy of 
mathematics, in order to re-define and redeem mathematics [1]. In this context, allow us to argue in 
favor of Neutrosophic logic as a starting point, in lieu of the Aristotelian logic that creates so many 
problems in real world. 

In Neutrosophy, we can connect an idea with its opposite and with its neutral and get common 
parts, i.e. <A> ^ <non-A> = nonempty set. This constitutes the common part of the uncommon 
things! It is true/real—paradox. From neutrosophy, it all began: neutrosophic logic, neutrosophic 
set, neutrosophic probability, neutrosophic statistics, neutrosophic measures, neutrosophic physics, 
and neutrosophic algebraic structures [2]. 

It is true in a restricted case, i.e. Hegelian dialectics considers only the dynamics of opposites 
(<A> and <anti-A>), but in our everyday life, not only the opposites interact, but the neutrals « neut-A 
> between them too. For example, if you fight with a man (so you both are the opposites to each 
other), but neutral people around both of you (especially the police) interfere to reconcile both of you. 
Neutrosophy considers the dynamics of opposites and their neutrals. 

So, neutrosophy means that: «A», <anti-A> (the opposite of <A>), and « neut-A > (the neutrals 
between <A> and <anti-A>) interact among themselves. A neutrosophic set is characterized by a 
truth-membership function (T), an indeterminacy-membership function (I), and a falsity-membership 
function (F), where T, I, F are subsets of the unit interval [0, 1]. 

As particular cases we have a single-valued neutrosophic set [when T, I, F are crisp numbers in 
[0, 1]}, and an interval-valued neutrosophic set [when T, I, F are intervals included in [0, 1]}. 
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From a different perspective, we can also say that neutrosophic logic is (or “Smarandache logic") a 
generalization of fuzzy logic based on Neutrosophy (http://fs.unm.edu/NeutLog.txt). A proposition 
is t true, i indeterminate, and f false, where t, i, and f are real values from the ranges T, I, F, with no 
restriction on T, I, F, or the sum n = t + i + f. Neutrosophic logic thus generalizes: 


- Intuitionistic logic, which supports incomplete theories (for 0 «n « 100andi-0,0«-t,i, 
f < = 100); 

- Fuzzy logic (for n = 100 and і = 0, and 0 < = t, i, f < = 100); 

- Boolean logic (for n = 100 and i = 0, with t, f either 0 ог 100); 

- Multi-valued logic (for 0 « - t, i, f « = 100); 

- Paraconsistent logic (for n > 100 and i = 0, with both t, f < 100); 

- Dialetheism, which says that some contradictions are true (for t = f = 100 and i = 0; some paradoxes 
can be denoted this way). 


Compared with all other logics, neutrosophic logic introduces a percentage of 
"indeterminacy"—due to unexpected parameters hidden in some propositions. It also allows 
each component t, i, f to “boil over” 100 or “freeze” under 0. For example, in some tautologies t > 100, 
called “overtrue.” Neutrosophic Set is a powerful structure in expressing indeterminate, vague, 
incomplete and inconsistent information. 

In this short review article, we will review seven applications of NL theory in diverse fields 
of science. 

We introduce a number of key terms here. For example, from a NL perspective, we can find a 
reconciliation between “push” and “pull” type of gravitation, by considering both forces are in place. 
To speak more plainly, pull force takes place on an astronomical scale, while push force takes place at 
geological scale, and this effect can be found for instance: a. the fact that the Moon is receding from 
Earth (around 4 cm/yr), b. the fact that the Earth is expanding caused by dissipative geodynamics 
process, and c. the Pangea hypothesis. 

In the context of cosmology, we argue that neutrosophic logic is in agreement with Kant and 
Vaas’s position, it offers a resolution to the long standing disputes between beginning and eternity 
of the Universe. In other words, in this respect we agree with Vaas: “how a conceptual and perhaps 
physical solution of the temporal aspect of Immanuel Kant’s “first antinomy of pure reason” is possible, 
i.e. how our universe in some respect could have both a beginning and an eternal existence. Therefore, 
paradoxically, there might have been a time before time or a beginning of time in time.” 


2. Seven Applications of Neutrosophic Logic in Diverse Fields of Science 


2.1. Cultural Psychology 


Culture is a shared meaning system, found among those who speak a particular language dialect, 
during a specific historic period, and in a definable geographic region. Collectivism is a cultural 
pattern found in most traditional societies, especially in Asia, Latin America, and Africa. It contrasts 
with individualism, which is a cultural pattern found mostly in America and Europe. 

This theme was explored by Prof. Harry Triandis (https://www.researchgate.net/ profile / Harry_ 
Triandis). Triandis was born in Greece in 1926. During the Second World War, he learned four foreign 
languages and developed his curiosity about the differences that exist between cultures. His time 
getting to know people across various European nations inspired him to research cultural disparities 
in the way people think. This issue can be reconciled with the help of NL theory, which may be 
appropriate for socio-economics theorizing, as we will discuss in the next subsection. 


2.2. Socio-Economics Theorizing [3] 


In a series of papers, we outlined a more general approach to reconcile classical tensions between 
individualism and collectivism, between cooperation and competition, and so on. In our opinion, 
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our tendency to cooperate or compete is partly influenced by the culture that we inherit from our 
ancestors. One of us (VC) once lived for a while in Russia, and he found that many people there 
are rather cold and distant (of course not all of them, some are warm and friendly). He learned that 
such a trait may be found as quite common in many countries in Europe. They tend to be individual 
and keep certain distance from each other. In physics term, they are like fermions. Our proposed 
simplistic analogy of human behaviour, i.e. individualism and collectivism, is not uncommon. (Indeed 
such cultural psychology research has been reported since Harry C. Triandis et al. See, for example, 
(a) The Self and Social Behaviour in Differing Cultural Contexts, Psychological Review, vol. 96, no. 3; 
(b) Harry C. Triandis and Eunkook M. Suh, Cultural Influences on Personality, Annu. Reo. Psychol. 
2002. 53:133—60; (c) J. АШК and A. Realo, Individualism-collectivism and social capital, J. Cross-Cultural 
Psychology, Vol. 35 No. 1, January 2004, 29-49. This last mentioned paper includes a quote from Emile 
Durkheim: "The question that has been the starting point for our study has been that of the connection 
between the individual personality and social solidarity. How does it come about that the individual, 
whilst becoming more autonomous, depends ever more closely upon society? How can he become at 
the same time more of an individual and yet more linked to society?") 

There is a developmental psychology hypothesis suggesting that perhaps such a trait co-relates 
to the fact that many children in Europe lack nurturing and human touch from their parents in their 
childhood, which possibly make them rather cold and individual. Of course, whether this is true, is yet 
to be verified. 

On the contrary, most people in Asia and Africa are gregariously groupie (except perhaps in large 
metropolitan areas). They tend to spend much time with family and friends, just like many Italians do. 
They attend religious rituals regularly or watch music festival together, and so on. In physics term, 
they are bosons. Of course, such a sweeping generalization may be oversimplifying. (After writing 
up this article, we found that Sergey Rashkovskiy also wrote on a quite similar theme, albeit with 
statistical mechanics in mind. The title of his recent paper is: "'Bosons' and ‘fermions’ in social and 
economic systems." Here is abstract from his paper: "We analyze social and economic systems with 
a hierarchical structure and show that for such systems, it is possible to construct thermostatistics, 
based on the intermediate Gentile statistics. We show that in social and economic hierarchical systems 
there are elements that obey the Fermi-Dirac statistics and can be called fermions, as well as elements 
that are approximately subject to Bose-Einstein statistics and can be called bosons. We derive the first 
and second laws of thermodynamics for the considered economic system and show that such concepts 
as temperature, pressure and financial potential (which is an analogue of the chemical potential in 
thermodynamics) that characterize the state of the economic system as a whole, can be introduced for 
economic systems." Url: https:/ /arxiv.org/ftp/arxiv /papers/1805/1805.05327.pdf) 

Therefore, it seems quite natural to us, that Adam Smith wrote a book on philosophy suggesting 
that individual achievement is the key to national welfare (because he was British and thus emphasized 
individualism). If only Adam Smith had been born in Bangkok or Manila, he would have probably 
written this book in a different way. 

It was more than a hundred years before mathematicians like John F. Nash, Jr. figured out that 
individual pursuit towards one's own goals does not lead to achieve a common goal as a society. 
(For example, let us imagine 10 players of a football team try simultaneously to score a goal against 
the opposite team, will they succeed? Of course no, they should arrange according to their coach's 
instruction: 1-4-4-2, or some other type of arrangement.) 

At this point, some readers may ask: which is better, to be like fermions or bosons? Our opinion 
is as follows: just like in particle physics, both fermions and bosons are required. In the same way, 
fermion behavior and boson behavior are both needed to advance quality of life. Fermion people tend 
to strive toward human progress, while boson people are those who enrich our life. 

This issue again can be reconciled with the help of NL theory, i.e. such a human tension is 
always there, but there does not need to be conflicts. Similarly, from such a fermion-boson perspective 
(which we propose a new term: ferson), a classic tension between capitalism (emphasizing individual 
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achievements) and socialism can be reconciled, for example by considering a range of possibilities, 
including a new term (possibly): capicialism. (This is reminiscent of a term introduced by Alvin Toffler 
in 70 s, in which he predicted as culture shock, that describes the combined behavior of consumerism 
and producers: prosumerism.) 


2.3. Conflict Resolution [4] 
Binary choices are another source of problems. As a one-liner joke says: 


There are two kinds of people in the world: Those who think there are two kinds of people in the world 
and those who don't. (Plus some others who aren't sure.) 


—(http://philippe.ameline.free.fr/humor/TwoKindOfPeople.htm) 
A funnier joke on binary logic: 


There are 10 kinds of people in the world: Those who understand binary and those who don't. 


—(http://philippe.ameline.free.fr/humor/TwoKindOfPeople.htm) 
As Phillipe Schweizer remarked: 


“These two possibilities, these alternatives, are the basis of cognition, and allow choice and 
therefore action through the fact that a preference becomes possible: either I prefer there 
is X, or I prefer there is no X. Then autonomy appears. And indeed the valuation or affect 
too: "I like" or “I don't like", and it goes with it together. The stages described here are 
not as distinct as those of Piaget, they overlap, include and extend. The “there is no” is 
opposed to the “there is” forming the opposite. Thus the binary appears and the logic of 
the same name also: either “there is”, or “there is not”: X or non-X, one and the other being 
mutually exclusive. 


... There is this and that and that again: a perception of the environment, a representation 
of a situation as a collection of objects. Our other most frequent and fundamental conception 
is opposition: there is or there is not. What also gives one thing and its opposite: day and 
night, hot and cold, big and small... The importance of this simplifying binary conception 
of two situations sliced diametrically away in opposite is the most prominent form of mental 
life. It is the emblematic form of a choice.” 


(Quote from Phillipe Schweizer. Thinking on Thinking: The Elementary forms of Mental Life 
Neutrosophical representation as enabling cognitive heuristics. Submitted for review.) 


In this regards, one of us (FS) recently published a new book, with the following title: 
Neutropsychic Personality [5]. In this book, FS described possible extension of Freudian mental 
model: id-ego-superego, using his neutrosophic logic theory. His definition of Neutropsychic is 
as follows: 


“Neutropsyche is the psychological theory that studies the soul or spirit using the 
neutrosophy and neutrosophic theories. It is based on triadic neutrosophic psychological 
concepts, procedures, ideas, and theories of the form (<A>,< neut-A >,<anti-A>), such as 
(positive, neutral, negative), (good behavior, ignorant behavior, bad behavior), (taking the 
decision to act, pending, taking the decision not to act), (sensitive, moderate, insensitive), 
(under-reacting, normally reacting, over-reacting), (under-thinking, normal thinking, 
over-thinking), and so on, and their refinements as (< Aj >,< neut-Aj >,< anti-Aj >).” ([5], p.29) 


Perhaps it is necessary to develop an improved model of the neutropsychic basis of 
decision making. 
Another possible way to resolve this fundamental problem of human societies, is to accept 
otherness (cf. Milad Hanna, [6]), without being absorbed by the otherness. 
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Such a logical analysis derived from Kolmogorov's principle of contradiction eventually remind 
us of the following: 

(a) To keep humble mind before Nature (God's creation), and perhaps we should not rely too 
much on our logic system and mathematical prowess; 


(b) In developing a theory one should keep complications and abstractions to a minimum; 

(c) To build theory in the nearest correspondence to the facts; it is the best if each parameter can 
be mapped to a measurable quantity. 

We hope the above three criteria can be a useful set of practical guidelines for building 
mathematical models in theoretical physics or cosmology. 


2.5. Cosmology [11] 


Questions regarding the formation of the Universe and what was there before the existence of the 
Early Universe have been of great interest to mankind at all times. In recent decades, the Big Bang as 
described by the Lambda CDM-Standard Model Cosmology has become widely accepted by majority 
of physics and cosmology communities. Among other things, we can cite A.A. Grib and Pavlov who 
pointed out possible heavy particles creation out of vacuum and also other proposals such as Creatio 
Ex-Nihilo theory (CET). 

However, philosophical problems remain, as Vaas pointed out: Did the universe have a beginning 
or does it exist forever, i.e. is it eternal at least in relation to the past? This fundamental question was 
the main topic in ancient philosophy of nature and the Middle Ages. Philosophically it was more 
or less banished then by Immanuel Kant's Critique of Pure Reason. However, it has been revived in 
modern physical cosmology both in the controversy between the big bang and steady state models 
some decades ago and in the contemporary attempts to explain the big bang within a quantum 
cosmological framework. 

Interestingly, Vaas also noted that Immanuel Kant, in his Critique of Pure Reason (1781/1787), 
argued that it is possible to prove both that the world has a beginning and that it is 
eternal (first antinomy of pure reason, A426f/B454f). As Kant believed he could overcome this 
“self-contradiction of reason" ("Widerspruch der Vernunft mit ihr selbst", A740) by what he called 
“transcendental idealism”, the question whether the cosmos exists forever or not has almost vanished in 
philosophical discussions. 

In a paper accepted recently by Asia Mathematika J., we take a closer look at Genesis 1:2 to see 
whether the widely-accepted notion of creatio ex-nihilo is supported by Hebrew Bible or not [11]. 

It turns out that neutrosophic logic is in agreement with Kant and Vaas's position, it offers a 
resolution to the long standing disputes between beginning and eternity of the Universe. In other 
words, in this respect we agree with Vaas: "how a conceptual and perhaps physical solution of the 
temporal aspect of Immanuel Kant's "first antinomy of pure reason" is possible, i.e. how our universe in 
some respect could have both a beginning and an eternal existence. Therefore, paradoxically, there might 
have been a time before time or a beginning of time in time." 

Summarizing, neutrosophic logic studies the dynamics of opposites and neutralities; from this 
viewpoint, we can understand that it is indeed a real possibility that the Universe had both initial start 
but with eternal background (that may be called "primordial fluid"). This is exactly the picture we got 
after our closer look at Gen. 1:1-2. 


2.6. American Football Game 


(This section is after discussion with Robert Neil Boyd.) 

Let us look at a situation in a football game (American style football). 

The offense and the defense are lined up. The offense is in range to try kick a field goal to score 
3 points. When the ball is passed from the center to the holder, so that the kicker may try to kick it 
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through the upright poles that are the goal posts, many different things may happen. This is nota 
simple situation of the ball going between the uprights or not. The defense may be able to get a man in 
position to block the kick. 

If the kick is blocked, according to the rules, the defense may pick up the ball and carry it 
towards their side of the field. If the man who picked up the ball and ran with it, is not tackled to 
the ground before he crosses the goal line, the play results in a touchdown, a 6 point score for the 
defending players. 

Or the player who picked up the ball after the kick attempt was blocked runs several yards 
towards his goal line, where he is tackled by one of the members of the kicking team, which causes 
him to lose the ball he was carrying. The kicking team recovers the fumble and the play is over. 

Or the holder fails to catch the pass from the center, or the holder may drop the pass from center 
and either pick it up and run with it, or drops it to the ground before he can do anything, or the pass 
may sail over the head of everyone (whereupon, many things are possible), or the holder may fail to 
place the ball properly for the kicker, resulting in a failed attempt. 

Or the defense may commit one of several possible rule infractions before, or during the kick, 
so that the result of the play is a penalty against the defending team. If the penalty is large enough, 
it can result in a new set of downs for the kicking team, so the place-kicker leaves the field so that the 
normal offense players can take 4 more tries to gain 10 yards. 

Or there can be a penalty against the kicking team that may result in the kicking team being 
forced out of range to try the kick. So the kicker leaves the field without attempting to kick a field goal. 

Or the offensive team has the ball lined up to try and score. When the ball is passed to the holder, 
itis a fake kick and the holder runs for a first down or a touch down or passes the ball to an offensive 
player for a first down or passes the ball and it is not caught, which means the defense obtains the ball 
at the spot where the ball was placed before the kick attempt. 

Or the kicker attempts to kick the ball through the uprights and succeeds, scoring 3 points for 
his team. 

The Kicker can get the snap directly from the center and try to make a pass completion, or he 
can run while carrying the ball, which can result in interception or fumbling or touchdown or first 
down, or the kicker being tackled before he reaches the line. Or he completes a pass and the receiver 
makes a first down or a touch down or get tackled to the ground before the line to gain, or the receiver 
fumbles the ball as he is tackled, leading to a potential touchdown for the other team. Many additional 
possibilities exist, but most of them are very rare. 

During any play in a football game, it is possible for any player on either team to score a 
touchdown for and gain 6 points for their team. This is possible because human beings are interacting 
in a game played with goals and goal lines and an oddly shaped biconvex bi-conical ball inflated 
with high pressure air that is surrounded by a rubber sack that is surrounded by a leather case which 
is held in place with stitches and laces. The shape of the ball causes it to bounce in unpredictable 
ways when it is dropped or kicked or thrown. In addition, hot temperatures make the ball softer and 
cold temperatures make the ball harder. Both of the factors cause the ball to behave in different ways. 
When the ball is harder, it is like kicking a rock. When the ball is harder, it becomes more slippery so it 
is harder to throw and harder to catch, and it hits you harder when you catch it. 

So a field goal attempt does not merely involve two possibilities, but an almost infinite variety of 
events may happen, before the attempt, during the attempt, or after the attempt. 

Neutrosophic logic may be expanded to more than three possible states, since in an infinite 
universe, an infinite number of things may happen. I understand the tri-state basis of it as being 
valuable in many circumstances. There should be ways to extend the logic into larger numbers of 
choices, so that there is a range of yesses, to 1000 kinds of maybes or almosts, or something elses, 
or something unexpected that was outside the starting point of the data set, and so on, to the No of the 
equation. The null-A of non-Aristotelian logic, which is what Neutrosophic logic is, can involve much 
more than just the simplistic null set. 
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Question: How to extend the center, null-A state, to provide for abnormalities or exigencies? 

Right now, the easiest thing to do seems to be to widen the null state to include all the possibilities 
that are additional to, or contingent on one or more rules, internal to the null state. So now the null 
state becomes much broader, and able to handle much more complicated situations, such as a field 
goal attempt during an American football game. 

It seems that the "expanded middle" would be a good option for problem structure 
in Neutrosophy. 


2.7. Gravitation 


Despite majority of physical theories of gravitation assuming it is a pull force, a number of 
researchers have begun to work out a push gravity, which is known as Le Sage/Laplace gravitation 
theory. An interesting remark on impetus to Le Sage gravitation theory can be found in article by the 
late Prof. Halton Arp on his work with Narlikar: 


"Nevertheless the ball had started rolling down hill so to speak and in 1991, with Narlikar's help, 
I outlined in Apeiron the way in which particle masses growing with time would account for the array 
of accumulated extragalactic paradoxes. Later Narlikar and Arp (1993) published in the Astrophysical 
Journal Narlikar's original, 1977 solution of the basic dynamical equations along with the Apeiron 
applications to the quasar/galaxy observations. 


The first insight came when I realized that the Friedmann solution of 1922 was based on the assumption 
that the masses of elementary particles were always and forever constant, m = const. He had made 
an approximation in a differential equation and then solved it. This is an error in mathematical 
procedure. What Narlikar had done was solve the equations for m = f(x, t). This a more general 
solution, what Tom Phipps calls a covering theory. 


But Narlikar had overwhelmed me with the beauty of the variable mass solution by showing how the 
local dynamics could be recovered by the simple conformal transformation from t time (universal) 
to what we called т time (our galaxy) time. The advertisement here was that our solution inherited 
all the physics triumphs much heralded in general relativity but also accounted for the non-local 
phenomena like quasar and extragalactic redshifts." [12] 


Therefore, there are many reasons to support Le Sage gravity, despite majority of physicists 
preferring Einsteinian view. Summarizing, there should be a hidden dynamical matter creation 
process, suggesting that Newton second law was actually not just F = ma, but it should be written in 
complete form: F = d[mv]/dt = m[dv/dt] + v[dm/dt], therefore there is matter creation term. (In fact, 
it is known that Newton's second law was written originally as the momentum change over time, 
that is Fg = dp/dt.) All physics of Earth etc. assumes the Earth is static, but actually it is increasing in 
size and mass. This approach has been explored by both of us and also Robert Neil Boyd in a number 
of papers, see for instance [13,14]. 

Moreover, from a NL perspective, we can find a reconciliation between "push" and "pull" type of 
gravitation, by considering both forces are in place. To speak more plainly, pull force takes place at 
astronomical scale, while push force takes place at geological scale, and this effect can be found for 
instance: a. the fact that the Moon is receding from Earth (at a constant rate of around 4 cm/yr), b. the 
fact that the Earth is expanding, caused by dissipative geodynamics process, c. Pangea hypothesis. 
We will present our result in a paper to be presented in forthcoming 5th EuroSciCon 2019. 

Allow us to introduce another new term in order to reconcile push and pull gravitational force, 
pullsh force. Such an idea is presently under investigation. 
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3. Results 


Some fields of science are improved by being analyzed by NL theory; therefore we can expect 
NL theory will be applied in many areas of research too, in applied mathematics, economics, and also 
physics. For example, we also explored on how NL theory may be used to reconcile the "pus 
and "pull" gravitation theories. This is still a preliminary exploration, so we include this topic in 


ГА 


discussion section. 

In the context of cosmology, we argued that neutrosophic logic is in agreement with Kant and 
Vaas's position, it offers a resolution to the long standing disputes between beginning and eternity 
of the Universe. In other words, in this respect we agree with Vaas: "how a conceptual and perhaps 
physical solution of the temporal aspect of Immanuel Kant's "first antinomy of pure reason" is possible, 
i.e. how our universe in some respect could have both a beginning and an eternal existence. Therefore, 
paradoxically, there might have been a time before time or a beginning of time in time." 


4. Discussion 


We have discussed among other things, a few applications of NL theory in a number of fields, 
such as cultural psychology and economics theory. The essence of our discussion is that NL allows 
one to study the dynamics of opposites and neutralities. It is a generalization of dialectics. 

Moreover, from a NL perspective, we can find a reconciliation between "push" and "pull" type of 
gravitation, by considering both forces are in place. To speak more plainly, pull force takes place at 
astronomical scale, while push force takes place at geological scale, and this effect can be found for 
instance: a. the fact that the Moon is receding from Earth (at a constant rate of around 4 cm/yr), b. the 
fact that the Earth is expanding, caused by dissipative geodynamics process, c. Pangea hypothesis. 
We will present our result in a paper to be presented in forthcoming 5th EuroSciCon 2019. Such an idea 
will be investigated later on. 

We hope these discussions will be found useful in other areas as well; for instance in international 
relations and peace keeping efforts. 


5. Conclusions 


In this short article, we review seven applications of NFL that we have explored in a number of 
papers. Hopefully the readers will find a continuing line of thoughts in our research in the last few 
years, emphasizing our improved understanding of various branches of human knowledge. АП of 
these branches have been enhanced and elevated to a higher level through applications of NL theory. 

To summarize our results: we introduced a number of key terms here. For example, from a 
NL perspective, we can find a reconciliation between "push" and "pull" types of gravitation, 
by considering both forces. To speak more plainly, pull force takes place at astronomical scale, 
while push force takes place at geological scale, and this effect can be found for instance: a. the fact 
that the Moon is receding from Earth (at a constant rate of around 4 cm/ yr), b. the fact that the Earth is 
expanding, caused by dissipative geodynamics process, c. Pangea hypothesis. 

In the context of cosmology, we argue that neutrosophic logic is in agreement with Kant and 
Vaas's position; it offers a resolution to long-standing dispute between the beginning and the eternity 
of the Universe. In other words, in this respect we agree with Vaas: "how a conceptual and perhaps 
physical solution of the temporal aspect of Immanuel Kant's "first antinomy of pure reason" is possible, 
i.e. how our universe in some respect could have both a beginning and an eternal existence. Therefore, 
paradoxically, there might have been a time before time or a beginning of time in time." 
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ABSTRACT As an expansion of 2-tuple linguistic intuitionistic fuzzy set, the newly developed 2-tuple 
linguistic neutrosophic set (2-TLNS) is more satisfactory to define decision maker’s assessment 
information in decision making problems. 2-TLN aggregation operators are of great significance in multiple 
attribute group decision making (MAGDM) problems with a 2-tuple linguistic environment. Therefore, in 
this article our main contribution is to develop novel 2-TLN power Heronian aggregation (2-TLNPHM) 
operators. Firstly, we develop new operational laws established on Dombi T-norm (DTN) and Dombi T- 
conorm (DTCN). Secondly, Taking full advantages of the power average (PA) operator and Heronian mean 
(HM) operator, we develop some new novel power Heronian mean operator and discuss its related 
properties and special cases. The main advantages of developed aggregation operators are that not only 
remove the effect of awkward data which may be too high or too low, but also have a good capacity to 
model the extensive correlation between attributes, making them more worthy for successfully solving 
more and more complicated MAGDM problems. Thus, we develop a new algorithm to handle MAGDM 
based on the developed aggregation operators. Lastly, we apply the proposed method and algorithm to risk 
assessment for construction of engineering projects to show the efficiency of the developed method and 
algorithm. The dominant novelties of this contribution are triplex. Firstly, new operational laws are 
proposed for 2-TLNNs. Secondly, novel 2-TLNPHM operators are developed. Thirdly, a new approach for 
2-tuple linguistic neutrosophic MAGDM is developed. 


INDEX TERMS 2-TLNS, Dombi T-norm, Dombi T-conorm, PA operator, Heronian mean, MAGDM. 


1. INTRODUCTION 

In actual life, multiple attribute group decision making 
(MAGDM ) problems аге the vital part of decision theory in 
which we select the optimal one from the group of finite 
alternatives based on Ше overall information. 
Conventionally, it has been accepted that the information 
concerning acquiring the alternatives is taken in the form of 
real number. But in our daily life, it is hard for a decision 
maker to give his evaluations regarding the object in crisp 
values due to vagueness and insufficient information. 
Rather, it has been enhance acceptable that these 


evaluations are given by fuzzy set (FS) or its extended form. 


Intuitionistic fuzzy set (IFS) [1] is the vigorous 
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augmentation of FS [2] to deal with vagueness by including 
an identical falsity-membership into the analysis. A lot of 
studies by different researchers were conducted on IFS in 
different fields. IFSs have good capability to explain and 
articulate decision maker’s (DMs) fuzzy decision 
information in MAGDM problems. However, IFS still have 
shortcomings and there exist relatively a few situations in 
which it 1s inappropriate to employ IFS to articulate DMs 
preference information. The key motive is that the 
hesitancy/indeterminacy degree is dependent of 
membership degree and non-membership degree in IFSs, 
for example when a DM utilizes an IFN (0.6, 0.2) to 
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represent his/her assessment on a certain attribute. Then, 
the indeterminacy/hesitancy degree of the DM is 1 — 0.6 — 
0.2 = 0.2. In simple words, once the truth-membership and 
falsity-membership degrees are determined, the degree of 
indeterminacy is determined automatically. Some other 
generalizations FS are proposed by some scholars such as 
Pythagorean fuzzy sets [3], hesitant Pythagorean fuzzy sets 
[4]. However, these are rather different from real MAGDM 
problems. In real MAGDM, the indeterminacy/hesitancy 
degrees should not be determined automatically and should 
be provided by DMs. For example, if a DM thinks the 
membership degree is 0.6, the membership degree 15 0.4, 
and the degree that he/she is not sure about the result 1s 0.2, 
then the DMs evaluation value can be denoted as (0.6, 0.4, 
0.2), which cannot be represented by IFSs. In order to deal 
with this case, Smarandache [5, 6] initially developed the 
concept of neutrosophic set (NS), which has the capacity of 
dealing inconsistent and indeterminate information. In the 
NS, its degree of membership 7R.(a) , degree of 
indeterminacy IN.(a) and degree of falsity FL,(«) аге 
expressed independently, which lie real standard or non- 
standard subsets of jo,r[. that is 7R.(a):U - |07,1], 


IN4(a):U  Jo.r[ and  rL(v].r[ , such that 


07 x TRa(a) - IN (a) + ЕГа(а) x3. Thus, the use of nonstandard 
interval |o.r[ may verdict some difficulty in real 


applications. To utilize NS easily in real application Wang 
et al [7] proposed the concept of single valued 
neutrosophic set (SVNS) by changing the non-standard unit 
interval into the standard unit interval [0,1]. Further, Wang 


et al. [8] proposed the concept of interval neutrosophic set 
(INS). Ye [9] developed simplified neutrosophic set (SNS), 
which consist of both concepts of SVNS and INS. Some 
researcher developed improved operational laws for these 
sets [10,11]. 

In recent time, information aggregation operators [12-15] 
have enticed comprehensive recognitions of researchers and 
have become a vital part of MAAGDM. Generally, for 
aggregating a group of data, it is mandatory to assess the 
functions and the operations of aggregation operators. For 
the functions, the conventional aggregation operator 
developed Xu, Xu and Yager [16, 17] only can aggregate a 
group of real values into a single real value. In the past few 
years, some expanded aggregation operators have been 
developed by different researchers. For example, Sun et al. 
[18] developed some Choquet integral operator for INS. Liu 
and Tang, Peng et al. [19, 20] extended the power average 
(PA) operator developed by Yager [21] to interval 
neutrosophic and multi-valued neutrosophic environment, 
which has the capacity of removing the bad impact of 
awkward data. Wu et al [22] developed cross entropy and 
prioritized aggregation operators for SNNs, which take the 
priorities of criterion by priority weights. Besides, some 
aggregation operators can consider interrelationship among 
aggregated arguments. That is Bonferroni mean (BM) 


635 


Collected Papers, VIII 


operator developed by Bonferroni [23], Heronian mean 
(HM) operator developed by Sykora [24]. 

АП the above aggregation operators are capable to deal with 
information available in the form of real numbers. However, 
in various actual situations, mostly for various actual 
MAGDM problems, the assessment information associated 
with every alternatives are normally unpredictable or vague, 
due to the increasing complexity such as lack of time, lack 
of knowledge and various other limitations. Therefore, it is 
often hard for DMs to represent the assessment information 
about alternatives in the form of numeric values. Hence, to 
deal with such type of situations, Zadeh [25] initially 
proposed the concept of linguistic variable. It has also been 
generalized to various linguistic environments such as 2- 
tuple linguistic representation model [26-30], intuitionistic 
2-tuple linguistic model [31] and so on [32, 33]. These 
developed concepts have also the same limitations to that of 
FS and IFS have. To overcome these limitations, Wang et 
al. [34] developed the concept of 2-tuple linguistic 
neutrosophic set (2-TLNS) based on the SVNS and 2-tuple 
linguistic information model , which is the generalization of 
several concepts such as 2-tuple linguistic set, 2-tuple 
linguistic fuzzy set and 2-tuple linguistic intuitionistic fuzzy 
set [35]. They described some operational laws for 2-tuple 
linguistic neutrosophic number (2-TLNN) , proposed some 
aggregation operators and apply these aggregation 
operators to solve MADM problems. Wang et al. [36, 37] 
further developed MAGDM method based TODIM and 
Muirhead mean operators to deal with 2-tuple linguistic 
environment. Wu et al. [38] proposed some 2-tuple 
linguistic neutrosophic Hamy mean (2-TLNHM) operators. 
Wt et al. [39] proposed the idea of SVN 2-tuple linguistic 
set (SVN2TLS), SVN 2 tuple linguistic number (SVN2TN), 
basic operational laws based on Hamacher triangular norm 
and conorm. Then based on these operational laws propose 
some aggregation operators and apply these aggregation 
operator to deal with MAGDM problem under SVN2TL 
information. 

The Dombi t-norm (DTN) and Dombi t-conorm (DTCN) 
proposed by Dombi [40] have general parameter, which 
makes the information aggregation process more flexible. 
In the past few years, some researchers proposed Dombi 
operational laws for various sets and based on these Dombi 
operational laws they developed different aggregation 
operators [41-56]. 

Due to the increasing complexity in real decision making 
problems day by day, we have to look at the following 
questions, when selecting the best alternative. (1) In various 
situations, the assessment values of the attributes presented 
by the DMs may be too high or too low, have a negative 
effect on the final ranking results. The PA operator is a 
useful aggregation operator that authorizes the assessed 
values to equally supported and improved. Therefore, we 
may utilize the PA operator to vanish such bad effect by 
choosing different weights constructed by the support 
measure. (2) In various practical decision making problems 
the assessment values of attribute are dependent. Therefore, 
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the interrelationship among the values of the attributes 
should be scrutinized. The HM operator can gain this 
function. However, HM operator has some advantages over 
BM. From the existing literature, we can notice that there is 
a need to combine PA operator with HM operator to deal 
with 2-TLN environment and achieved the above 
advantages. 

Therefore, the main aim of this article is to propose some 
Dombi operational laws for 2-TLNNs, combine PA 
operator with HM operator, and extend the idea to 2-TLN 
environment, and develop some new aggregation operators 
such as 2-TLN power HM (2-TLNHM ) operator, its 
weighted form, 2-LN power geometric HM (2-TLNHM) 
operator, its weighted form and discussed some special 
cases of the developed aggregation operator and apply them 
to MAGDM to achieve the two requirements discussed 
above. 

To do so, the rest of the article is organized as follows. 

In section 1, some basic definitions about SVNS, 2-TLNS, 
PA operator, HM operator and related properties are 
discussed. In section 3, we developed some operational laws 
for 2-TLNNs. In section 4, based on these operational laws 
we developed some 2-tuple linguistic Dombi power 
Heronian mean operators, related properties and special cases 
are discussed. In section 5, MAGDM method is developed 
based on these newly developed aggregation operators and a 
numerical example is given to show the effectiveness of the 
proposed MAGDM approach. In section 6, comparison of 
the developed approach and some existing approaches are 
given. At the end Conclusion, future work and references are 
given. 

Il. Preliminaries 
In this part, we gave some basic definitions and results 
about 2-TLNSs, PA operator and HM operator. 


A. 2-TLNS and their operations 


Definition 1 7 . Let O be a space of points (objects), with 
а common component in Ө denoted by 7. A SVNS SN in 
© is expressed by, 


SN- Кп, (п) и (m). s 1) Ine 9j 


Where 2. (7), (7) and <. (7) respectively denote the 
TMD, IMD and FMD of the element у Ө їо the set SN. 
For each pointz eO , we have =. (л), (л), (л) e[0.1] , 
and 0< £ (n) va (n) + Sq (1) $3. 


(1) 


Definition 2 34 . Suppose that Г={Г,,Г,,...„Г„} isa 2-TLSs 
with p+1 cardinality. That is the order of 2-TLSs is odd. If 


T - ((s,8) (s, ) (sj. Y) is described for (sE) (s, V). (s Y) er 
and 2,¥,Ye[o,p], where (s,E)(s,w) and (sY) 
respectively, represents the truth-membership degree, 


indeterminacy-membership degree and falsity-membership 
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degree by 2-TLNSs, then the 2-TLNSs is described as 
follows: 


ЖКУ e 
where, 0<A"(s,,=)<p,0<A"(s,,¥)<p,0<A"(s,,Y)<p such 
that 0 « A" (s, E) « A" (s, V) A" (s, Y) «3p. 

Definition 3 34. Let -((s,8) (5,9) (ss Y) be a 2- 


TLNN. Then, the score and accuracy functions are 
described as follows: 


x 2p*A' (s, E)-A" (s, W)-A 
3p 


A[A" (s, 8) - ^ (s. Y) AC(T) e[-p.p]. (4) 
Definition 4 34. Let Г, -((s.. E ).(s, ^) (ss) und 
((s,. 8) (5,92) (55. Y2)) be any two arbitrary 2-TLNNs. 


Then, the comparison rules are described as follows: 
(1) If SR(r,)  SR(T,), then T, 5T, ; 


(2) If SR(r,) - SR(T,), then 


SR(T)- 


jer Das SR(r)e[o.1]; G) 


AC(T)- 


Г, 


i If АС(Г,)> АС(Г,), then T, 5T; ; 
If 4c(r 


Definition 5 36. Let г, =((5, 


Г, = ((5.,®„).(э,.'#®›).(5,„. 
Then, the normalized Hamming distance is described as 


follows: 
Dy (F,.T,) 


8,), (si> Vv 1" (51) and 


т.) be any two arbitrary 2-TLNNs. 


B. The PA operator 


Yager [21] was the first one who presented the concept of 
the PA which is one of the important aggregation operators. 
The PA operator diminishes some negative effects of 
unnecessarily high or unnecessarily low arguments given 
by experts. The conventional PA operator can only deal 
with crisp numbers, and is defined as follows. 

Definition 6 21. Let 5(i212,.,m) be a group of non- 


negative crisp numbers, the РА is a function defined by 
(1+ Т(ь,))ь, 


bn) == 


РА(Ь,,Ь,,...., 
SMT) 


(6) 


Where T(b,) = X Sup(b,,b,) and Sup(b,c) is the support 
j=l 
j+i 
degree for b from c, which satisfies some axioms. 
$ир(Ь,с)є[01] ; 2)  Sup(bc)-Sw(cb) ; 
Sup(b,c) > Sup(d,e), if Ib -c| «|a -e|. 


1) 
3) 


Florentin Smarandache (author and editor) 


C. HM operator 


HM [24] is also an important tool, which can represent the 
interrelationships of the input values, and it is defined as 
follows: 

Definition 7 24 . Let 7=[0,1],x, y 20H? :1" 2 L, if H^" 


satisfies; 
1 


2 momo. y xy 
Pe) G 


Then the mapping H™” is said to be HM operator with 
parameters. The HM satisfies the properties of idem 
potency, boundedness and monotonicity. 


Н“ (b,b,,...,b, 


Ill. Dombi operational laws for 2-TLNNs 


A. Dombi TN and TCN 


Dombi operations consist of the Dombi sum and Dombi 
product. 
Definition 8 4 . Let a and J be any two real number. 


Then, the DTN and DTCN among с and £ are explain as 


follows: 

T, (a.p) - = (8) 
үз (zs). E) 3 
кы 

7, (a. B) -1 l . (9) 


[24 
1- 


raro 
Where 52:1, and (а, 8) e [0,1] x [0.1]. 


According to the DTN and DTCN, we develop few 
operational rules for 2-TL NNs. 


Definition Let T;([s 
8; (s, s). (s Y; 


г,-((5, 
5>0, for simplicity, 


a. m) c А“) 2 Ales) 


h lg, =f; 


Then, the operational laws can be described as 


E Ms) ssi) and 
) be an arbitrary 2-TLNNs 
that 


we assume 


for 


g=l, е ? 
follows: 


()T, 9T, -( ala 


(10) 
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(2)Г, er,-( Aj Al 1—- "m ӯ 
h t2 
1+|| — | + z 
E (2 
(11) 
s E MEER 
ЕШ 
б "n fi 
1 1 
(3) &, = h|1- E ‚А| h = X 
Tq i) | (4 | 
l-t i 
(12) 
A| h І 5 > 0) 
п RT ny ‚© 
« d wal 
"n 
(Hr =( Ath SX A| h| 1- ny 
« CE f 1+ (xj) 
l-i 
(13) 
A| h| 1- a 0. 
d 
afi 


IV. The 2-tuple linguistic neutrosophic Dombi Heronian 
aggregation operators 


In this part, based on the Dombi operational laws for 2- 
TLNNs, we combine PA operator and HM operator to 
propose 2-TLNDPHM operator, 2-TLNDWPHM operator, 
2-TLNDPGHM operator, 2-TLNDWPGHM operator and 
discuss some related properties. 


A. The 2-LNDPHM and 2-LNDWPHM operators 


Definition 1 . Let T,(z-12,., p) be a group of 2-TLNNs, 
x,y20. Then, the 2-TLNNDPHM operator is described as 
follows: 


2-TLNDPHM" (T, T...) 


2 ee PTE), 


Fr Saar) 


r=l 
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Where 7(r,)= $, sw(r,.r,),w(r,.r,)-1-D(r,.r,) is the 


q-lg*q 


support degree for r, from r,, which satisfy the 
following conditions: (1) sw(r,r,)e[o1] ; (2) 
$ир(Г„,Г,) = Supp(T,. T, ); (3) Su(T,.T,) > 5ир(Г„Г,), if 


D(r,.r,) « D(r,.r.) , in which D(r,.r,) is the 
distance measure between 2-TLNNs г, and г, 
defined in Definition (5). 


In order, to represent Equation (14) in a simple form, we 
assume that 
1+Т(Г 
жы: +т(г,)) (15) 
ferr.) 
Therefore, Equation (14) takes the form 
2- TLNDPHM"" (T, T... T, ) 


A um ces, agis (16) 
A EE) 9, (Nr,) | ў 


Theorem 1. Let х, у> 0, and x,y do not take the value 0 at 
the same time, L,(g-12,., p) be a group of 2-TLNNs and 


let een) асо d =f, . Then, 


the aggregated value utilizing Equation (14), is still a 2- 
TLNN, and 
2-TLNPHM (F,.T.,....,)- 


p 


l 
| 
an у n Ex y 
AXx*y) | 
І 
2 |у 
aai- y ne EP ууу ——Á— | (17) 
Xy) = | l-i | l-i,| 
4=& pr, 8 ps, d 
ig iy 


Proof. According to operational laws, we have 


1 
pNI,=( Al h «Jun fs | | 
g 8 g 
1-1, 
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and 


РХ, Г, =( A} al 1- 1/ 1+| px, | 
led 
1 Еа 
_; ү imp 
Al al 1/ 1+ ps „Alal 1/ 1+] ps, ur 
ig f, 
f 


= od — ty T IHig l-h- 
Let dy ——,d, b. Du by = 28 с, = = EX 
1- f; 1-f, lg lq f, f, 


Then, we can obtain 


prt, [i-es 2 
pss b. Job etos] 


pN I, = (faf E *(pN, IE a )} 
у) ауа) 


and 

(ps,r,)' = CECI ТЕР: 2 
pen he (а) 
(PRI, = иу у (ps, 2 
SC ьа) 


Furthermore, we can һауе 


1 
(PNT) ө, (PNY = Alh y le У =з + » -3 > 
pW, ds pS, as 
1 1 
Al nli-1/ 14] X/ ue Yy Ly} А-у X ue Y Ly 
PN, b. pW,b, РХ, Са PN, Са 


and 


Е y 
Ую, г,) 8, (UN, 
el, 
т 
п І | 1 
=| AjAll- | B rp [|t т 
E / = 
q=g $ / / j 5; 
ЕЧ ly H Y aY s 
/ ра. / pS, do / / РХа‹ / p, 
` 1 1 
Ал ү 1+ » 1-1+ т 1- т 
£5 3 Е] 
© T 
l4 Y aue _ In 
PS, be PN, bi / Nbe / РЬ, 
1 1 
1-14 T 1- T 
l4 Y ae a H Y ue a 
/ PR x pS, са / Р, се PS, са 


Me ist с! 
gah PX, Be PS, Ра 
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So, we can have 


P 


2 


2 


> 


at | + — jr! [| ESAME 
p | DT pe) 1 


ÈUN, r,) ®,(p8,F,) 


q=g 


1 


| р | , | 
| HEN Ma 
"ШЕЕ УО 


1+ EA 1- 1 
ptp 


A [ai Ај 


1-1+1/ 1+ | 
| Ñ, " DN 


3 
1 


jj 


y 
=з 


| 


1 


1 


3\5 
"B 
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1 

P = 
alali- у [12] 2 24 E 
Р +P en, pW,ds — pW,as 


p 
1 
р +р © х y 
(АА у (1+5 УІ =+ 
(x+y) ea PS,dg Р, 
1 
. з 
UM D 
A|h 1-1 DD PON y us eode. ‚ (18) 
(x+y) ea PN be р, 
1 
: з 
4 Р 
Al ALI y |1+| 2 Ру р ъл 
(x+y) a PN,Cs PS, Ca 
ow put 
а иеле СТАЕ е a АН 
üg te аа 22 „Ёа 1-4, Du Cg = es =e In 
1—% 1-t, ig iq Se 7, 
Equation (18), we can have 
1 
D. / 
2b alal. af de РУ | La ; 
2(x у) l 1, 
4-8 PS, = PS, 
1-1, 1-1, 
X 
2 p 
Alali- 1 Ру NES ЕЕ 
2(х+у) / 1-i, 1- i, 
re | PN, PX, | =— 
/ lg iq 
1. 
alali- WM |i “РУ | тс Me 
2(x») 1- f.) 1-/,\ 
gmg РХ, E pN, E z 
S fs 


This completes the proof of Theorem (1). 
Theorem 2 (Idempotency). Let r.(g -12,... 


of 2-TLNNs, 


p) be a group 


if all r,(g-L2,.,p) are same, that is 
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Г, =Г=((5,5),(8,%),(5,,1))(==12,..р) . Assume that i 


A (s, ,Е,) Ж A" [s, S) E HEN ps 1 х+у 


=f,, then Al hl 1 = 
Fz (x+y) ; З 
1-1 
Proof. Since all Г, =T = ((s,E). (s. V) (sj. Y)) (e 7152... p). so 
)= 


- 14 
we can have ѕир(г,,Г,)=1, forall g,q=1,2,...,p, so ? 
1 
N, -—, forall g-12,.., p». Then Al hji- WM |1+ | 1 i 1 ху 
р 


2-TLNPHM (T,.T,,..., T, ) =. (19) 


х+у 
2-TLNPHM*” (Г\,Г,,..„Г„)=2-ТЬЕМРНМ*? (TT...) 


/ 
/ 


(х+ у) | [ 
7 


1 
/ = 1 
{ zd E 
=( ADR M 11 ic y —  — P Е 
х+у) а / ЛА Y 
zu Еа 25 alali- 1 toei 


1+ 
І 5,8) (s, V) (s), Y))-T 
2(x*y)A / TS ES я 
( +» / 26] 25) Theorem 3 (Boundedness). Let Г, (g 21,2... p) be a group 


of 2-TLNNs. If m - (min, (5,.5, ) max, (s, v.) max, (s, ., ) 


/ and Рей = (max, (5,,2,) min, (s, Y.) min, CEA , then 
Ajali- у 1272 — у = = 
New) 7 (57) 1 T) ' m <2-ТІМРНМ“(Г,,Г,,...Г,)<т (20) 
P| E p-——- d 
/ P\ f f Proof. To prove this let us assume that, 


a TC E UR NU 


: = 
i E — fg, =ig, h =f,» 
2 p 
=| ЛА 1 E У ae m А A" (s ‚® | =: AS. s) =: л И a 


! s; V, ) max, (s, Y, ) . Then, there are 


1 
“РОК ef pape i xty | Since т =(max,(s, ,=,),min, (s, min, (s, ., )) 3 
: | 


t <(Г„)<т ы <Г„)<:,/ (г) for all 


1 
/ з 
g=1,2.....,p. So, we have 
2 p 
alali- у [1+ Tun ME -— 
х+ = = ү 
f 
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~ 
1 


Then, there is the following comparison: 
(1) For the expected value: 


pet (s,8) - A" (s, W)- A" (s, 2 


SR(T)- 


Else SR(T) -SR(((s..8) a^ (s. v)- A^ (s...) ; 


then we have the score function 


So, we have 
m <2-TLNPHM™ (T,T,,... T, ). 


In a similar way, ме сап show that 
2-TLNPHM"" (FT, T,) $m . 

Hence we have 

m <2-TLNPHM® (FT... T,)sm . 


In the following, we shall discuss some special cases with 
respect to the parameter parameters x and y. 
(1) When y 0,3»0, we can have 


2-TLNDPHM"" (T,.T,,...T,) 


РЕ ы XOLG ) Yer.) 
eos РА р(1+7(г,)) 
n? „е. УУ (+т(г,)) 


“| 


That is, the 2-TLDPHM operator degenerates into the 2- 
tuple linguistic neutrosophic descending Dombi power 
average operator. 

(2) When х > 0,5>0, we can have 


2-TLNDPHM”” (T,.T,,...T,) 


T петт.) ре) 
Р +P Age zen ) 2 (rir) 

[2 р(1+т(г,)) | 
Papel) Y(1+7(F,)) 


That is, the 2~-TLDPHM operator degenerates into 
the 2-tuple linguistic neutrosophic ascending 
Dombi power average operator. 
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(3) When »>0,3>0, and Suw(r,.r,)- 2(8 e[0.1]) for 
all gq, then, we can have 


2-ТІМОРНМ“(Г,,Г,,..Г,) 


That is, the 2-TLDPHM operator degenerates into 
the 2-tuple linguistic — neutrosophic linear 
descending Dombi weighted average operator. 
Certainly, the weight vector of T? is (p.p -1.....1). 
(4) When x>0,5>0, and Sup(r,,r,)- (8 e[0.1]) for 


all gq, then, we can have 
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and Y» =1. the 2-TLNNDWPHM 
operator is described as follows: 


2-TLNDWPHM"* (rss 


e[0.1] Then, 


1 
y \х+у 


(21) 


P рт (1+7(г,)) " 


E sy pre ‹(1+Т(г, )) . Z | 
LY (1+7(F,)) 


рр У» «(1e T(T,)) | 


Where 7(r,)= У 5ир(г„г,),5ир(г„г,)=1-Ю(г„г,) is the 
q-l.g*q 


support degree for Г, from Г, , which satisfy the following 
Sup(T, T, ) e [0.1] : (2) 
(3) Sup(T ,.T,) 2 $ир(Г„,Г,) ‚ if 


conditions: (1) 

Sup(T T, ) = Supp(T T, ); 
D(r.r,)eD(r.r, in which Ю(Г„Г,) is the distance 
measure between 2-TLNNs Г, and Г, defined in 


8 
Definition (5). 
In order, to represent Equation (21) in a simple form, we 
assume that 


2-TLNDPHM"" (T,T,,....,) = 
iS ae (22) 
| 2 e р(ї+т(г,)) р(1+7(г,)) 2» (1+л(г,)) 
Ppa SUTT) ` err Therefore, Equation (21) takes the form 
2 SENA 2 SEA 2-TLNDWPHM"" (TT ,,....T, ) 
2 g M Aw (23) 
(Sloe, ) ) (3 23377 г, ә(ө,г,) | 


That is, the 2-TLDPHM operator degenerates into 
the 2-tuple linguistic neutrosophic linear 
descending Dombi weighted average operator. 


(5) When x=y=1,3>0,and ѕир(Г,,Г,)= A(8e[0.1]) for 


all g 24, then, we can have 


de Е 522 :)®(г Jj. 


That is, the 2-TLDPHM operator degenerates into the 2- 
tuple linguistic neutrosophic linear Dombi Heronian mean 
operator. 

In the above developed 2-TLNDPHM operator, only power 
weight vector and the correlation between input arguments 
are taken under consideration and are not to consider the 
weight vector of the input arguments. Therefore, to remove 
this deficiency, we will propose it weighted form, that is 2- 
TPLNDWPHM operator. 


2-TLNDPHM"" (T,.T,,... T 


Definition 11. Let Г, (2 =1,2,...,р) be a group of 2-TLNNs, 


== = үг . 
xy 20,17 - (ww. ns w») be the weight vector such that 
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Theorem 4. Let x,y>0, and x,y do not take the value 0 at 


the same time, T,(g-12,.., p) be a group of 2-TLNNs апа 


A's, ,E - A`'(s,,¥ Y 
(2) (et) s 

h 
aggregated value utilizing Equation (21), is still a 2-TLNN, 
and 


2 - TLNDWPHM (Г|,Г,,..‚Г„) 


f,. Then, the 


8, 


=( AIR у |1+ 


2 р Y 
PP d Sg —— 
(x+y) / y 


1 
/ / з 
24 / 2 / X 
alai- y de Ex ууу Id ус: 
arty) | m 1-7, ) LA 
/ 4=8 / po, = po, = 
/ / lg lq 
1 
/ / 
A ON : | 
alali- y [1e P27? x y [Y y — ас 
2(x + y) / ga у 1-7 B 1-7 Н 
/ 4-8 / po, = r$ po, L4 
j / F, f, 
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Proof. Same is Theorem 1. 

It is worthy to note that the 2ZTLNDWPHM operator has 
only the property of boundedness and does not have the 
properties of idempotency and monotonicity. 


B. The 2-TLNDPGHM Operator and 2-TLNDWPGHM 
operator 


Definition 12. Let T,(g=1,2,...p) be a group of 2-TLNNs, 
x,y20. Then, ће 2-TLNNDPGHM operator is described as 


follows: 


2-TLNDPGHM" (Г,.Г,,..Г,) 


2 
alter(rg)) pep 
£ enr) 
А 


өу(г,) 


q 


»(er(r " )) 
£ enr) 


(25) 


1 p p 


IT sir.) 


х+у g-l q-g 


Where T(r,)- Y, Sw(r,.r,),Su(r,.T,)-1- D(r,.r,) is the 
q-l.g*q 


support degree for Г, from Г, , which satisfy the following 


(1) Q) 


Sup(T,.F, ) = Supp(T ,.T,); (3) Sup(T,. T, ) 2 $ир(Г„Г,) , if 
D(r.r,)«D(r.r), in which D(T,T,) is the distance 
Г, and Г, defined 


conditions: Sup(T,.T,) e [0.1] : 


measure between 2-TLNNs in 
Definition (5). 

In order, to represent Equation (25) in a simple form, we 
assume that 


(1+Т(г,)) 


m" (26) 
yale *T(T,)) 
Therefore, Equation (25) takes the form 
2-TLNDPGHM " (T, T,,.., T, ) 
-iee or]. e 
X YN ect qoe 


Theorem 5. Let x,y>0, and x,y do not take the value 0 at 


the same time, T,(g=1,2,..,p) be a group of 2-TLNNs and 


let 222 кү d equ) em | Then, ihe 


aggregated value utilizing Equation (25), is still a 2-TLNN, 
and 
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2-TLNDWPGHM (T, ,,... T) 
/ / 
/ / 
2 ГА р / " 
=ù aai- y exa [Y y E n.o ... 
Xxv») f |j 1-45) 1-5) 
| |] [PRI] РХ 
/ / tg 1, 
1 
/ / 3 
/ / 
2: J p / 
Alh I DTP. a [y у Жы у ЕЕ 
2x*y) / | / i, y 
/ ш. PN, E pu, E 
/ / 1—1, 1-1, 
/ / 
/ / 
2 р / 
A| h 4| TP. Yy by |/ т. =+ A. 5 
Xx*y) / |а у 7 fÓ) 
/ =] EE pe 
/ / 1-f, 1-7, 
(28) 


Proof. According to operational laws, we have 


1 

re = Е t А 
tg 

m 

E т 
TEE Ae bs = 
1-7, 


гч = Me Д PX, " 
"e 
E з 
муа ОА a 
1-7, 


“| 


c 


24 


Then, we can gon 


(Pets 

чө ў) ) afai- (i-i (ps, ) Pe 3! 
Ука) 

i [- Vi (эх, Pb, рака) 


and 


afa УС FE ape o. |) 
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уге“ ауе) 


в) Аун ака) 


Furthermore, we can have 


T Ф, Г =( A hy 14+] X 5+ Mus 
PS, ag PS, 44 


1 
3 
E 


1 


i TA 
TE Ms cag PE 
/ e 
/ pW,d« / ра 


1 


Ala 14] % a Y ‚||, 
PS, be PS, ba 
1 
3 
Ala de| в } 
PS, Ce PS, Ca 
and 
a N, N, 
PXg РХ, 
ID: 9, УГ, 
gel, 
q-8 
2 1 
=| Afh) 1, Wu Js — à 
gel, з 
i-r TE qe al 
/ DW, de / PR / 
р 1 
Alhi- y 14 : 
gl ki 
+ "A nts 
/ pNb. / PS, ba 
2 1 
Ajaj- у ї+|у——— 1- 
gel, 5 / 
14} X 154+ a |/ 
/ pe / PS Ca / 


1 
S 
Р x 
=( Aala] 1/ |1- MI =e ty 
Ds р,ағ PS aq 
1 
3 
Й 
AA ped med Son — 
eh PS,b¢ р, а 
1 
Е 
i 
Alali- y |1+| УУ | a 
gel PS,Ce PS, C4 


So, we can have 


PARU AN 
/ Nbe р, 


1 


14] кыд, a 
үс / DN 
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2 
psp 


p » " 
Пг 9,7 


g=, 
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in Equation (29), we can have 


4=8 
2 / а / A | x ] i 
= ala) yf s e ue Y —_ jm 
p+p | bal ei | E p,a | 
aai- AIRE, 
pep | 
aali- у fiti- " "hh ID | | 
p*p / E РХ,се РХ, / 
1 
3 
Р 
TEE ae Ж нз. 
р tP ss, ра, ра; 
1 1 
H 3 
7 
hli- 1/ |1+| e [uec em 
; Р Pej (pWb. рХ,Ба 
1 
3 
Р 
Alali- M 12 iD c дЕ 
р tP ea PN,Ce PS, Ca 
Then 
2 
1 А р?+р 
хг” Ф, уг“ 
х+у П ш DY 4 
94=8 
p'*p« x y 
=( al hl 1- 1/ [1 = zs 
2(х+у) т P,ag PS, dq 
1 
E 
р 
Alal M [1+ » dest ius | (29) 
(x+y) ex PN, be pba 
1 
А E 
Ў 
Alal M [1+ РУ E. MEE 
(x+y) ex PN,Ce PS, Ca 
Now put 
de iu s E n i sby i P fe Cq = fy 
5 i, 7 ie. oy ee 7, 
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1 
/ 3 
+ / х 
=( АА x 7 / ЕЕЕ ЕЕ ЕЕЕ 
x+y) / 1-1, ) 1-1, | 
er] pS, | = 2 PS, |= < 
te 1, 
1 
die v] 
Alal Y | =? > ү —— НЕ 
2(x y) za / ig iy 
rs N = PS,| —— 
/ 1-1, 1-1, 
1 
/ 
m p / ге 
Aa y [H ES y ЕЕЕ E. 
2(х+у)& / We xu 
EN ps, — 2%, —À 
/ 1-/, 1-/, 


This completes the proof of Theorem. 


Theorem 6 (Idempotency). Let T,(g-12,., p) be a group 
of 2-TLNNs, if all r,(g-12,..p) are same, that is 


Г, -T - (5,8). (s; W) (ss Y) (& 752... 7) Assume that 
А OR MM LUN 

: — fg, - = de, л =f, E 
then 
2-TLNPGHM (TT... D, ) 2T. (30) 


Theorem 7 (Boundedness). Let T,(g-1,2,., p) be a group 
of 2-TLNNs. If m = (min, (s, S, ) max, (s, V, ) max, [Л 
апа m = (max, (s, +E. ) min, (s, Y, ), min, (s,.¥,)) , then 


(31) 
By specifying different values to the parameters x and y, 


some particular cases of the 2-TLNDPGHM operator are 
described below: 
(1) If y» 50,3»0, then we can have 


m <2-ТІМРНМ“(Г,,Г,,.„Г,)<т. 


uis 


2-TLNDPGHM "" (T r,) 


Т) 
ral 


1 р р 


x+y ПП x(T,) ®y(T,) 
2 
EG (р+!-в) pep 
1| 2 Eres) 
ШУШЫ 


That 15, the 2-TLNDPGHM operator degenerates into the 2- 
tuple linguistic neutrosophic Dombi descending power 
geometric average operator. 
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(2) If x >0,5>0, then we can have 


2-TLNDPGHM"" (T,.T.,,... T) 
1 РАР КИ Een) 
= Г, Ө y(T 
x+y ПИП x( 4) »( a) 
(к) za 


»(sr(rg)) 


Ў (etr) 
rl 


That is, the 2-TLNDPGHM operator degenerates into the 2- 
tuple linguistic neutrosophic Dombi descending power 


geometric average operator. 


(3) If y>0,3>0, and Sw(r,,r,)-(«[0.1]) for all 


g*q. Then, we can have 


2-TLNDPGHM"" (T, T,,.., T, ) 


alerte) 


È (тг,) 
Е 


1 р р 


П «(r;) 


ХЖ | а qon 


Was (p*l-g) m 
(цег) | | 
That is, the 2-TLNDPGHM operator degenerates into 2- 
tuple linguistic neutrosophic Dombi descending geometric 
average operator. 

(4) If 20,320, and Sup(r,.r,)- (B e[0.1]) for all 


g*q. Then, we can have 
2-TLNDPGHM"" (T,.T,,...T,) 


ңел) 


t 
1 р р че) 


П«(т,) 


X+Y) g1 gee 


That is, the 2-TLNDPGHM operator degenerates into 2- 
tuple linguistic neutrosophic Dombi ascending geometric 
average operator. 


Similar to 2-TLNDPHM operator, the 2-TLNDPGHM 
operator have only power weight vector and the correlation 
between input arguments are taken under consideration and 
are not to consider the weight vector of the input arguments. 
Therefore, to remove this deficiency, we will propose its 
weighted form, that is 2-TPLNDWPGHM operator. 
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Definition 13. Let г, (z-12,., p) be a group of 2-TLNNs, Similar to 2-TLNDWPHM, the 2-TLNDWPGHM operator 


x,»20. Then, the 2-TLNNDWPGHM operator is described has only the property of boundedness and does not have the 


as follows: properties of idempotency and monotonicity. 


2-TLNDWPGHM™ (Г\,Г,,..Г„) 
V. An application of 2-TLNDWPHM and 2-TLNDWPGHM 


»ve(er(ra)) тчє(+т(г)) \\р+р 


REN £st) # чөт) (32) operator to group decision making 
= П х(г,) e y(r,) : In this section, we pertains the afore-presented Dombi 
x+y 8 е i Ё i 
к power Негошап aggregation operators to establish 


constructive approach. for MAGDM under 2-TLNN 
Where 7(г,)= Ў Sup(F,.T,),Sup(F,.r,) -1- D(F,.r,) is the environments. Let AT - [4T AT... AT} be the set of 


q-l.g*q 


support degree for Г, from Г, , which satisfy the following discrete alternatives, the set of attributes 15 expressed by 
conditions: (1) Sup(T ,.T, ) e [0.1] : (2) СТ = [cr.cr....er.) , the weight vector of the attributes 
5ир(Г,,Г,) = Supp(T ,. T); (3) Sup(T,. T, ) 2 $ир(Г„Г,) , if — -— = \т 

= is represented by W С) such that 


D(r,.r,)«D(r,.r.) , in which (г.г. is the distance 
measure between 2-TLNNs Г, and Г, defined in We є[0,1], 9 we =1, and DE =(der,der,..des] denote the set 
e=l 
Definition (5). 
In order, to represent Equation (32) in a simple form, we К 
T 
assume that g -(m,7,..,9,) such that о, e[0.1. 9 о, =1. Assume 
b-l 


= we(1+T(T,)) (33) 


of a decision makers, with weight vector expressed by 


——b 
that DT =(T А is the decision matrix, where 


mxn 


ге (в) Маш) takes the form of 2- 


Therefore, Equation (32) takes the form 


= х,у D D E : XT 
2-TLNDWPGHM'* (T, T... TLNN, given by decision maker de; for alternative AT. 


with respect to the attribute CT. . 

Then, depending on real decision situations where the 
weight vector of both attributes and decision makers are 
Theorem 8. Let x,y>0, and x,y do not take the value 0 at completely known in advance. Therefore, in the following 
we present a MAGDM approach based on the developed 2- 
TLNDWPHM and 2-TLNDWPGHM operators. To do so, 
just follow the step below: 


— (34) 


Ld THI.) e»). 


X Y ect qon 


the same time, L,(g-12,., p) be a group of 2-TLNNs and 


A" (sj) л a(s Y) 4 A ra | 7 Then. the 
h " i | | 


let h h g Step 1. Calculate the support degrees by the following 
aggregated value utilizing Equation (32), is still a 2-TLNN, formula: u 
and Sup( T5, T. )-1- De(T5,15 (5,1 =1,2,..,а;с 71,2... 56 =1,2,...,п). 
2- TLNDWPGHM (T, T, D, ) 
| (36) 
/ | i Which satisfy the axioms for support functions, Он (Г?.,Г!.) 
2 р / ] а è Р B EN 
Alali- у |i mo y Уу е = . is the distance measure given in Definition (5). 
/ = / pe, Ө РӨ, c Step 2. Determine the support degree T(T},) that IFN г», 
receives from other 2-TLNNs Г! (/ =1,2....,a;1 +b), where 
/ / 5 4 
| / / T(r.) EX. sup(T^.. T^, ) (37) 
ala 1/ |1 E x " У у —— ДЕЕ | [КР 
2(x4 y B = "EE ET : es 
iie J =] | i | ЕЗ Step 3. Utilize weights о, (0 =1,2,....,а) for decision 
if / Ii 1-4 


makers de, to determine weights W^. associated with the 2- 


y 2 à А і 
т / F E М = : b =1,2,...,a). 38 
E bee 4) Laz (Ф=12,.а) G8) 
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Where N$, 20and У =1. 
b-l 


Step 4. Aggregate all the individual decision matrices 


Dr (ге). (b-12,.,a) into group decision matrix 
DT-(L.),, by utilizing 2-TLNDWPHM ог 2- 
TLNDWPGHM operators, where 

T^, 22- TLNDWPHM (T.F... 7.) (39) 
Or 

T°, -2- TLNDWPGHM (7, ,T,,...1%) (40) 
Step 5. Determine support degrees Sup(L,,DI,) by the 
following formula; 

Sup(F, T, ) =1- Da (T, T, ); (41) 

(c =1,2,...,m,e =1,2,...,.n,e e x) 
where Da (Г.Г, ,) is distance measure given іп 
Definition(5). 


Step 6. Determine the support degree 7(T,,) that 2-TLNNs 
L, collects from other 2-TLNNs L,(x-L2,.,mezx), 
where 

у w:Sup(T pu 


x=l,x#e 
Step 7. 
Ф „(с =1,2,...., 


i (42) 


Determine weighting 
m,e =1,2,...,n) associated with Г, 


dert.) 
Yer.) 


Step 8. Utilize 2-TLNDWPHM or 2-TLNNDWPGHM 


vector 


- we (1+Т(Г 


(43) 


operators to aggregate all assessment values 
Г„(с =1,2,.....m,e =1,2,...,2) into overall assessment value 
Г,(с=1,2,....,т) corresponding to the alternatives 
AL. (c= 1,2,....m): 

Г, =2-TLNDWPHM (TT su.) (44) 

Or 

T, -2-TLNDWPGHM (T T, T.) (45) 


Step . Determine the scores sc(ir,) for the overall IFN 


of the alternatives ALa(d =1,2,...,2) by utilizing Definition 
(3). = 

Step 1 . Rank all alternatives ALa(d =1,2,....g) and select 
the optimal one (s) with the ranking order Г„(4 =1,2....,g). 


A. Numerical Examples and Comparative analysis 

The following example is adapted from [38], to show the 
validity and practicality of the developed aggregation 
operators. 

Example 1. Let us assume that there are five potential 
construction engineering projects (alternatives) 


AL, (b -1,2,..,5) to be assess. 


alternatives are assessed by decision makers with respect to 


These five potential 


L——I 
Table.1 The 2-TLN decision matrix DT 


CT. CT CT4 
AL у m е о 
(8,0) (5.0) ‚(5,,0) ‚(5,,0) 
АГ» s " | 0) (s) К mo m 
(5.0) (5.0) (5.0) 550) 
dE. s k an oo 4 uS 2 
(5,0) (54,0) 45.0) 466) 
Hh aw | us ae ” M M 
‚(5,,0) (5,,0) ‚(5;,0) ‚(5,,0) 
ALs po E m = е о | 
(5,0) (5.0) (8.0) (5.0) 
Table.2 The 2-TLN decision matrix DT 
cn c ст СТ, 
аа 
(s;,0) 
ОООО 
(s,,0) 
шл 899) u^ Gan 
(s,,0) 
E calc И 
(s,,0) 
о о у ст уу. 
(s,,0) 
Table.3 The 2-TLN decision matrix DT 
CT, CT» CT; CT: 
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the following four attributes (1) the construction work 


environment denoted by Gn 
(2) the construction site safety protection measure denoted 


by CT; (3) The safety management ability of the 
engineering projects management denoted by CT; and (4) 
the safety production responsibility system denoted by GTi, 


with weight vector (0.5,0.3,0.1,0.1)' and expert weight 


vector is (0.2,0.5,0.3)' . The experts provide information in 
the form of 2-TLNNs, which are listed in Tables 1-3. 


CT; 
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^^ n] Me d Mem d Meo) 
© m] Mem) Meo d Memo d 
^^ mr) Mem) Meo d em d 
^^ nr] en d Mem ] Mem] 
^ mr) Ceo) Ven d (eo) 


Step 1. Calculate the support degrees by utilizing formula 
(36). For simplicity we shall denote 

Sup (Tel) 985.019 3e =1,..., 
812 = 521 = 0.8333,5ү; = SÌ = 0.8889, 52? = SẸ = 0.8333, 
512 2587 =0.8333, S3 = 52! —0.8889,57 = 5 = 0.8333; 
SÈ = SË = 0.9444,51 = 52 = 0.7778, S3 = 52 = 0.7222, 
512 = 501 = 0.7222, Si? = 5 20.7222, SẸ = 5 = 1.000; 

$5 = 52 = 0.8889,51 2,57, = 0.8333, S3 = S7; = 0.9444, 
$2282 = 0.8333,$ = 52! = 0.7778,52 = 522 = 0.8333; 
512 282 = 0.8333, S3 = 52 = 0.7778,523 = S5 = 0.9444, 
512 = 50 = 0.7778,5 285, = 0.8333,87; = $5; = 0.9444; 
S} 2582 = 0.777778,81 = SÌ! =0.6111,52 = S7; = 0.8333, 
$2282 = 0.7778, S33 = 521 = 0.7778,52 = Sz; = 1.000; 

512 = 521 20.833333,85 = 531 = 0.6111,52 = 52 = 0.6667, 


5;e =1,...,4). 


$5 = Sz} = 0.8333,5 = 52 = 0.6667,52 = S5, = 0.8333; 

512 =S}! = 0.8889, 513 = 521 = 0.9444, $7; = 52 = 0.9444, 

512 = 50 = 0.722222, Sh = Sj) 20.7222, $5 = 52 = 0.8889; 

Si, = 52 = 0.7222,51 = 52! = 0.8889,52 = 522 = 0.8333, 

S5 =S} = 0.9444, 51) = S} = 0.7222,52 = 52 = 0.7778; 

Si = 521 = 0.8889, 51 = 521 = 0.8889, S3 = 52° = 0.8889, 

SY 282 20.722222,83 = S} = 0.8889,52 = 52 = 0.8333; 

512 = 521 = 0.8889, 51 = 521 = 0.8889,52 = 522 20.7778, 

512 = S3 = 0.8889, 51 = 521 = 0.7222,52 = 52 = 0.7222; 

Step 2. Determine the support degree 7(Г”,) by utilizing 


formula (37). For simplicity, we shall denote T(r? 
T^ (b -12,3;c =1,..., 


e) by 


Ses 1.44). 
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Т! 21.7222, 15 =1.6667,Т =1.7222,Т, 21.7222, T; =1.6667,7,, =1.7222; 
Т, 21.7222, T5 =1.6667,7,, 21.5000, 77, 21.4444, T; =1.7222, 7), 21.7222; 
Tj, =1.7222,Тд 21.8333,75 =1.7778, Ty 21.611177, =1.6667,T, - 1.6111; 
Ту, 1.611,77 =1.7778,Ту, 21.7222, 7, 21.6111, 77; 1.7222, T;, = 1.7222; 
Tj, 21.3889,77 21.6111,75 21.4444, 7;, =1.5556,75 =1.7778,T,, 21.7778; 
Ty, 21.444444, T7. =1.5000,7,, —1.2778,T,, =1.5000,72 =1.6667,7,, =1.6667; 
Т! 71.8333, 77 = 1.8333, Ti = 1.8889, 7, 2 1.4444, 72, 1.611 T? - 1.6111; 
Tj, 21.611,77 21.5556, Tp 21.7222, T4, 21.6667, T,, =1.7222,7,, = 1.7222; 
T] =1.7778,Т2 21.7T18,T5 =1.7778,Т 21.611, T2 21.5556, T5 =1.7222; 
T =1.7778,Т2 —1.6667,T7, 21.6667, T, 21.611,77; 21.6111,77; 21.6111; 


5253 = 254 254 


Step 3. Utilize weights i ea] for decision 


makers de, to determine weights ^, utilizing formula (38), 
we have 

NI, 20.2021, N7, = 0.4949, N7, 20.3031, NI, = 0.2021, 

N2, 20.4949, N3, 20.303 LN], 20.2072, S2, = 0.5074, 

NÌ 20.2854, NI, 20.1833, N2, = 0.5104, N?, = 0.3063; 

&}, 20.1948, 82, 20.5070, 82, 2.0.2982, N}, = 0.1979, 

N2, 20.5053, 82, = 0.2968; N), = 0.1915, N2, = 0.5092, 

N3, = 0.2994, X}, 20.1934, N2, = 0.5041, N2, = 0.3025; 

NI, 20.1898, 82, 20.5188, 83, = 0.2914, NI, —0.1870, 

N2, 20.5081, N2, = 0.3049; N}, = 0.2018, N2, = 0.5161, 

N3, 20.2821, N], 20.1899, 2, 20.5063, N, = 0.3038; 

Nl, 20.1988, N7, 20.4971, N;, = 0.3041, N], = 0.1897, 

N2, 20.5065, N2, = 0.3039;%!, = 0.1996, N27, = 0.4883, 

Nj 20.3121 Nl, 20.1967, N2, 20.5020, N2, = 0.3012; 

Nl, 20.2000, N2, = 0.5000, S2, = 0.3000, NL, = 0.1996, 

N2, 20.4883, N2, 20.3125 N}, = 0.2066, N2, = 0.4959, 

Ni, = 0.2975, NL, = 0.2000, 82, = 0.5000, 82, = 0.3000. 

Step 4. Aggregate all the individual decision matrices 


L——b 

DT -(ri) (b =1,2,3;c =1,...,5;е =1,2....,4) into group 
decision matrix DT -(r,),., by utilizing formula (39) or 
(40), we have (assume х= y 21,322 ) 


Table 4. Overall decision matrix utilizing 2-TLNDWPHM 
operator 


СТ, CT; 


AL, (s,,0.3121),(s,,-0.4416) (s,,0.1659),(s,,-0.3613), 
(5,,-0.2546) (s,,0.2902) 
E " 0.2801), (s,,—0.3045), (5,,-0.3597),(5,,-0.0893), 
(5,,—0.3296) (s,,-0.0893) 
Fr? (s,,-0.2651),(s,,-0.0778), (s3,0.2982),(s,,0.3239), 
(5.0.3501) (s,,0.2406) 
p^ (5,,-0.2647).(s,,0.3901), (s,,-0.2654),(s,,-0.2069), 
(5,,0.0337) (s,,0.3631) 
ALs (s,,0.3096),(s,,-0.4428), (s,,-0.0301),(s,,-0.4330), 
(s,,0.2318) (s,,0.3512) 
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Table 4. Overall decision matrix utilizing 2-TLNDWPHM 


operator 
CT CT. 

AL ,—0.3581),(s,,0.3112) | s 3215),( — 
(s,,0.2905) (s,,-0.2948) 

{L im ,-0.3265),(s,,0.2579), | я ,-0.2540), (s, m 
(s,,-0.3015) (s,,-0.3122) 

АГ» |, ,0.3217),(s,,0.1066) " o ,0.0781),(s,,0.4413), j 
(s,,-0.4061) (s,,0.2604) 

pA (> ,0.3115),(s,,—0.2868) А — ‚0.1354),(5,,0.3029) ' 
(5,,—0.0090) (s,,—0.3720) 

РТУ KC ,0.4424), (5,,0.4666) " ‘a ,0.0490). (s,,-0. T 
(s,,0.2970) (5,,0.4329) 

Table 5. Overall decision matrix utilizing 2- 

TLNDWPGHM operator 

та CT» 

АГ, Qs ,0.2654),(s,,-0.3807) " | ,0.3613),(s, a 
(5,,0.2226) (5.0.4161) 

p | ,0.2434),(s,,-0.2657), ) ie ,-0.4152), P 
(s,,-0.2991) (s,,0.2068) 

p "n ,0.3580),(s,,—0.0182) ic ,0.2628).( d 
(5,,-0.3261) (,,0.2741) 

y (> ,—0.2587),(s,,0.4168), к ,0.3539),( E 
(s,,-0.0334) (s,,0.4146) 

E a ,0.2659).(5,,-0.3839) t (6 ae 
(s,,0.3244) (s,,0.4107) 


Table 5. Overall decision matrix utilizing 2-TLNDWPHM 
operator 


бт, 


{AL (s,,-0.4167),(s,,-0.3578), (s,,0.2725),(s,,0.6568), 
(s,,0.3254) (5,,-0.2619) 

AL (s,,—0.3557),(s4,—0.3280), (s,,—0.3282),(s;,0.4432), 
(5,,—0.2649) (s,,—0.2421) 

AL (5.0.2928), (5,,0.1344), (s,,-0.2141),(s,,0.0877), 
(s,,—0.0620) (s,,—0.3258) 

dE (5,,0.2627).(,, 0.2405), (5,,0.4863),(5,,0.1564), 
(5,,-0.4560) (5,,-0.2633) 

ry (5,,0.3799).(s,, -0.3948), (5,,-0.2028),(5,,-0.2659), 
(5,,-0.1612) (s,,0.0921) 


Step 5. Calculate the support degrees of Table4, by 
utilizing formula (41). For simplicity we shall denote 

Sup(T T, ‹) = S? (с N 1,...,4). 

SU? = 52 = 0.9228, S} 2$? = 0.8821, S} = S?! = 0.8518, 

SP = S? = 0.8416,52* = S? = 0.8153,52 = S? =0.9697; 

S? = S7! = 0.8703, $7? = S! = 0.8929, S;* = S7! = 0.9383, 

SP? = 52 =0.9152, S” = S? = 0.8843, $4 = S? — 0.9374; 
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Sy 2S? =0.9307, 57 
S? = 52 -0.8977,87 
S) = 52 =0.9038, Sy? 
S? =S) -0.8349,57 
S? = 82 = 0.9006, S? 
S? =S? = 0.8510, 57 
or 

Calculate the support degrees of Table 5, 
formula (41). For simplicity we shall denote 
SP = 52 =0.9261,S,? = S;' = 0.9754, S" = 5, =0.9175, 
SP = S? = 0.9393, S = S? = 0.8444, S^ = S? =0.9051; 
S? 257 =0.8718, $7 = 7! 20.8720, S}* = S7! = 0.9527, 
S? = 52 -0.8957,57' = 52 = 0.8864, 52 = S? =0.9129; 
Sy? 287 20.9138,57 = S;' = 0.9177, Sy" = $у = 0.9168, 
S? = 52 = 0.8314,5 = S? =0.8858, 87^ = 5 —0.9456; 
Sy 287 =0.9115, S} = 5; = 0.6977, $; = $, = 0.9221, 
52 = 52 = 0.7431,52 = S? = 0.8811,5 = SP =0.7252; 
S? = S?! 20.9052, $? = S?! = 0.9089, 51 = S7! = 0.8794, 
S? = S? = 0.8827,52 = S? = 0.9185,5;* = SË = 0.8455; 


= S;' = 0.85265! 
= S? = 0.9246,5* 
= 52 = 0.7857,5'* 
= S? = 0.9097, S;* 
= 5; = 0.9284, SV? 
=S? 2084,85; 


= 51 
= S? 
= 5 
= S? 
= S; 
E S? 


= 0.9008, 
— 0.8468; 
— 0.8948, 
= 0.7446; 
— 0.8848, 
= 0.8352; 


by utilizing 


Step 6. Determine the support degree Т(Г 
formula (42) 

Т 22.6567, T, = 2.5797,Т,, = 2.6934, T,, = 2.6368, T, = 2.7015, 
Т, = 2.6698, T,, = 2.7456,7,, = 2.7601; T,, = 2.6840, T,, = 2.7530, 
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,)by utilizing 


T, = 2.5971, T,, = 2.6721, T, = 2.5844, Ty = 2.6484, Ty, = 2.3653, 

Ty, = 2.5491;Т = 2.7138, Ty = 2.7358, Tey = 2.6146, T,, = 2.7042. 

Ог 

Determine the support degree T(T„)by utilizing formula 
(42) 

T, = 2.8189,7,, = 2.7097, T,, = 2.8197, 7, = 2.6669, T,, = 2.6965, 

Т,, = 2.6539, T, = 2.6806, T, = 2.7521; T}, = 2.7482, T, = 2.6311, 

Ty, = 2.6947, Ty, = 2.7482, T,, = 2.5313, T, = 2.5351, Ty, = 2.1660, 

Ty, = 2.5284; T,, = 2.6936, T;, = 2.7064, T,, = 2.6372, T,, = 2.6434. 


Step 7. Determine weighting vector Ф, by utilizing 
formula (43), 

®,, = 0.5029,Ф,, = 0.2954, b, =0.1016,®,, = 0.1000, ®,, = 0.4999, 

Ф,, = 0.2974, ®,, = 0.1012,Ф,, = 0.1016;Ф, = 0.4985,Ф,, = 0.3047, 

®,, = 0.0974, ®,, = 0.0994, ® , = 0.5009, ®,, = 0.3059, ®,, = 0.0941, 

Ф, = 0.0992; @,, = 0.5006, ®,, = 0.3021, ®,, = 0.0974, ®,, = 0.0999. 

Or 

Determine weighting vector Ф, by utilizing formula (43), 
Ф, = 0.5063, ®,, = 0.2951, ,, = 0.1013, ®,, = 0.0972, ®,, = 0.5012, 

®,, = 0.2973, ®,, = 0.0998, ©, = 0.1017; b,, = 0.5055, B,, = 0.2938, 

®,, = 0.0996, ®,, 20.1011, 0, = 0.1430,®,, = 0.3034, ®,, = 0.0906, 

®,, = 0.1009;Ф,, = 0.5009, ®,, = 0.3016, ®,, = 0.0987, ®,, = 0.0988. 
Step 8. Utilize 2-TLNDWPHM or 2-TLNNDWPGHM 
operators given in formula (44) or formula (45) to 
aggregate all assessment values (assume х= у =1,5=2 ) 


AL = ((s,.-0.3978),(s,,0.0053),(s,,-0.1452)); 
AL = ((5,,-0.2250),(5,,0.0835),(5,,0.3512)); 
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AL; = ((s,,0.1907),(s,,0.2747),(,,0.4501)); 
p ((s;,0.3506),(s,,-0.2546),(s,,0.2681)); 
ALs = ((s,,—0.4224),(s,,0.4077),(s),—0.2722)). 
or 

54,—0.4206),(s,,0.3839),(s,,0.0258)); 
5,,-0.2382),(5,,0.0972),(5,,0.3152)); 
5,,-0.2307),(s,,-0.1970),(s,,-0.0111)}; 


AL = ( 
AL; = ( 
AL; = ( 
AL, = ((s;,0.2394) ,(s,,0.0406),(s,,-0.3743)); 

s={ 


( 
(s; 
( 
(5,,0.3430),(5,,—0.4474),(s,,-0.0295)). 


ж, . Calculate the score values utilizing Definition (3), 
we have 


sn(AL)) - 0.6523, SR (AL: - 0.4634, SR( AL.) = 0.5814, 

БҮ = 0.6298, SR( ALs) = 0.6357. 

Calculate the score values utilizing Definition (3), we have 
SR( 4L:) = 0.6205, SR( Аг) = 0.4639, SR( АТ.) = 0.4987, 

БЕЛУ =0.5874,SR( ALs) =0.6011. 


Step 1 . Rank all the alternatives and select the best one 
according to their score values. 

AL, > ALs > ALa > AL; > Ala. 

or 


AL, > ALs > ALa > AL; > Ala. 


AL; is the best one while the worst one is AL. 


VI. Discussion 

In the following, we will further analyze the effect of the 
parameters X,y and 
Example 1. Then we can adopt the different values of x 
and у in step 4 and step 8, while the value S is fix. The 
results are given in Table 6 and Table 7. Moreover, the 
effect of general parameter J , is shown in Table 8 and 
Table 9, while the parameters X, y are fix. 

From Table 6 and Table 7, we can notice that the ranking 
orders are different for different values of the parameters 
X, y . However, the best alternative AL OF ALs. From Table 
6 and Table 7, we can also notice that, when the values of 
the parameter x or y increases, the score values increases 
utilizing 2-TLNDWPHM operator, while the score values 
decreases utilizing2-TLNDWPGHM operator. Generally, 


for computational simplicity one may select 
х= у= according to me penal need of 


decision making problems. 


Table 6. Effect of parameter X and y on ranking result utilizing 
2-TLNDWPHM operator 


J on the final ranking result of 
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Parameter 
values 


х=1,у= 2, 


Table 7. Effect 
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Score values 


5 ( L) -0.6537,8 (2. )= = 0.4574, 
SR(AL.) = 0.5764, SR( ALs) = 0.6273, 
SR(ALs) - 0.6325 
SR(AL.) 0.6530, SR( AL ) 0.4585 
Б ) = 0.5772,5R( AL; ) = 0.6275, 
SR(ALs ) = 0.6328 
SR(AL.) = 0.6570 SR( 422) 0.4560 
SR(4L.) - 0.5757, SR (AL. - 0.6284, 
SR(AL:) -0.6332 


БУ = 0.6540 SR( AL ) = 0.4571, 
БЛ ) =0.5761 БЕЛ =0.6273, 
SR(ALs) = 0.6324 
SR(4L:) = 0.6754 БЕЗ = 0.4631 
SR(4L:) =0 5926,5R(ALs ) = 0.6476 
SR(ALs) = 0.6526 
БЕ =0 6897, SR (AL. ) = 0.5290 
SR(AL. ) = 0.645 5 (а) = 0.6745 
SR(ALs ) =0.6976 
SR(AL:) = 0.6685 SR( AL ) = 0.4998 
SR(AL:) =0 6142,SR( AL; ) = 0.6526 
SR(AL: ) - 0.6669 


SR(AL:) = 0.6869. „SR( 41 )= 0.5256, 


SR( Ls ) - 0.6409, SR (AL. 0.6713, 


SR(ALs ) = 0.6937. 


of parameter X and y оп 


utilizing 2-TLNDWPGHM operator 


Parameter 
values 
х=1,у= 2, 
RED 


Score values 


SR( 4L ) = 0.6252, SR L) =0.4663, 
ЕД? ) z 0.5037,5R( AL; )- 0.5810, 


SR(ALs) = 0.5998, 


БЕУ - 0.5756, SR (4L. ) = 0.6280, 


Ranking 
orders 


AL > AL; > АГА 
> AL > AL. 


AL, > АГ, > AL, 
> AL > AL. 


AL, > AL; > AL. 


> Аз > Ala. 


AL, >ALs >ALs 


> Аз > Ala. 


ALi > ALs > AL. 


> AL; > Ala. 


Ал > ALs > AL4 
> ALs > ‘ALD. 


ALs > AL > AL4 
> АГ» > АГ». 


Ls > ALi > ALa 
> AL; > AL. 


ALs > АГ > AL. 
> АГ, > AL. 


decision result 


Ranking 
orders 


AL, > ALs > ALa 
> AL > AL. 
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x=3,y=5, 
3=2 
x=2,y=7, 
S2 

х= 6,у -19, 
з= 

х = 14, y = 30, 
$22 
x=2,y=100, 
$22 
x=50,y = 2, 
oS, 

х = 35, у = б, 
$22 

x 280, у= 4, 
J=2 


E ( Ti ) Е 0.6245, 56| L) =0.4662, 
ШЕ? = 0.5029, R41. )= 0.5832, 
SR( ALs) = 0.6006 
SR( AL: ) = 0.625 1,SR( AL2 ) = 0.4643, 
SR(AL. z 0.5042, SR (AL. = 0.5718, 
БЕ) = 0.5951 
5Е[ А) = 0.6254, SR[ AL: ) = 0.4649, 
БЕ E 0.5043, SR(4L.]- 0.5737, 
SR(AL: ) =0.5961 
БЕ? ) 2 0.6253,SR( AL» ) = 0.4662, 
ЕЕ = 0.5039, SR( AL; ) — 0.5800, 
ЕД? ) = 0.5994 


E L ) z 0.6082, SR[ AL: ) = 0.4388, 
SR(AL.) 2 0.4828,SR( AL: ) = 0.5177, 
SR(ALs) = 0.5575. 


БЕЛ ) m 0,5583,5R( L) - 0.4136, 


ЕТ E 0.4440, SR (AL. 0,5533, 


Б ) Z 0.5868, SR [AL =0.4367, 
SR( AL) = 0.4683, SR( AL) = 0.5771, 
SR( AEs) = 0.5835 
SR( AL: ) Е 0.5618,58(22. ) 0.4163, 
ЕДЕ 2 0.4470, R (AL. ) — 0.5569, 
SR(ALs) = 0.5650 


AL > ALs > AL; 
> АГ, > AL. 


AL > ALs > AL, 
> АГ, > AL. 


AL > ALs > ALa 
> AL > Ala. 


ALi > ALs > ALa 
> AL > Ala. 


AL > ALs > AL, 
> AL, > AL. 


ALs > АГ > ALa 
> AL. > AL. 


AL, > AL; > AL. 
> AL; > AL. 


ALs > AL, > AL, 
> АГ, > AL. 


Table 8. Effect of parameter J on decision result 2- 


TLNDWPHM operator 

Parameter Score values 

values 

x=ly=2, SR( AL: )= 0.6855, 5R( AL. = 0.4851, 

$23 БҮ =0.6316,5R( AL: ) =0.6667, 
SR( 4Ls)=0.6713 

х=1,у= 2, SR( AL: ) =0.7326,SR( AL2) =0.5291, 

З=5 SR( AL: )=0.7017,SR( AL) =0.7181, 
SR({ ALs) = 0.7226 


Ranking 
orders 


AL, > AL; > AL, 
> AL > AL. 


AL, > AL; > AL, 


> AL; > AL>. 
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x=Ly=2, ШЕ = 0.7795, SR (AL: ) = 0.5840, 

З=9 SR(ALs ) E 0.7632, 5R(AL.) = 0.7668, 
SR( Ls) - 0.7734 

x=Ly=2, SR(4L:) =0 8025,5R AL2) - 0.6176, 

З=15 БЕ =0 7934, SR (AL. ) = 0.7954, 
SR(ALs )=0.7991 

х=1,у= 2, БЕ - 08184, SR(AL.- 0 6425, 

$230 SR(AL.) - 0.8142, R(AL.) - 0.8132, 
SR(ALs ) = 0.8169 

x=Ly=2, БЕ = 0,8290, 5R( AL») = 0.6595, 

3-100 SR(ALs)=0 8278, SR( АГА) = 0.8281, 
SR( AZ) =0.8285 

x=Ly=2, Б - 68312, SR(AL. }= 0.6631, 

3= 200 БЕ = 0.8306, SR( AL ) =0.8307, 
SR(ALs) = 0.8310 

Table Effect of parameter А 

TLNDWPGHM operator 

Parameter Score values 

values 

x=Ly=2, БЕ =0.5940,5R AL; - 04411, 

3-3 SR(ALs) = 0.4610, SR( AL: - 0.5084, 
SR( ALs)=0.5644 

xzly-2, SR( AL: =0.5531,R( 412) =0.4105, 

v=? зка.) = 0.4008, 
SR(4Ls] = 0.4233, SR Ls) = 0.5123 

x=Ly=2, SR(AL. - 0.5146,5R AL; - 0.3794, 

З=9 Б ) = 0.3443, 5R(4Ls) = 0.3570, 
SR( Als) - 0.4478 

х=1,у= 2, БЕ =0 4875,SR( AL2) = 0.3609, 

З=15 SR(AL.) - 0.3163, SR (AL. = 0.3240, 
SR( Ls) - 0.4019 

х=1,у= 2, БЕ =0 4656, SR(AL.) = 0.3470, 

3=30 БЕ? ) -0 2964, SR (AL. — 0.3003, 
SR(AL«) - 0.3670 

x=1Ly=2,  sman)-o4sorsn(az.)- 03374, 

3-100 SR(AL. ) - 0.2833, SR(ALs) — 0.2844, 
SR(AL.) - 0.3433 


AL > ALs > AL. 
> АГ, > AL. 


AL > ALs > AL. 
> АГ, > АГ. 


AL > ALs > AL. 
> АГ, > AL. 


AL > ALs > AL; 
> АГ, > AL. 


ALs > ALi > ALa 
> AL; > AL. 


on decision result 2- 


Ranking 
orders 


AL > ALs > AL. 
> АГ, > AL. 


AL > ALs > AL; 
> AL; > АГ». 


AL > ALs > А2 
> AL. > ALs. 


AL > ALs > AL: 
> AL; > ALs. 


AL » ALs > AL» 
> AL. > ALs. 


AL > ALs > AL: 
> Аа > ALs. 
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x-hly-2, s ( Та) = 0.4476, SR( AL.) - 0.3354, ‘ALi > ALs > АГ 


В NET eC HER 
5 = 200 E Та) =0.2805,5R( AL.) =0.281, 7 424 > 413. 


5Е (41) =0.3383. 


From Table 8 and Table 9, we can notice that the ranking 


orders are different for different values of the parameters I . 


However, the best alternative лг. or л. From Table 8 and 
Table 9, we can also notice that, when the values of the 
parameter 3 increases, the score values increases utilizing 
2-TLNDWPHM operator, while the score values decreases 
utilizing2-TLNDWPGHM operator. So, one may select the 
parameter value according to the actual need of decision 
making problem. 

A. Compare with existing methods 

In order to confirm the efficacy of the developed approach 
and describe its advantages, we can compare our developed 
method with some existing methods. 

B. Validity of the developed method 

In order to confirm the validity of the developed approach, 
we can utilize some existing methods to solve the same 
example. Since the developed approach is based on the 
combination of PA, HM operators and Dombi operations. 


So, we can utilize the methods in which the 
interrelationships between two input arguments are 
considered. Therefore, the reference methods of 


comparison are 2-TLNNWBM, 2-TLNNWGBM operators 
and 2-TLNHM, 2-TLNDHM operators. The score values 
and ranking orders of the above example by solving these 
two methods and the developed method as given in Table 
10. From Table 10, we can notice that the ranking order 
obtained by the existing methods is the same as that 
obtained from the proposed approach. This shows the 
developed approach is valid. 

Table 1 . The score values and ranking orders obtained 

from different methods 


Approach Score values Ranking order 
2-TLNNWBM Б ) Е 0.6298, 5R( AL) =0.4648, А> ALs > Ala 
[34] p 24-1) FS > AL: > ALD. 


л 

— 

al 

— 
Ш 


0.5642, SR (4. )= 0.6145, 


2-TLNNWGBM A - 0.6259, SR(AL: ) -04606, ^ AL» ALs > ALa 
[344] ( p=q=1) 


SR(ALs) =0.5622,SR(4Ls)=0.6080, > Als > AL. 
SR(ALs ) = 0.6198 
2-TLNWHM[42] SR( Аһ, = 0.9013,5К[ AL») - 0.8305, ‘ALi > ALs > ALi 
HM Заг.) - o-5751,5R (AL. | = 0.8895, > AL > Ab. 
EA =0.8962 
2- SR(4L:) = 0.2062, SR( AL) =0.1327, AL» ALs > ALs 
TLNWDHM[42] _ ў s АТЫУ Aa. 
(ES) SR(Ar. ) = 0.1718, SR( AL.) - 0.1946, 
SR( L; )=0.2005 
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Proposed 2- ШЕ? ) = 0.6523, SR( AL- ) -04634, ALi > ALs > Ala 
TLNDWPHM | \ eae ea, 
operator 5 ( Т.) =0.5814,5R( ALs ) = 0.6298, iud 
БЕ? = 0.6357 
Ргороѕей 2- SR(4L: ) = 0.6205,5R( AL» ) = 0.4639, AL > ALs > AL 
TLNDW "anlar end x > РТА > Ala. 
PGHM S ( Ls ) =0 4987,SR( AL ) = 0.5874, 
SR(ALs) =0.6011 


From Table 10, we can see that the ranking order obtained 
from the proposed method based on developed aggregation 
operator and the methods developed Wang et al. [34], Wu 
et al. [38] are same. This shows the validity of the proposed 
method. Yet, it cannot manifest the advantages of the 
developed method due to same ranking results. 

Further, in the following we will show the advantages of 
the developed method. 

C. The advantages of the developed method 


(1) The developed method is based on the 2-TLNDWPHM 
operator and the method presented by Wei [34] is based on 
2-TLNNWBM operator. Both the methods have the 
characteristics of considering interrelationship among two 
input arguments and the only difference between them is 
that the developed aggregation operators also remove the 
effect of awkward data which may be too low or too high. 
In order to show this advantage, we give the following 
example. 

Example 2. We can only change some data in the Example 


1. We slightly change the value of alternative Аһ with 
respect to the attribute CT, . That is the value 
(54.0). (5,0). (5,.0)) is changed to ((s3,0),(s,,0),(s4,0)) and 
the score values and ranking order are given in Table 11. 


Table 11. The score values and ranking orders obtained 
from different methods 


Approach Score values Ranking 
order 

eae SR( AL )=0.6215,SR( 412) =0.4648, AL.» AL > Ala 

pa SR(AL.) = 0.5642, SR( AL ) = 0.6145, » Als » Ab. 
SR(ALs) = 0.6243. 

РАК SR(AL )=0.6178,5R( AL: )=0.4606, Ts > AT, > ALa 

[34] SR(AL:)=0.5622,SR( 4L: )=0.6080, — "47. > A. 
SR(ALs) - 0.6198. 

Proposed SR( AL: J- 0.6392, SR( AL» )=0.4629, — AL > ALs > ALs 

Method de шс == > AL: > Ala. 

TLNDWPHM SRI Ls) - 0.5814, R41. — 0.6298, 

operator SR(ALs) = 0.6357. 
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Proposed SR( AL \ =0.6056, SR( AL») - 0.4639. ‘AL, > ALs > ALa AL (aoa ae a 
еы SR( ALs) = 0.4987,SR( AL: | = 0.5874, 2 Also df (59) (5.0) (8..0) 
TLNDWPGH Sm(ar)-oeo. AL.  [(89).(5.0) — [(50).(5.0)A — /(54,0) (5.0). 
M (s,,0) (5,,0) (5,,0) 

AL (s;,0),(s,,0), (s;,0),(s,,0), (s),0),(s4,0), 
From Table 11, we can notice that when we slightly change (5,0) (s,,0) (s,,0) 
the value of the alternative 42 with respect to the attribute AL, (5,0). (5.0), (5,0). (5,0), (s,,0),(s,,0), 
CT. in Table 2, then the ranking order obtained from the ca dus ) a 


proposed method remain the same, while that acquired from 


the method developed by Wang et al.[34] is totally different. 


The best alternative remains the same in the proposed 
approach while utilizing the Wang et el. [34] approach 
based on 2-TLNNWBM and 2-TLNNWGBM, the best 
alternative is 25. The main reason behind these different 
ranking orders is that, the aggregation operators developed 
by Wang et al. [34] just only consider the interrelationship 
among input arguments and does not have the capacity of 
removing the bad impact of awkward data on final ranking 
result. While, the proposed approach is based on the 
proposed aggregation operators have the property of 
removing the effect of awkward data and consider the 
interrelationship among input arguments. The proposed 
aggregation operators are based on Dombi operational laws 
which have a general parameter, that makes the decision 
process more flexible. So the developed aggregation 
operator in this article is more general and practical to be 
used in solving MAGDM problems. 

(2 Compare with the approach based on 


Hamy mean operator 

To compare the developed approach with that of Hamy 
mean operator proposed by Wu et al. [38], we take another 
Example adapted from [12]. The Hamy mean operator 
proposed by Wu et al. [38] can also consider the 
interrelationship among input arguments. 

Example 3. Let there is an investment company who 
wants to invest some money in the available four 
companies as a group of alternatives ALs (b =1,2,...,4) : 
These four companies are respectively, a car company 
denoted by АШ, a food company denoted by AL; , a 
computer company denoted by AL; and an arm company 


denoted by ALa. These four potential alternatives are 
assessed by decision makers with respect to the following 


three attributes (1) the risk denoted by Cf; (2) the growth 
denoted by CT»; and (3) The environmental impact denoted 
by CT; with weight vector (0.4,0.2,0.4)' . The assessment 


information is provided in the form of 2-TLNNs and is 
given in Table 12. 
Table.12. The 2-TLN decision matrix 


СТ. 


CT: 


The score values and ranking results obtained by the 
proposed aggregation operators and the 2-TLNWHM 
operator, 2-TLNWDHM operator are given in Table 13. 

From Table 13, one can notice that the ranking order 
obtained from the developed aggregation operators and that 
of obtained by 2-TLNWHM operator, and 2-TLNWDHM 
operator are totally different. From the proposed 


aggregation operator the best alternative is ИТА , while the 
worst one is АШ, and from the 2-TLNWHM operator or 2- 
TLNWDHM operator proposed in Wu et al. [38], the best 


alternative is AL;, while the worst one remain the same. 
The main reason behind different ranking order is that the 


both the aggregation operators can consider the 
interrelationship between input arguments, but the 
developed aggregation operator have two тоге 


characteristics. It can remove the effect of awkward data 
and proposed aggregation operators are based on Dombi 
operational laws, which have a general parameter that 
makes the information aggregation process more flexible. 
Therefore the developed aggregation operators are more 
flexible and general to be used in solving MAGDM 
problems. 

Table 13. The score values and ranking orders obtained 
from different methods 


Approach Score values Ranking 
order 
2-LNNWHM ШЕ? ) = 0.7337 Б? | =0.7917 AL. > а > 
188] БЛ ) = 0.8367 БЕЛ 08406, 4> AL. 
2-TLNNWDHM SR(4L:)=0 1691,SR( AL) = 0.2082 AL, > AL, > 
[38| SR(ALs)=0 2695, R(AL.]- o os — 4 Abs. 
Proposed SR(L:) =0.5228,SR(4L2)=0.5246, Ay > AL: > 
D ы 2 SR(AL; ) = 0.7052 SR(ALs) =0.6902. А> AL. 
operator 
Proposed SR ALi ) Е 0.3678, SR (AL; ) = 0.4755, Ab > AL > 
a Б ) = 0.4998, SR( AL. -0491. А> ALi. 
TLNDWPGHM 
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VII CONCLUSION 


In this article firstly, we proposed some new operational 
laws for 2-TLNNs based on Dombi T-norm and Dombi T- 
conorm. Secondly, we proposed some new aggregation 
operators on these operational laws such as 2-tuple 
linguistic neutrosophic Dombi power Heronian mean 
operator, 2-tuple linguistic neutrosophic Dombi weighted 
power Heronian mean operator, 2-tuple linguistic 
neutrosophic Dombi power geometric Heronian mean 
operator and 2-tuple linguistic neutrosophic Dombi 
weighted power geometric Heronian mean operator. We 
also discussed it properties and few special cases with 
respect to parameters. Furthermore, we developed an 
algorithm for solving MAGDM problems under 2-tuple 
linguistic neutrosophic environment. We also show the 
advantages of the developed MAGDM approaches by 
comparing with some existing MAGDM approaches. The 
main advantages of the developed aggregation operators are 
The developed aggregation operators are based on Dombi 
operational laws, which consists of general parameter, that 
makes the information aggregation process more flexible. 
The developed aggregation operators have two 
characteristics at a time, firstly, it can vanish the effect of 
awkward data by taking the advantage of PA operator, 
Secondly, it can consider the interrelationship among the 
input arguments by taking the advantages of HM operator. 
For these reasons the developed MAGDM method based on 
these developed aggregation operator is more general and 
reasonable. 

In future research, we will extend power Heronian mean 
operators to some new extension such as 2-tuple linguistic 
cubic neutrosophic, 2-tuple linguistic Double valued 
neutrosophic and so on. At the same time, we also research 
on some applications in energy and supply chain 
management. 
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Abstract 


In this paper, inspired by the concept of generalized single-valued neutrosophic 
graphs(GSVNG) of the first type, we define yet another generalization of neutrosophic graph 
called the generalized interval- valued neutrosophic graph of 1 type (GIVNG1) in addition 
to our previous work on complex neutrosophic graph (CNG1) in [47]. We will also show a 
matrix representation for this new generalization. Many of the fundamental properties and 
characteristics of this new concept is also studied. Like the concept CNG1 in [47], the concept 
of GIVNGI is another extension of generalized fuzzy graphs 1 (GFG1) and GSVNCI. 


1. Introduction 


In order to efficiently handle real life scenarios that conatins uncertain 
information,neutrosophic set(NS) theory, established by Smarandache 
[32], is put forward from the perspective of philosophical standpoints 
through regarding the degree of indeterminacy or neutrality as an 
independent element. As a result, many extended forms of fuzzy sets such 
as classical fuzzy sets [45], intuitionistic fuzzy sets [3-4], interval-valued 
fuzzy sets [40] and interval-valued intuitionistic fuzzy sets [5] could be 
seen as reduced forms of NS theory. In a NS, a true membership degree 
T, an indeterminacy membership degree I and a falsity membership 
degree F constitute the whole independent membership degrees owned 
by each element. However, it is noticed that the range of T , I and F falls 
within a real standard or nonstandard unit interval] 0, 1'[, hence it is 
difficult in applying NSs to many kinds of real world situations due to 
the limitation of T , I and F . Therefore, an updated form called single 
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valued neutrosophic sets (SVNSs) was designed by Smarandache firstly 
[32]. Then, several properties in terms of SVNSs were further explored by 
Wang et al. [43]. In addition, it is relatively tough for experts to provide 
the three membership degrees with exact values, sometimes the form of 
interval numbers outperform the exact values in many practical situations. 
Inspired by this issue, Wang et al. [43] constructed interval neutrosophic 
sets concept (INSs) that performs better in precision and flexibility. Thus, 
INSs could be regarded as an extension of SVNSs. Moreover, some recent 
works about №55, INSs and SVNSs along with their applications could be 
found in [13-15, 22,35, 53-59]. 

To studying the relationship between objects or events, the concept 
of Graph is thus created. In classical crisp graph theory, each of the two 
vertices (representing object or event) can assign two crisp value, 0 (not 
related /connected) or 1 (related/connected). The approach of fuzzy 
graph is a generalization the classical graph by allowing the degree of 
relationship (i.e. the membership value) to be anywhere in [0,1] for the 
edges, and it also assign membership values for the vertices. In the context 
of fuzzy graph, there is a rule that must be satisfied by all the edges and 
vertices, as follows: 

the membership value of an edge must always be less than or equal to both the 
membership values of its two adjacent vertices. (*) 

In over one hundred research papers, the further generalization of 
fuzzy graphs were studied, such as intuitionistic graphs, interval valued 
fuzzy graphs [7, 25, 28, 29]and interval-valued intuitionistic fuzzy graphs 
[24].However, such generalization still preserve (*) that was established 
since the period of fuzzy graphs. 

As a result, Samanta et al. [39]analysed the concept of generalized 
fuzzy graphs (СЕС), which was derived from the concept of fuzzy graph 
while removing the confinement of (*) . He had also studied some major 
advantages of GFG, such as completeness and regularity, by some proven 
facts. These authors had further developed GFG into two types, namely: 
generalized fuzzy graphs of first type (GFG1), generalized fuzzy graphs 
based on second type (GFG2). Each type of GFG can likewise be created 
by matrices just as in the case of some fuzzy graphs. The authors had 
also justified that the concept of fuzzy graphs on previous literatures 
are limited to representing some very particular systems such as social 
network, and therefore GFG is claimed to be capable to put to use on a 
much wider range of different scenario. 

On the other hand, when the description of an object or a relation 
is both indeterminate and uncertain, it may be handled by fuzzy[23], 
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intuitionistic fuzzy, interval-valued fuzzy, interval-valued intuitionistic 
fuzzy graphs and Set-valued graphs [2]. So, for this purpose, another 
new concept: neutrosophic graphs based on literal indeterminacy (I),were 
proposed by Smarandache [34]to deal with such situations. Such concept 
was published in a book by the same author collaborating with Vasantha et 
al.[42]. Later on, Smarandache[30-31] further introduced yet a new concept 
for neutrosophic graph theory, this time using the neutrosophic truth- 
values (ТІ). He also gave various characterization on neutrosophicgraph, 
such as theneutrosophic edge graphs, neutrosophic vertex graphs and 
neutrosophic vertex-edge graphs. Later on[33], Smarandache himself 
further generalized the concept of neutrosophic graphs, and yield even 
more new structures such as neutrosophic offgraph, neutrosophic bipolar 
graphs, neutrosophic tripolar graphs and neutrosophic multipolar graphs. 
After which, the study of neutrosophic vertex-edge graphs has captured 
the attention of most researchers, and thus having more generalizations 
derived from it. 

In 2016, using the concepts of SVNSs, Broumi et al.[8] investigated 
on the concept of single-valued neutrosophic graphs, and formulated 
certain types of single-valued neutrosophic graphs (SVNGs). After that, 
Broumi et al.introduced in [9,10,16,17,36]: the necessity of neighbourhood 
degree of a vertices and closed neighborhood degree of vertices in single- 
valued neutrosophic graph, isolated-SVNGs, Bipolar-SVNGs, complete 
bipolar-SVNGs, regular bipolar-SVNGs, uniform-SVNGs. In[11-12,18], 
also they studied the concept of interval-valued neutrosophic graphs 
and the importance of strong interval-valued neutrosophic graph, where 
different methods such as union, join, intersection and complement have 
been further investigated. In [35], Broumi et al. proposed some computing 
procedure in Matlab for neutrosophic operational matrices. Broumi et 
al.[37] developed a Matlab toolbox for interval valued neutrosophic 
matrices for computer applications. Akram and Shahzadi [6] introduced a 
new version of SVNGs that are different from those proposed in [8,36],and 
studied some of their properties. Ridvan[20] presented a new approach to 
neutrosophic graph theory with applications. Malarvizhi and Divya[38] 
presented the the ideas of antipodal single valued neutrosophic graph. 
Karaaslan and Davvaz[21] explore some interesting properties of single- 
valued neutrosophic graphs.Krishnarajet al.[1] introduced the concept of 
perfect and status in single valued neutrosophic graphs and investigated 
some of their properties. 

Krishnaraj et al. [26] also analysed the concepts self-centered single 
valued neutrosophic graphs and discussed the properties of this concept 
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with various examples, while Mohmed Ali et al.[41]extended it further 
to interval valued neutrosophic graphs[11].Kalyan and Majumdar [27] 
introduce the concept of single valued neutrosophic digraphs and 
implemented it in solving a multicriterion decision making problems. 

The interval-valued neutrosophic graphs studied in the literature 
[11, 12], like the concept of fuzzy graph, is nonetheless bounded with the 
following condition familiar to (*): 

The edge membership value is lessser than the minimum of its end vertex 
values, whereas the edge indeterminacy-membership value is lesser than the 
maximum of its end vertex values or greater than the maximum of its end vertex 
values. Also the edge non-membership value is lesser than the minimum of its end 
vertex values or is greater than the maximum of its end vertex values. (**) 

Broumiet al.[19]had thus followed the approach of Samanta et al. [39], 
by suggesting the removal of (**) and presented the logic of generalized 
single-valued neutrosophic graph of typel (GSVNGI). This is also a 
generalization from generalized fuzzy graph of typel [39]. 

The main goal of this work is to further generalize the method of 
GSVNGI to interval-valued neutrosophic graphs of first type (GIVNG1), 
for which all the true, indeterminacy, and false membership values, are 
inconsistent. Similarly, the appropriate matrix representation of GIVNG1 
will also be given. 

The results in this article is further derived from a conference paper 
[46] that we have published one year ago in IEEE. On the other hand, we 
have just published a paper on complex neutrosophic graph (CNG1), 
which is another extension of GFG1 and GSVNCGI in [47]. The approach 
ofGIVNG1 and CNGI, however, are distint from one another. This is 
becausethe concept of CNG1 extends the existing theory by generalizing 
real numbers into complex numbers, while all the entries remain single 
valued; whereas in this paperthe concept of GIVNG1 extends the 
existing theory by generalizing the single valued entriesinto inter-valued 
entries,while all those inter-valued entries remains as real numbers 

Thus, following the format of our recent conference paper [46], this 
paper has been aligned likewise: In Section 2, the concept on neutrosophic 
sets, single- valued neutrosophic sets, interval valued neutrosophic graph 
and generalized single-valued neutrosophic graphs of type lare described 
in detail, which serves as cornerstones for all the contents in later parts of 
the article. In Section 3, we present the ideas of GIVNCI illustrated with 
an example. Section 4 gives the appropriate way to represent the matrix 
of GIVNGI. 
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2. Some preliminary results 


In this part, we briefly include some basic definitions in [19, 32, 43,47] 
related to NS, SVNSs, interval- valued neutrosophic graphs(IVNG) and 
generalized single-valued neutrosophic graphs of type 1(GSNG1). 


Definition 2.1 [32]. Let X be a series of points with basic elements in X 
presented by x; then the neutrosophic set(NS) A (is an object in the form 
A = {< x: T(x), L(x, F(x) >, x eX}, defines the functions T, I, F: X > 
] 0,1 [denoted by the truth-membership, indeterminacy-membership, and 
falsity-membership of the element x X to the set A showing the condition: 

“OST, (x) - I, (x) + F,(x)3". (1) 


The functions T,(x), I,(x) and F,(x) are absolute standard or non- 
standard subsets of | 0,1 [. 

As itis very complex i applying NSs to real issues, Smarandache [32] 
developed the notion of a SVNS, which is an occurrence of a NS and can 
be employed in practical scientific and engineering applications. 


Definition 2.2 [43]. Let X bea series of points (objects) with basic elements 
in X presented by x. A single valued neutrosophic set A (SVNS A) is 
characterized by truth-membership Т,(х), an indeterminacy-membership 
L(x), and a falsity-membership F,(x) Ух eX , T,(x), L(x), F(x) e[0, 1]. A 
SVNS A can be rewritten as 


А = {< x: TO Lx), E(x) > eX] (2) 


Definition 2.3 [19] Suppose the following conditions are expected: 
a) Visa null-void set. 
b) £p Pp Ре: У 10,1] 
с) E = {(p,u),p,(0)) | u,v eV), 
F = {(p,(u),p(v)) | u, v eV}, 
С = {(о(и),р(@)) | u, v € V}. 
d) &Е —> [0,1], B:F > [0, 1], 6:G —> [0, 1] are three functions. 
е) p = (Pr py Pr) ; and 
@ = (Q@,, 0, 6) with 
@,(u, о) = а ((p,(x), P:0))), 
ay(u,v) = В (рх), р(ю))), 
б((р(х), р.(0))), Vu, v € V. 


о (и, v) 
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Then: 
i) Thestructure ё = « V, p, @ > is considered to a GSVNGI. 


Remark: p which depends on p;, P P- And @ which depends on о, 
В. Hence there are 7 mutually alone parameters in total which make 
up a CNGI: V, р,, р, py, о, В, б. 

ii) VeV, xis considered to bea vertex of €. The whole set V is termed as 
the vertex set of ё. 


iii 


— 


Vu, v € V, (u, v) is considered to be a directed edge of e. 
In special, (u, v) is considered to be a loop of É: 


iv) For all vertex : p,(v), p(v), p-(v) are considered to be the Т, I, апа F 
membership value, respectively of that vertex v . Moreover, if p,(v) = 
Pv) = p,(v) = 0, then v is supposed to be a null vertex. 

v) Correspondingly, for all edge (u, v) : @,(u, v), о(и, v), ex(u, v) 
considered to have T, Т, and F respectively membership value, of that 
directed edge (и, о). In addition, if cx(u, v) = ou, v) = exu, v) = 
0,then (и, ©) is considered to be a null directed edge. 


Remark : It obeys that: Vx V—[0,1]. 


3. Concepts related to Generalized Interval Valued Neutrosophic 
Graph of First Type 


In the modelling of real life scenarios with neutrosophic system (i.e. 
neutrosophic sets, neutrosophic graphs, etc), the truth-membership value, 
indeterminate-membership value, and false-membership value are often 
taken to mean the ratio out of a population who find reasons to "agree", "be 
neutral" and "disagree". It can also by any 3 analogous descriptions, such 
as "seek excitement" "loft around" and "relax". However, there are real 
life situations where even such ratio out of the population are subject to 
conditions. One typical example will be having the highest and the lowest 
value. For example "It is expected that 20% to 30% of the population of 
country X will disagree with the Prime Minister's decision". 

То model such an event, therefore, we generalize Definition 2.3 so 
that the truth-membership value, indeterminate-membership value, and 
false-membership value can be any closed subinterval of [0,1], instead of a 
single number from [0,1].Such generalization is further derived from [46], 
which is a conference paper that we have just published on this topic. 

Note: For all the other parts of this work, we will define: 

A = {x y]}:0<x<y<1} 
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Definition 3.1 [46]. Let the statements below holds good: 
a) Vis considered as a non-empty set. 
b) Pr, Pr раге three functions, eachfrom V to A. 
с) E = {(,(u), 21(0)) | wu, v eV}, 


F = (би), P(0)) | w v €VI, 
G = {(ду(и), ф(о)) | u v e У]. 
d) a:E>A,, B:Y > A, 6:G >A, are three functions. 


= (Pr Dy Bj) ; and 

= (0, 0, ,) with 
@,(u, v) = 0((51(х), Pr(2))), 
@,(u, v) = a(i), P(2))),, 
Õlu, v) = o (9), P:(2))),, 
for every u, ve V. 


АФ, 
©з Be 


Then: 


i) The structure € = «V, p, @>is said to be a generalized interval-valued 
neutrosophic graph of type 1 (GIVNGI). 


ii) For each eV , x is termed to be a vertex of 6. The spanned set V is 
named the vertex set of €. 


iii) Vu, v €V, (u, v) is termed to be a directed edge of € In particular, (и, v) 
is said to be a loop of €. 


iv) V vertex : (v), Ov), (©) are said to be the truth-membership 
value, indeterminate-membership value, and false-membership value, 
respectively, of that vertex v. Moreover, if 6,(v) = 2,(0) = ,(v) = [0,0], 
then v is deemed as void vertex. 

v) Similarly, for each edge (u, v) : © (u, v), Фи, v), @,(u, v) are said to 
be the T, I, and F membership value respectively of that directed edge 
(и, v). Moreover, if à,(u, v) = ёи, v) = @„(и, v) = [00] then (u, v) is 
said to be a void directed edge. 

Remark : It follows that: V x V > A. 

Note that every vertex v in a GIVNGI have a single, undirected 
loop, whether void or not. Also each of the distinct vertices u, v in a 
СІУМС1роѕѕѕеѕ two directed edges, resulting from (и, v) and (v, u), 
whether void or not. 
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We study that in classical graph theory, we handle ordinary (or 
undirected) graphs, and also some simple graphs. Further we relate our 
GIVNGI with it, we now give the below definition. 


Definition 3.2. [46] Given € = «V, 5, 9» be a GIVNGI. 
a) If õ (a,b) = & (b,a), à (a,b) = & (b, a) and à, (a,b) = à, (b,a), then 
la, b} = {(a, b), (b, a)} is said to be an (ordinary) edge of &. Moreover, (a, b] 
is said to be a void (ordinary) edge if both (a, b) and (b, а) are void. 
b) If &(u,v) = à,(v,u), 0, (u,v) = à (vo,u) and ó,(u,v) = à, (v,u) holds 
good for all v € V, then € is considered to be ordinary (or undirected), 
else it is considered to be directed. 


c) When all the loops of ё are becoming void, then € is considered to be 
simple. 


In the following section, we discuss a real life scenario, for which 
GSVNGI is insufficient to model it - it can only be done by using GIVNGI. 


Example 3.3. Part 3.3.1 The scenario 


Country X has 4 cities (a, b, c, d}. The cities are connected with each 
other by some roads, there are villages along the four roads (all of them are 
two way) (a, b}, fc, b}, (a, c} and (d, b}. As for the other roads, such as (c, b}, 
they are either non-exitsant, or there are no population living along them 
(e.g. industrial area, national park, or simply forest).The legal driving age 
of Country X is 18.The prime minister of Country X would like to suggest 
an amendment of the legal driving age from 18 to 16. Before conducting a 
countrywide survey involving all the citizens, the prime minister discuss 
with all members of the parliament about the expected outcomes. 

The culture and living standard of all the cities and villages differ 
from one another. In particular: 

The public transport in c is so developed that few will have to drive. 
The people are rich enough to buy even air tickets. People in d tend to be 
more open minded in culture. Moreover, sports car exhibitions and shows 
are commonly held there. A fatal road accident just happened along 
{c,b}, claiming the lives of five unlicensed teenagers racing at 200km/h. 
la, с} is governed by an opposition leader who is notorious for being very 
uncooperative in all parliament affairs. 

Eventually the parliament meeting was concluded with the following 
predictions: 
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Expected percentage of citizens that will - 
support be neutral Against 
atleast | atmost | atleast | at most | atleast | at most 

ü 0.1 0.4 0.2 0.6 0.3 0.7 

ie b 0.3 0.5 0.2 0.5 0.2 0.5 

в с 0.1 0.2 0.0 0.3 0.1 0.2 

d 0.5 0.7 0.2 0.4 0.1 0.2 

Ba {a,b} 0.2 0.3 0.1 0.4 0.4 0.7 

S E Eb 0.1 0.2 0.1 0.2 0.5 0.8 
а = 99 | {a,c} 0.1 0.7 0.1 0.8 0.1 0.7 
© ^ |{db}| 02 0.3 0.3 0.6 0.2 0.5 


Without loss of generality: It is either {c, d} does not exist, or there are 
no people living there, so all the six values — support (least, most), neutral 
(least, most), against(least, most), are all zero. 


Part 3.3.2 Representing with GIVNG1 


When we start from step a to e in def. 3.1 , to illustrate the schema with 
a special GIVNG1 


a) TakeV, = (a, b, c, d] 
b) Inline with the scenario, present the three functions 


Pr Py Pr as illustrated in the following table. 


а Ь с d 
Pr [0.1,0.4] [0.3,0.5] [0.1,0.2] [0.5,0.7] 
Pi [0.2,0.6] [0.2,0.5] [0.0,0.3] [0.2,0.4] 
Pr [0.3,0.7] [0.2,0.5] [0.1,0.2] [0.1,0.2] 


с) By statement с) from Definition 3.1: Let 
E,= {(6(u), Бо) | u, v eta, b, с, d]) 
F,- ((o(u), P(0)) |u, v ela, b, c, dj] 

G, = {(0,(u), 2.(0)) | u, v ela, b, c, dj] 

d) Inaccordance with the scenario, define 

a:E, 2 A, B: F, 9A, 0:G, A, 


as illustrated in the following tables. 
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о 
и 
а 0 [0.2,0.3] [0.10.7] 0 
b [0.2,0.3] 0 [0.1,0.2] [0.2,0.3] 
c [0.10.7] [0.1,0.2] 0 0 
d 0 [0.2,0.3] 0 0 
o ((P,(u), po) : 


([0.1,0.4].[0.2,0.6],[0.3,0.7]) 
a ([0.1,0.7],[0.1,0.8],[0.1,0.7]) 


([0.1,0.2],[0.0,0.3],[0. 1,0.2]) 
C 


([0.2,0.3],[0.1,0.4],0.4,0.7]) ({0.1,0.2],[0.1,0.2],[0.5,0.8}) 


b 


([0.3,0.5],[0.2,0.5],[0.2,0.5]) 


([0.2,0.3],[0.3,0.6],[0.2,0.5]) 


d 


({0.5,0.7],[0.2,0.4],[0.1,0.2]) 


Figure 1 
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е) By statement e) from Definition 3.1, let 
Py = (Pp Py Бр); and 
O,=(@,, ©, ®,) with 
ои, о) = a (би), Pr())), 
Õu, v) = B((P(u), p()) 
Õu, v) = (05и), B.) 
for all u, v e V,. We now have formed <V, Av 9,» , which is a GIVNGI. 

The way of showing the concepts of «V, д, @,> is by exerting а 
diagram that is similar with graphs as in classical graph theory, as given 
in the figure 1 below 

That is to say, only the non-void edges (whether directed or ordinary) 
and vertices been drawn in the picture shown above. 

Also, understanding the fact that, in classical graph theory GT, a 
graph isdenoted by adjacency matrix, for which the entries are either a 
positive integer (connected) or 0 (which is not connected). 

This motivates us to present a GIVNGI, by a matrix as well. However, 
instead of a single value which defines the value that is either 0 or 1, there 
are three values to handle: @,, @,, ®,, with each of them being elements of 
A,. Moreover, each of the vertices themselves also contains бу, б, Pz, which 
should be taken into account as well. 


4. Illustration of GIVNG1by virtue adjacency matrix 


Section 4.1 Algorithms representing GIVNG1 

In light of two ways that are similar to other counterparts, the focal 
point of interest in the following part is to express the notion of GIVNCI. 

Suppose ё = «V, p, à» isa GIVNGI where V={v,, v,,..., v,] denotes the 
vertex set (i.e. GIVNGI1 has finite vertices). Remember that GIVNG1has 
its edge membership values (ТЕ) depending on the membership values 
(TLF) of adjacent vertices, in accordance with the functions o, D, 6. 


Furthermore: 
Õu, v) = а ((5,(и), ӧ,(0))) for all v € V, where 
a: E > A, and E = {(6,(u), 5,(0)) | u, v eV], 
@(u, v) = В (буи), 2(0))) for all u, v e V, where 
B:F—^A,andF = ((Gy(u), 2(@)) |u, v eV], 
ои, о) = 6 ((6,(u), ,-(v))) for all u, v € V, where 
ô: G > A,and С = {(6,(u), &4(v)) |u, v eV]. 
First we will form an n x n matrix as presented 
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а, 8,5 ain 
E à à à 
Š = Га, ] L| 21 22 2n 7 
Tn 


n,2 n,n 


For each i, j, à, = (@,(0,,0,),@,(,,0,),@,(0,,0,)) 

That is to say, for an element of the matrix S, different from taking 
numbers 0 or 1 according to classical literatures, we usually take the 
element as an ordered set involving 3 closed subintervals of [0,1]. 


Remark : Due to the fact that € could only have undirected loops, the 
dominating diagonal elements of $ is not multiplied by 2, which is shown 
as adjacency matrices from classical literatures. It is noted that 0 represents 
void, 1 for directed ones and 2 for undirected ones. 

At the same time, considering 6,, 5, 2, is included in & which also 
deserves to be considered. 

Therefore another matrix R is given in the following part. 


R [R, | = d 


Where 


“=н 


= (Ay (v), 2,00), 2.(0,)) 
= (Leto), ор Le o), ot oL Lo: C, of (@,)1)V- 
In order to complete the task of describing the whole с in our way, the 


matrix R is augmented with $. Then [R |$] is represented as an adjacency 
matrix of GIVNG, which is presented below. 


t à,, à, m а, 

ї, а,, а,, а, п 
[К [8] = : "e ЧУ 

г а а а 


where aj; = (@,(0,,0),@,(0,,0;),@,(0,,0;)), 


and ё = (10500), p! (Le Lo), p! o) Lot (оу), 000), Vi and j. 
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It is worth noticing [R |5] is not a square matrix (n x (n + 1)matrix), 
thus this kind of representation will aid us to save another divided ordered 
set to denote the values of vertices as у, р, Pr 

For both edges and vertices, it is imperative to separately handle each 
of three kinds of membership values in several situations. Consequently, 
by means of three nx (n+1) matrices, we aim to give a brand-new way for 
expressing the whole £, denoted as [R | Š], [R| S] апа [Ё |$] peach of them 
is resulted from [R | $] through taking a single kind of membership values 
from the corresponding elements. 


BO) (uo) G,(0,,2,) — Aio) 
[Ё [5], -[R, |$,]- Pr) Pa @,(0,,0,) i “о | 
P,(,,) @,(0,,,0;) Õ (v, ,U,) A Õ (v, ,U,) 
P0) &(v, v, @(0;,0,) à(v,,v,) 
[&|8], -[R, |S,]= P,(v,) П à, (v,,v,) i à (m) | 
D (o,) @,(0,,2,) @,(0,,0,) De @(0,,0,) 
Pr) @,(0,,0,) @,(0;,0,) 6 (0,,0,) 
[18], -[R, 18,]- %0 ни @,00,0,) с и! 
б.(0,) @,(0,,,0,) (v, ,v,) UT @.(0,,0,) 


[R [5], [R | $], and [R |S], should be stated respectively with the 
true adjacency matrix, the indeterminate adjacency matrix, and false adjacency 
matrix of ё. 


Remark 1: If [R| S], = [К |5], = [[0, 0], „a , Ё, = 1, 1]], , all the entries of 
S,are either [1, 1] or [0, 0] , then is reduced to a graph in classical literature. 
Moreover, if that Š, is symmetric and the main diagonal elements are being 
0, we have € is further condensed to a simple ordinary graph in literature. 


Remark 2 : If [Ř |], = [К |5], = [[0, 0]], ,,,, and all the entries of [R|S], 
[а 4;;]], na then ¢ is reduced to a generalized fuzzy graph type 1 (GFG1). 


Remark 3 : If [К | S], = [[a,, а, ]], ner [RI S], П, 6,11, nev IR IS]; [с с] 
then ё is thus reduced to GSVNGI. 


n, n+17 
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Section 4.2 : Case study to illustrate our example in this paper 
For our example in the set-up by the last way i.e. with three matrices: 
[R|S];, [К | $], and [R | S], : 


[0.1,0.4] [0,0]  [0.2,0.3] [0.10.7] 10,0] 
[RIS], = [0.3,0.5] [0.2,0.3] [0,0] [0.10.2] [0.2,0.3] 
d [0.1,0.2] [0.1,0.7] [0.,0.2] [0,0] [0,0] 
[0.1,0.7] [0,0]  [0.2,0(3] [0,0] [0,0] 
[0.2,0.6] [0,0]  [0.1,0.4] [0.1,0.8] [0,0] 
[RIS], = [0.2,0.5] [0.1,0.4] [0,0] [0.10.2] [0.3,0.6] 
f [0.0,0.3] [0.1,0.8] [0.1,0.2] [0,0] [0,0] 
[0.2,0.4] [0,0] [03,066] [0,0] [0,0] 
[0.3,0.7] [0,0]  [0.4,0.7] [0.10.7] [0,0] 
[RIS], - [0.2,0.5] [0.4,0.7] [0,0]  [0.5,0.8] [0.2,0.5] 
Р [0.1,0.2] [0.1,0.7] [0.5,0.8] [0,0] [0,0] 

[ ] 


0.1,0.2 [0,0] [0.2905] [0,0] [0,0] 


5. Postulated results on ordinary GIVNG1 


We now illustrate some theoretical results that are derived from the 
definition of ordinary GIVNGI, as well as its indication with adjacency 
matrix. Since we focus on the basic GIVNGI, all the edges which we will 
be referring to are termed as ordinary edges. 


Definition 5.1 The addition operation + is defined on A, as follows: [x , y] 
-[z,t]l2[x- y, z t] forall x, у, z, t e[0,1]. 


Definition 5.2 Let = «V, p, 9» bean ordinary GIVNGI. Let V = {V}, 0,,..., 
v,} to be the vertex set of 5. Then, V i, the degree of v,, symbolised as Do), 
is well-defined to be the ordered set 


(D, (v), D, 0), 5,0), 
for which, D,(v,) represents the degree of v, and 


Е п п 7 
а) D,(v,) = Ya, (0,,0,) + ог(о,,0,), Vr (0,,0,) + OF (0,,0,) 
r=1 r=1 Jd 


n n 


b)  D(v)- Ya (@,,2,) +ø (v,,v,), Y» (vv) +0 (0,0) 
| r=1 r=1 


n n 


c) Dv) = | Уо(о,,0,) + o; (v,,0)), Y шу (,,0,) + Op (0,0) 
L r=1 r=1 
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Remark 1: In resemblance to classical graph theory, each undirected loop 
has both its ends connected to the similar vertex and so is counted twice. 


Remark 2: Every value of D,(v,), D(v) and D,(v,) are elements of A, instead 
of a single number. 


Definition 5.3: Given 6 = «V, p, à» and V = {v,, v,,..., v,] are respectively 
an ordinary GIVNGI and the vertex set of 5 . Then, the quantity of edges in 
6, represented as E, and we describe the ordered set (E, E, Ё.) for which 


a) Ё = Y (оо), > в (оо) 
Lir,s}{1,2,...,.m} {r,s}c{1,2,...,n} 1 
b) ER @(0,,0,), У (wv) 
| {7,5}с{1,2,„..,п} {r,s}c{1,2,...,n} J 
c) Б. = У jv), У ew) 
Lir,s}<{1,2,...,m} {r,s}c{1,2,...,n} J 


Remark 1: We count each edge only once in classical graph theory, as 
given by {r,s} c {1,2,...,n}. 

For instance, if @,(v,,v,) is added, we will not add 6, (о, v,) again 
since (a, b} = (b, a}. 


Remark 2 : Each values of £, Ё, and Ё, are elements of A, instead of a 
single number, and need not be 0 or 1 as in classical graph literature. 
Consequently, it is called “amount” of edges, instead of the “number” of 
edges as in the classical reference. 

E, E, E, are closed subintervals of [0,1], and D,(v,), D(v), Б.(о) are 
also closed subintervals of [0,1] for each vertex о. These give rise to the 
following lemmas 


Lemma 5.4: Let 5 = <V, p, à» be an ordinary GIVNGI. Let V = {v,, 0,,..., 0,} 
to be the vertex set of € . Denote 

a) @,(0;,0;) = ran Yeap 

0) 02) = bana 

с) (0,0) = bean eu VET 
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For each i we have: 


i) D,(,) = D bran + быу Vran i vou} 
L r=1 


r=1 


ii) D, (v,) T Shan + Фа 2 V us) * uo 
L r=1 


r=1 


iii) D,(v,) = by m T быу DY ran + Yeu 
Lr=1 = 


r=1 


Furthermore: 


iv) E = >, Dr ca X 2 
Lir,s}c{1,2,...,.n} 1r,3)et1,2,... m) 


Wies |” 
cl12,...,n] 


vi) E, = у Ф. (вуг >. zu 
Jct12,...,n] 


| {7,5}с{1,2,„..,п} {r,s 


v) Е, = >. Ф s 


Lir,s}{1,2,...,m} {r,s} 


Proof: We can proof it directly by applying Def.5.1, Def. 5.2 and Def. 5.3. 
In the following two theorems, we introduce two theorems which both as 
a modified version of the well-known theorem in classical graph theory. 

“We know that the sum of the degree of invariably its vertices is twice 
the number of its edges for any classical graph.” 


Theorem 5.5: Let € = «V, p, 6» bean ordinary GIVNGI. Then 
Y Do) = 2E, 
r=1 
Proof : As D(v)) = (D, (vj), D (v,), D,(v,)) for all i, and Ё. =(E,,E,,E,). It 


is enough to show that 2E,= ¥D,(2,) ; 


E, = уз ox (v, ,v,), b3 ax (2,,2,) 


Lir,s}c{1,2,...,.n} {r,s}c{1,2,...,n} 


n 
= * ox (0,,0,) + Уо(о,,0,), 
ir,sIeto2,...nl = 
rzs 


n 
Y ojo) + Yor(e,,2,) 
Ir,sictt2,...n] 1 
155 
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Since {7,5} = (s, r} for alls andr, 


[ n 
2 Y o(o,v)*2Ywi(v,v,), 
{r,s}c{1,2,...,.n} r=1 
т#5 
п 
2 Y a@p(v,,2,)+ 2 o (v,,v,) 
{r,s}c{1,2,...,1} r=1 
L 7+6 
[ n 
2. ox (v, ,v,) -2V ex (v,,v,), 
re{1,2,...,n} r=1 
se{1,2,...,n} 
7+5 
п 
У от (0,,0,)+2% 0; (v,,v,) 
re{1,2,...,n} r=1 
se{1,2,...,n} 
L 7+5 
[ n 
У Or (v, v) + Yor (0,,2,), 
Te(1,2,...,n] ral 
se{1,2,..„n} 
n 
p» OF (v,,v,) + Yor (0,,0,) 
re{1,2,...,.n} r=1 
L se{1,2,...,m} 
[non n 
Yo.) ш Уо(0,,0,), 
r=1 s=1 r=1 
non n 
u 
Y Y (v,v) + Yr (v,,v,) 
L r=1 5=1 r=1 
Е? п 
IL L 
У 2®г(®„,®,)+ evo) |, 
r=1 \ s-1 
n n 
D| er @,,2,)+ o @,,2,) |, 
r=1 \ s=1 


5D, (0,). 


This finishes the proof. 
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6. Conclusion 


The idea of GSVNG1 was extended to introduce the concept of 
generalized interval-valued neutrosophic graph of type 1(GIVNGI1). The 
matrix representation of GIVNG1 was also introduced. The future direction 
of this research includes the study of completeness, regularity of GIVNG1, 
and also denote the notion of generalized interval-valued neutrosophic 
graphs of type 2.As GIVNGI (in this paper) and CNG1 (from [47]) аге 
both extensions of the existing concepts of CFG1 and GSVNGI, but in 
two entirely different directions, the future direction of this research also 
includes further extensions from GIVNG1 and CNGI1, that incorporates 
both the inter-valued entries (as in GIVNG1) and complexity of numbers 
(as in CNG1), and the study of scenarios that necessitate such extensions 
[48-52]. 
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Intuitionistic Bipolar Neutrosophic Set and Its Application 


to Intuitionistic Bipolar Neutrosophic Graphs 


S. Satham Hussain, Said Broumi, Young Bae Jun, Durga Nagarajan 


S. Satham Hussain, Said Broumi, Young Bae Jun, Durga Nagarajan (2019). Intuitionistic Bipolar 
Neutrosophic Set and Its Application to Intuitionistic Bipolar Neutrosophic Graphs. Annals of 
Communications in Mathematics 2(2): 121-140 


ABSTRACT. This manuscript is devoted to study a new concept of intuitionistic bipolar 
neutrosophic set with the operations like union, intersection and complement. Also, an application to 
intuitionistic bipolar neutrosophic graph with examples are developed. Fur- 
ther, we presented the Cartesian product, cross product, lexicographic product and strong 
product with suitable examples. 


1. INTRODUCTION 


The neutrosophic set has three independent parts, namely truth-membership degree, 
indeterminacy-membership degree and falsity-membership degree provided the sum of 
these values lies between 0 and 3; therefore, it is applied to many different areas, such as 
algebra 22] and decision-making problems (see [26] and references therein). Au-thor 
Smarandache [25] remarks the difference between neutrosophic set and logic, and 
intuitionistic fuzzy set and logic. Interval neutrosophic sets with applications in BCK/BCI- 
algebra and KU-algebras are developed in b] 24] Single valued neutrosophic 
graphs with their degree, order and size are established in Intuitionistic fuzzy set 
is initiated by Atanassov as a significant generalization of fuzzy set. Intuitionistic fuzzy 
sets are very useful while representing a problem by a linguistic variable, given in terms of 
a membership function only, seems too complicated. Recently intuitionistic fuzzy sets 
have been applied to many fields such as logic programming, medical diagnosis, decision 
mak-ing problems etc. On the other hand, bipolar fuzzy sets are extension of fuzzy sets 
whose membership degree ranges from [—1, 1]. The membership degree (0, 1] represents 
that an object satisfies a certain property whereas the membership degree [—1, 0) 
represents that the element satisfies the implicit counter-property. The positive information 
indicates that the consideration to be possible and negative information indicates that the 
consideration is granted to be impossible. Application to decision making of bipolar 
neutrosophic sets and bipolar neutrosophic graph structures are studied in 
respectively. Neutrosophic bipolar vague sets and its application to graph theory are 


analysed in Similarity 
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measures of bipolar neutrosophic sets and its application to decision making are estab- 
lished in [26]. In [10][15], intuitionistic neutrosophic sets and its relations are discussed. 
Furthermore, intuitionistic neutrosophic graph structures are extensively studied in [6] [7]. 
Motivated by these works, we established intuitionistic bipolar neutrosophic set and its 
application to intuitionistic bipolar neutrosophic graphs. 

The major contribution of this work as follows: 

e Newly introduced intuitionistic bipolar neutrosophic set with the operations like 
union, intersection and complement. 

e Its application to Intuitionistic Bipolar Neutrosophic Graph (IBNG) with exam- 
ple are developed. Also neutrosophic bipolar vague subgraph, induced subgraph, 
strong and complete IBNG are established. 

e Further we presented the Cartesian product, cross product, lexicographic product 
and strong product with suitable examples. The obtained results give the general- 
ization of above mentioned works. 


2. PRELIMINARIES 


Definition 2.1. Let X be a space of points (objects), with a generic element in .X 
denoted by x. A Single Valued Neutrosophic Set (SVNS) A in X is characterized by 
truth-membership function Тад (z), indeterminacy-membership function 7 4 (x) and falsity- 
membership-function F4 (x). For each point x in X, T'A(z), Fa(x), Га(х) € [0,1], 

A= ((x, TA(x), FA(x),IA(r)) x € X) andO € TA(x) + FA(x) + FA(x) < 3. 
Definition 2.2. A neutrosophic graph is defined as a pair С* = (V, E) where (i) 
V = (v1, v2, .., v, ) such that Tj : V > [0,1], 4: V — [0, 1] and Р, : V — [0,1] denote 
the degree of truth-membership function, indeterminacy function and falsity-membership 
function, respectively and 


0 € TA(u) + IA(u) + FA(u) € 3, for u € V. 
(ii) E C V x V where T» : E > [0,1], I2 : E — [0,1] and F5 : E — [0,1] are such that 
T»(uv) < min{T; (u), T1(v)), (uv) € min(4 (и), (0), 

F5(uv) € max{F; (u), Fi(v)} and0 < T»(uv) + (uv) + (ио) € 3, Yw € E. 
Definition 2.3. A bipolar neutrosophic set A in X is defined as an object of the form 
А = {(z,T? (x), I” (x), FP (£), T^ (x), I" (a), F" (z)), £ € X}, 
where T^, I^, ЕР: X —> [0,1] and T", IN, FN : X — [-1,0]. The Positive member- 
ship degree T (x), I^ (x), F (x) denote the truth membership, indeterminate member- 
ship and false membership of an element € X corresponding to a bipolar neutrosophic 
set A and the negative membership degree T" (x), IN (x), FY (x) denotes the truth mem- 
bership, indeterminate membership and false membership of an element x € X to some 

implicit counter-property corresponding to a bipolar neutrosophic set A. 
Definition 2.4. Let X be a non-empty set. Then we call 

A= {(z,T? (x), I^ (x), FF (£), T^ (£), I" (x), F” (z),x € X) 
a bipolar single valued neutrosophic relation on X such that ТД (x,y) € [0,1], 14 (x,y) € 
[0, 1], FA (x,y) € [0, 1 and TA (т, у) € [2150], ГА (x,y) € [—1, 0], F] (т, y) € [—1, 0]. 
Definition 2.5. [Bla] Let A = (ТР, I5, F2, ТА, I, FS) and B = (TE, IB, FE, TI, IB, FR) 
be bipolar single valued neutrosophic set on X. If B — (TE, I FÈ, TA; TA FY) isa 
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bipolar single valued neutrosophic relation on А = (TX ‚1 A QE p ; qu JL N ; pu ) then 
ТЁ (шу) < min(Tf(s),T£(y)), — TH (zy) > max(TA (x), TA (y). 
IE (ay) > max(Ih(x), IR (y)), IN (ay) < min(I¥ (2), 3 (у), 
FẸ (cy) > max(FẸ (2), ЕЎ(у)), Е (wy) € min(F (x), FQ). 
A bipolar single valued neutrosophic relation B on X is called symmetric if TE (zy) = 


Тр (yx), I (xy) = I$ (yx), FE (£y) = F$ (yx) and TR (xy) = Tg (yx), ТА (xy) = 
IX (yx), FẸ (xy) = FẸ (yx) for all zy € X. 


Definition 2.6. A bipolar single-valued neutrosophic graph on a nonempty set X is 
a pair G = (C, D), where C is a bipolar single-valued neutrosophic set on X and D is a 
bipolar single-valued neutrosophic relation in X such that 


© TE (ay) € min(TE (2), T£ (y)), Ib (ey) € min( E (x), IE (y). 
Fb (ay) < max(FE (2), FE 


Ер (zy) > min(F$ (x), Fe (y). 


forall z,y € X. 


Definition 2.7. An element x of X is called significant with respect to neutro- 
sophic set А of X if the degree of truth-membership or indeterminacy-membership or 
falsity membership value, i.e Та (2) or JA(x) or FA(x) > 0.5. Otherwise, we call it in- 
significant. Also, for neutrosophic set the truth-membership, indeterminacy-membership 
and falsity- membership all can not be significant. 

we define an intuitionistic neutrosophic set by A = (x, Ta (x), ГА(ж), Fa(x)), where 
min(TA(z), FA(z)) € 0.5, min(TA(x), La(x)} € 0.5, & min(IA(x), FA(x)) < 0.5, 
for all x € X with the condition 0 € (T'A(x) + I4 (x) + FA(z)] € 2 


Definition 2.8. A INS Relation (INSR) is defined as a intuitionistic subset of 
X x Y, having the form 
В = {< (x,y), Tr(z, y), IrR(z, y), Fr(z,y)>:xE X,yEY} 

where, 

Tr: X xY > [0,1], Ir: X xY > [0,1], Fr Xx Y > [0,1] 
satisfies the conditions 
(1) at least one of this Т (ж, y), Ig(x, y) and Fg(x, y) is > 0.5 and 
(ii) 0 € (TA(x) + LA(x) + FA(z)) < 2. The colllection of all INSR on X х Y is denoted 
as GR(X x Y.) 


Definition 2.9. [6] 7] An intuitionistic neutrosophic graph is a pair С = (А, В) with un- 
derlying set V, where T4, F4, I4 : V — [0,1] denote the truth, falsity and indeterminacy 
membership values of the vertices in V and Tp, Fg, Ig : E C V x V — [0,1] denote the 
truth, falsity and indeterminacy membership values of the edges kl € E such that 
(i) TB (Kl) < TA(k) ^ TA(I), Ip(kl) < IA(k) ^ IA(D), ЕВ(КІ) 2 FA(k) ^ FA(l) 
(ii) Tp (kl) ^ Ip(kl) < 0.5, Tp(kl) ^ Fg (kl) < 0.5, Ip(kl) ^ Fp (kl) « 0.5, 
(iii)0 < Tp(kl) + Ig(kl) + Fg(kl) € 2 Vk,l € V. 
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3. INTUITIONISTIC BIPOLAR NEUTROSOPHIC SET 


Definition 3.1. An element x of X is called significant with respect to neutrosophic set 
A of X if the degree of truth-membership or indeterminacy-membership or falsity mem- 
bership value, і.е T'A(z) or I4(x) or FA(x) > 0.5. Otherwise, we call it insignificant. 
Also, for neutrosophic set the truth-membership, indeterminacy-membership and falsity- 
membership all can not be significant. we define an intuitionistic bipolar neutrosophic set 
by 
А = (e, TÉ (2), I} (2), FẸ (2), TY (2), I] (2), FS (2) 
where 
min(T7, FP) < 0.5, макту, FÑ} > —0,5, min( T7 , T5) < 0.5, 
max{T) , ГУ) > —0.5,min( F4, I1] < 0.5,max( FẸ], 17) > —0.5 


TÈ : X > [0,1], TY : X > [—1,0],1Ў:Х —› [0,1], 
IN: X > [-1,0], FẸ : X — [0,1], FY : X — [71,0], with the conditions 


0 < Tf (£) +I (ж) + FẸ (£) < 2, —2 > TẸ (æ) + IẸ (x) + FẸ (æ) > 0. 


Definition 3.2. A IBNS relation (IBNSR) is defined as a intuitionistic bipolar subset of 
X x Y, having the form 
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В = {< (x,y), Tk (ж, у), In (x, y), F (ж, у), TR (£, y), In (ж, у), FR (y) >: 0 E€ X,y EY} 


where, 
TË : X xY > [0,1], 18 : X x Y > [0,1], FẸ : X x Y > [0,1] 
TË : X xY > |[-1,0], I} : X x Y > |-1,0], FẸ : X x Y + [-1,0] 
satisfy the conditions (i) at least one of this TZ (x, y), I (x,y) and FẸ (x,y) is > 0.5 at 
least one of this T (x, y), I (x, y) and FẸ (x, y) is € —0.5 and 
(i) 0 < TẸ (z) + I (x) + FẸ (x) < 2, 22 > TẸ (x) + I (x) + FẸ (a) > 0. 
Definition 3.3. Let A; =< т, TÀ (х), I4 (x), ЕД (x), ТА (x), IÑ (x), FẸ (x) > and 
Аз =< x, Th (х), I4 (2), FX, (x), TH (x), IX, (x), ЕА (x) > be two IBNSs. then A; C 
Ag if any only if 
TA, (2) € Та, (х), TA, (т) 2 TA, (х) 
Th, (2) € ГА, (2), ГА, (2) > ЈА, (2) 
FE (x) > Еа (2), FR (х) € ЕЙ (z).vz € X. 


Definition 3.4. The union of two IBNSs A and B is also IBNS, whose truth membership, 
intermediate membership and false membership functions are, 


Т{дов)(®) = max(T4 (x), Tg (2)) 
Ius) (2) = min(IA (x), I5(2)) 


Flaupy(#) = min{ F} (x), F$ (2)}, 


and 
Tug) (©) = min(TÀ (x), T5 (2) 
Т(җов)(ж) = шах{Та (x), T (2)} 
Tunz) = max{T 4’ (x), ТВ (x)}, 
forall x € X. 
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Example 3.5. Let А = (((21,0.7,0.3,0.4)7 (—0.6, —0.4, —0.3)), ((x2, 0.5, 0.5, 0.8)” 
(—0.6, —0.5, —0.4))} and B = {((x}, 0.4, 0.7, 0.4)? (—0.4, —0.7, —0.3)¥), (x2, 0.4, 0.3, 0.9)? 
(—0.5, —0.6, —0.2)N)) be two IBNSs of X. Then by definition of union we get, 


AUB = (((21,0.7,0.3, 0.3)? (—0.6, —0.7, —0.3)), ((a2, 0.5, 0.3, 0.8)? (—0.6, —0.5, —0.2)%)} 


Definition 3.6. The intersection of two IBNSs A and B is also IBNS, whose truth-membership, 
indeterminacy-membership and falsity-membership functions are, 


Tangy (x) = min(TÀ (x), T5 (x)} 
Tangy (2) = шах{Га (2), I5 (2)) 


Flangy (2) = max( FA (2), FE (x)}, 


апа 
Teanga) (t) = тах{Т (x), ТВ (x)} 
Tiana) (2) = min{T4 (x), ТВ (2) 
Teng) (2) = ші {ТА (x), T5 (z)). 
forall x є X. 


Example 3.7. For above example, then by definition of intersection, we obtain 
ANB = (((21,0.4, 0.3, 0.4)” (—0.4, —0.4, —0.3)^), ((x2, 0.4, 0.3, 0.9)? (—0.5, —0.5, —0.4))) 


Definition 3.8. The complement of IBNSs 
A =< a, TẸ (x), IẸ (x), FP (x), TH (x), LY (x), FN (a) > for all z € X, is defined as 
A A A A A A 
(T^ (z))* = F^ (a), Q* (2) = 1-1" (a), (F? (2))* = T? (x), 
and 
(T^ (z))* = FN (æ), Q^ (z))* = —1— I" (a), (FN (2) = T^ (a), 
forall х € X. 


4. INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPHS 


Definition 4.1. An Intuitionistic Bipolar Neutrosophic Graph (IBNG) is defined as a pair 
G = (R, S), R = (АР, AV) and S = (BP, B^) where 
@ R = (ri, T2,..., Tn} such that, TẸ : R > [0,1], Т7: R— [0,1], FT : R > 
(0,1, T7 : R > [-1,0], IÑ : R > [71,0], and FY : R — [—1,0] denote the 
degree of truth-membership, indeterminacy-membership and falsity-membership 
functions, respectively, 
Gi) SC Rx R where TẸ : Rx R > [0,1], I$ : R x RAS [0,1], FẸ : R x Ro 
(0,1, TF : Rx R > [-1,0], I] : Rx R > [71,0], and FẸ : Rx R 5 [71,0] 
(ii) TE (rs) < min(TP(r), T£ (s). FB (rs) < min? (r), It (5). 
(ro) < шах(# (7) FA (9) 


v) 0< TE (rs) +12 (rs) + PR (r P. « 2. 
(vi) Тр (rs) > max(TÀ (т), T4 (s)). ІВ (rs) > шах(ГА (r), ГУ (s)). 
FẸ (rs) > min(FA (r), F А (9). 


(vii) TZ (rs) v IN (rs) > —0.5 “TN js д —0.5, IN (rs) v FẸ (rs) > —0.5 
(viii) 0 > TẸ (r в) + IN (rs) + КЎ (та) > 
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Example 4.2. Consider a IBNGs such that A = {a,b,c,d}, В = (ab, bc, cd} by routine 


condition we have, 


fo 3 
Og 93 
sts А (0.3,0.3,0.3)(-0.3,-0.5,-0.3) 0294 
^0. 
she Y 
e s 
= IS 
Б o 
° B 
ч e 
Ѕ ә 
3 Е 
2 E 
"m Б 
S > 
y b 
E i 
© & 
e 
$ (0.7,0.3,0.4)(-0.3,-0.2,-0.3) "i 2 
К. 
Sue gx S 
S d 


Figure 1: INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPH 


Definition 4.3. A graph G' = (R', 2 is said to be subgraph of G = (R, S) if 
uos Tp d a OZGA ©) SFO) 
(T4) (r) 2 ТА (т), (Та) (0) 2 T (0), (Fay (n) € FA), 
for all r € Rand 
(Tz)? (rs) € TE (rs), Q4)" (rs) < IB (rs), (ЕБ)? (rs) 2 ЕЁ (rs) 
(Тв) (rs) 2 TB (rs), (Тв) (rs) > TH (rs), (Ев) (rs) € FB (rs); 
forall rs € 5 
Example 4.4. An IBNG subgraph is represented as Figure 2 


ES 
© 


D 
CP gh  (0.2,0.2,0.5)0.2,-0.4,-0.4) 


E 
M 
л: ©з? 
555 9 
> = 
= Б 
E o 
E Б 
ч e 
S E 
E E 
kJ b 
E БЫ 
5 B 
+ © 
3 £ 
е. 
a (0.5,0.2,0.4)10.1,0.1,.0.3) RS es 
оа Sel БУ 
оу o e e 
ae " 
594 
ae 


Figure 2: INTUITIONISTIC BIPOLAR NEUTROSOPHIC SUBGRAPH 


Definition 4.5. A graph С = (R', 5") is said to be induced subgraph of G = (R, S) if 
(Та)? (т) = TA (т). Ta)? (т) = ТЇ (т), (Fa) (0) = ЕД (т) 
(TA) (r) = TA (r), (ТА) (r) = TH), CF)" (r) = FA), 
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forall r € R and 
(Tp)? (rs) = TÉ (rs), (I4)? (rs) = IE (rs), (Fp)? (rs) = FE (тв) 
(Тв) (rs) = TH (rs), (Гь) (rs) = TH (rs), (Ев) (rs) = FB (rs), 
forrsce 5 


Example 4.6. An IBNG induced subgraph is represented as Figure 3. 


bo 
E fo ,*0 
CA 3o 205 
SA So! 
SP 
P — 
x S 
= Юю 
+ o 
q E 
чу o 
S ES 
d è 
T B 
ч ө 
б Р 
= © 
З = 
& ES 
3 
D 
a (0.5,0.2,0.4)(0.1,-0.1,0.3) on ho 
Kos 05 
VP go s 
594 
La 


Figure 3: INTUITIONISTIC BIPOLAR NEUTROSOPHIC INDUCED SUBGRAPH 


Definition 4.7. A graph G” = (R', S’) is said to be spanning subgraph of G = (R, 5) if 
(Tx)? (rs) < TE (rs), Q4)" (rs) < IB (rs), (Fh)? (rs) > FE (rs) 
(То) (rs) > TH (rs), G5)" (rs) > TH (rs), (Fa) (rs) < FY (rs), 
forall rs € 5 


Definition 4.8. An IBNG G = (R, S) is called strong IBNG if 
(T5)" (rs) = TR (rs), Q4)" (rs) = 18 (rs), (Fg) (rs) = F$ (rs) 
(Tp) (rs) = TB (rs), (Гь) (rs) = T8 (rs) (Ев) (rs) = FB (rs), 
for all rs Є S. S is the set of edges. 


Definition 4.9. An IBNGG — (R, S) is called complete IBNG if 
(Ti)? (rs) = TE (rs), 14)? (rs) = IE (rs), (Fp)? (rs) = FE (rs) 
(Тв) (rs) = TÀ (rs), (Гв) (rs) = TH (rs), (Ев) (rs) = Fp (rs), 
for all rs € S. R 15 the set of nodes. 


685 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Definition 4.10. The Cartesian product of two IBNGs G and G% is denoted by the pair 
С, X С» = (Бу x Во, S1 x S2) and defined as 


TA, хд (Е) = T. 


ЕЙ a 0 = ЕЙ (Е) ^ FI). 
for all kl € А x Аз. The membership value of the edges in Су x G2 can be calculated as, 
(LTB, x p, (f, l1)(k, l2) = Та (k) ^ Tp, (lila) 

ТВ, «p, (e, l1)(k, l2) = Та, (k) V TR, (lila), 


(2), x Ba (hs l1)(k, l2) = Га, (k) ^ IB, (105) 
TB, xB (K l1)(k, l2) = TA, (k) V TB, (hl2), 


(3) Fiz, x By (K, l1)(k, l2) = FA, (k) V FR, (lala) 
FR, x Bo (Ks l1)(k, l2) = Fe (k) ^ FE, (145), 
for all k € R4,l4l5 € S2. 
(4) TB, x p, (k1, D) (Ko, 0) = TA, (П) ^ Th, (КК) 
ТВ, «p, D (o, 1) = Ta, (1) V ТВ, (Ki ka), 


(5)ТВ, x Ba (5D) (o, D) = ГА, (D) ^ Tp, (Fi Ka) 
ІВ, x p, (i, D (Ko, 0) = IA, (1) V IB, (kika), 


(6) FB, „ в, (к, D (o, D) = FA) V Ер, (kika) 
FB sg, (fn, D)(KEa, 1) = FX (1) ^ FB, (Kika), 
for all kj ka € 51,1 Є Ro. 


Example 4.11. Consider Gy = (R1, $1) and Gz = (R2, $5) are two IBNG of G = (R, S) 
respectively, as represented in Figure 4, now we get С x Со as follows Figure 5 


Theorem 4.1. The Cartesian product Су x Gz = (Ri x Re, S1 x S2) of IBNG of IBNG 
G and Gə is an IBNG of G4 x Go. 


Proof. We consider: 
Case 1: fork € Ry, lil2 € S2 
Тв, x By) (la) (Ale) = Th, (k) ^ Tp, (lila) 
< TA (к) ^ Га, (3) ^ Ta, (l2)] 
= [Th (k) ATH, a) ^ [ТД (ЕЁ) ^ ТД, (l2)] 
= Thay x) (Ril) A TĒ x49) (c l2) 
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z 
Ф о 
2 ^ 
£5 9 ¥ 
оо © З 
ND. "0 x9 
o 2„ © 
^g бу wo 
0 = 25 
б) E: 2 
ok © 
© b 
D o 
o N 
> о 
o à 
2 Е 
© N 
& Ф 
© N 
D © 
g & 
a (0.1,0.1,0.2)10.2,0.1,0.1) 
> RN 
A) 
Kes = E se 
OO. = fo д; 
Чо ESSI 
Ap “у, v6 
о 
Y 
(0.2,0.2,0.3)(-0.2,-0.3,-0.2) (0.5,0.4,0.5) (-0.4,-0.5,-0.5) 
Су С» 
Figure 4 
(0.1,0.1,0.6) (0.1,0.,0.5) (05,0.3,0.5) (0.1,0.1,0.6) (0.1,0.,0.5) (0.3,0.4,0.5) 
(02,01,07) (02,01,06) (03,03,06) (02,01,-0.6) (02,01,03) (0.4.0305) 
kl, k,l, k,l. kl, al, UA 
е |@-1041,0.530.2,ол,о0.6) 5 (0:10.1,0.5(02,0.1,05] = |(01,01,0.5](0.2.01,0) 
E + Es 
e id e 
E © Ej E S8 
Б 5 & g $ 
B & A Р ES 
> E 9 y $ 8 
> Б | (20205 x 9 Б | (20205 2 
È © È © 
е 8 (02:03:06 M > (0.2,0.2,0.5){-0.2,-0.2,-0.5) ЕЧ оз ез) x 
ku, к, б kh kah È 
(0.2,0.2,0.6) Р (0.2,02,0.) e 
(0.2,-0.3,0.7) = (0.2,-0.3,-0.6) bos 
(040305 К (030405 ti 
(0.4,-0.3,-0.7) (0.3,-0.4,-0.6) 


Gy x Go 
Figure 5: Cartesian product of IBNG 


It, x Bay (la) (Ala) = ГА, (k) ^ I$, (20) 
< I4, (k) ^ 4, (3) ^ TA, (02)] 
= JA (k) ATR, (dy) ^ А, (K) ^ TA, (12)] 
Б еа 


1 
1 


Fio x Bo) ((kl1) (Kla)) = 4, (ЕЮ) V Fh, (lila) 
< FA (k) V [ЕД (h) V FA, (05)] 
= [FAQ V FA (3)] V Fa, (k) V FA, (1›)] 
= Fla, x Ag) 51) V Fx Ag) (ks l2) 
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for all kli, kl € G4 x С». 
Case 2: fork € Ro, 115 Є S1 


Tib, x By) (lk) (lok) = Та, (k) ^ Тв, (М) 
< Ti, (k) ^ [ТА (h) ^ ТА, (02)] 
= [ТА (k) ATA, (W) ^ (Ta, (E) ^ ТА, (02)] 
= Thay Ag) (l k) A Tea, x Ag) (les K) 

Гв, x Bo) (lak) (lak) = TA, (К) ^ Tp, (lala) 

< Ia, (k) ^ TA, (a) ATA, (12)] 
= IQ) ^ ТА, (3)] ^ А, (k) ^ ТА, (1)] 
= nd DS А x Ay (l2,k) 

Fp, x Bo) (lk) (lak)) = A 
< ЕР (k 
= [F], (k) V Ра (3)] V [ЕА (К) V FX, (02)] 

= FA xan) (lk) V FU xaa) (l2 k), 


S б 


)v FE, (115) 
) V [Fa, (3) V Ра, (%)] 


for all lik, lək € Gi x Go. 
Similarly, one can prove the result for negative part also. 


Definition 4.12. The Cross product of two IBNGs G and С» is denoted by the pair Су х 
Gə = (Бу x Re, S1 x S2) and defined as 


(ТА «A, (Rl) = Та, (k) ATA, (1 
I} ay (kl) =I}, E) ATA, l 

P o (kl) = F}, (k 
ТА xA, (kl) = TA. 


ЕА xa (kl) = FY (k) ^ FA (0), 
for all k,l € Ry x Ro. 


(it) Ter, x By) (ili) (olo) = Tp, (Kika) ^ Tp, (lila) 
It, x By) (ili) (kal) = Ip, (kiko) ^ Ip, (Lalo) 
F5, x By) (Kili) (kala) = Fp, (Kika) V Fp, (lila) 

(itt) ТО, x Boy (ila (kale) = Tg, (kik2) V Tg, (lala) 
ГБ, x Ba) (kılı) (15) = IB, (kik) V Tp, (lila) 

Ер, x Ba) (Fili) (kala) = Ер, (КК) ^ Fp, (lila), 


for all kık2 € 51,1115 € So. 


Example 4.13. Consider С = (R1, 51) and G2 = (R2, S2) are two IBNG of G = (R, 5) 
respectively, as represented in Figure 4. Now, we get cross product Су х Со as follows 
Figure 6. 
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(0.2,0.2,0.5) (0.2,0.2,0.6) (0.1,0.1,0.5) 
(0.2-0.3-0.6) (040306) (0.3,0.4,0.5) (02,0.3,0.6] (02,01,0.6) 
kyl (04,0307) (04,0305) ©) ea 
k P L NT k x 1, 2*3. 
" E 
(0.2,0.2,0.5) 


(02,03,03) $ 
SY 


kl, EJ g 
opum балаша j E k,L, kih ы, 
-0.2,-0.1,0.6 (020205) (020206 
epum (02,0.3,0.7) are 
G 1X Go 
Figure 6: CROSS PRODUCT OF INTUITIONISTIC BIPOLAR NEUTROSOPHIC 
GRAPH 


Theorem 4.2. Cross product Су x С» = (R4 x В, $1 x S2) of two IBNG of G4 and С» 


is an IBNG of Gy x Go. 


Proof. For all kılı, Кә, € С, x Go 
Té, x By) ((kılı)(kzl2)) = Tp, (Kiko) ^ Tp, (lila) 
< [T], (ki) ^ TÀ, (к) ^ (LA, (3) ^ T4, (02)] 


= [T] (k1) ^ TÀ, (3)] ^ (LA, (k2) ^ T4, (02)] 
= Tha, xaa) (li) ^ TU, x Ag) (eas l2), 


Ilp, x Ba) (li) (Fala)) = Ів, (kık2) ^ Ip, (llo) 
< [Г (Ki) АТ (ко) ^ (LR, (a) A TA, (0)] 


= [ГА (ki) ^ ЈА, (1) ^ (LA, (ka) ^ TA, (0)] 
- IO Ag) (kilt) ^ IU x A (ka, l2), 
Fio, xpa) (Un li) (ala) = F$, (Kika) V Fp, (lila) 
< [ЕА (ki) V FA, (ko) V LFA, (11) V FA, (l2)] 
= [F] (kı) V Fa, (1) V LFA, (k2) V F4, (l2)] 


= Fea, x Ay) Uh) V FL xaa (o, l2) 


Similarly, we can prove the result for negative part also. 
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Definition 4.14. The lexicographic product of two IBNGs G and С» is denoted by the 
pair G4 e Gz = (RH e R2, $4 e 55) and defined as 

QUARUM = T}, (k) ^ Tå, (0) 
) ^ 4, (l) 


Fea (Kl) = FA, (k) V FA, (1) 


for all k,l € Ry x Ro 


(it) Tb, epa) (Kl) (Klo) = ТА (k) ^ Tp, (lila) 
Tp, ep, (li) (lo) = 14, (k) ^ I5, (hilo) 
F5, ep.) (Kl) (Klo) = Ед, (К) V FB, (lila) 
Tib ep, (kl) (la) = Та, (k) V Tg, (lila) 
105, eB) (ka) (Klo) = ГА (k) V TB, (lil) 
FẸ eg, (kli)(kl2) = ЕЎ (k) ^ Fg, (lala), 


for all k € R4,l4l5 € S2. 

(iii) Tih ep, TP, (kiko) ^ TR, (1 l2) 
= IB (Е) ^ I$, (lila) 
= F$, (Кк) V FE (lila) 
= Tp (kık2) V Tp, (lila) 

= IB, (к.к) V IB, (lila) 
= FR (К.о) ^ FB, (lila), 


SON у 
wI 
S 
. 
w 
N 
L A a S гс, 
E 
0 
и ere ы? 
VC PIES PER PEERS POR T 
> 
N 
m 
N 
ы. c ur MERE C cut й 


'т] 
wa 
n 
S 


for all kj ke € 51,1115 Є Sp. 


Example 4.15. Lexicographic product of IBNG G, = (R4, $1) and G5 = (R2, 55) shown 
in Figure 2 are defined as Су e Gz = (R4 e H5, $4 e S5) and is represented in Figure 7. 


Theorem 4.3. Lexicographic product G1 ө Gz = (Rı € Ro, Sı e S2) of two IBNG of Gi 
and С is an IBNG of G: ө С». 


Proof. We consider two cases: 
Case 1: fork € Ry, lil2 € S2 


Tib, ep2) (la) (Kl2)) = Th (k) ^ T$, (lila) 
<TH (k) ^ [D4, (h) ATA, (02)] 
= (Th (k) ATH (a) ^ [ТД (E) ^ TA, (Ia) 
= Tear (k: l1) A TG, oy) Ur 12) 
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(0.2,0.2,0.6) (0.2,0.2,0.5) (0.3,0.4,0.5) (0.3,0.4,0.6) 
24 {0.5,0.3,0.5) „ОА! (0.2,0.2,0.6) 
07, 03:97) ку, 0203.08) (03,03,06) (0403,05) 6.1, (03-0.4,06) (0.2,03,06) 
T = k,l. NA ш kl 


à 
7 
e 


(0.1,0.1,0.5):0.2,.0.1,0.6 
(0.1,0.1,0.6)(-0.2,-0.1,-0. 


(0.1,0.1,0.6)(-0.1,-0.1,-0.7) 
(0.1,0.1,0.5)(-0.2,-0.1,-0 4) 


(0.1,0.1,0.5) 
k,l, (0.2,01,0.6) 


(0.1,0.1,0.6) 
k,l, (0.2,01,0.6) 


[27 (0.1,0.1,0.6)(-0.2,-0.1,0.7) kih, kal, (0.1,0.1,0.5)(-0.1,-0.1,-0.3) kah 
(0.1,0.1,0.6) (0.4,0.3,0.6) (0.1,0.1,0.5) (0.2,0.2,0.5) 
(0.1,0.1,0.7) (04,03,07) (0.2,.0.1,-0.3) (02,0.3,0.3) 
G 19 Сә 
Figure 7: LEXICOGRAPHIC PRODUCT INTUITIONISTIC BIPOLAR 
NEUTROSOPHIC GRAPH 
Ics ep.) (eli) (lo)) = ГА, (k) ^ Ip, (lila) 
< ГА, (k) ^ ПА. (3) ^ TA, (0)] 


= [Th (А) A Ia, (а) ^ ТА, (K) ^ TA, (0)] 
= Taye A (5 l) ^ I eA (ks l2) 


Fib epa) (la) (kla)) = Ед, (k) V Fh, (llo) 
< FA (k) V (FA, (1) V FA, (12)] 
= [F] (k) V Fa, (П) V [FA (E) V Fa, (02)] 
= Fe AD 6 l1) V Fe AD 6 l2) 


for all kli, kla € S1 x 55. 
Case 2: For all kiko € S1, 1115 € So 


Tí ep. (ila) (Kolo)) = Tp, (hike) ^ Tp, (ile) 
< [TÀ, (k1) ^ ТА, (2)] ^ [LA (11) ^ TA, (05) 
= [TÀ, (k1) ^ TA, (а) ^ (La, (k2) ^ TA, (12)] 
= Tea Fl) A TU e42) (2, l2) 


I5, ep) (ili) (Kola) = Ip, (Kika) ^ Tp, (lila) 
< [ТА (ka) ^ Га, (k2)] ^ (A, (1) ^ ГА, (02)] 
= [I4, (k1) ^ Га, (п) ^ (ZA, (2) ^ ГА, (02)] 
= ГО оду) A TO easy (2, l2) 


Ев, x By) ((kila) (Kala) = Ев, (ka) V Fp, (llo) 
< [РА (i) V FA, (2)] V [FAS (3) V РА, (02)] 
= [ЕХ (ka) V FA, (П) V [FA (2) V FA, (02)] 
= Fea Uh) V FU easy (ha, l2) 


for all kili, kol € Rı e Rə. Similarly, we can prove the result for negative part also. 


691 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Definition 4.16. The strong product of two IBNGs G апа С» is denoted by the pair 
G4 X Gə = (Бу X А, S1 X 55) and defined as 


(i) TCs m42) (K D = T) (k) ^ Ti (0), 
IRA») (kl) = I}, (k) ^ I, (0), 
FAS (kl) = ЕА, (k) V Fa, (0), 
TU AS (kl) = Tay (k) V ТА (2), 
I gas (kl) = ТА, (k) V ГА (0), 
Е(А л.) (Kl) = FA (k) ^ FEO, 


for all k,l € R4 X R2 


(ài DTi sap, (kl 1)(kl2) = Та (k) ^ Th, (hile), 
Tp, pap.) (kli)(klo) = ГА, (k) ^ Ip, (hile), 
Fs mp, (kli)(kl2) = Ед, (k) V F$, (lila), 
Т(З, sp, (kl) (kl) = TA, (k) V Тр, (lla), 
Ір вв) (kl) (Klo) = ГА, (k) V I8, (lila), 
Fib mB) (kh) (Klo) = FX (k) ^ FB, (10), 


for all k € R4,l4l5 € S2. 
(iii) TB зав, (К, D (Fo; a Tá ina 


(k2, А FA 
ТР зв, (ki, D) (ko, 1) = TH, (1 
ІВ mp, (Fi, D (ko, 1) = vB, kıkə), 
Ер яв, (К, 1) (60,0) = ЕЗ (1) ^ Ер, (Kika), 
for all kyko € 51,1 € Ro. 
(iv v)T s mp, (11) (kala) = Tp, (Kika) A TÈ, (lila) 
Ifo mpa) (kili) (kal) = Ip, (К.о) ^ Ip, (lal) 
F5 mp; (Fil 1) (6012) = Ев, (Kika) V FR, (lala) 
T5, mp.) (Fili) (kala) = Tp, (Kika) V Tp, (llo) 
) 
) 


P 
FRB (ki, 1 


Г spy (il) (kala) = IN (к) V IN, (lala 


FU}, авз) (Fil) (81) = ЕВ (Kika) ^ Fp, (llo 
for all kık2 € 51,1115 € So. 


Example 4.17. Strong product of IBNG Су = (Д, 51) and С» = (Ко, 55) shown in 
Figure 2 is defined as G4 X G2 = (Ri K Ro, S1 X S2) and is represented in Figure 8. 


Theorem 4.4. Strong product С X G2 = (Ву X Ro, S1 X S2) of two IBNG of G4 and С» 
is an IBNG of G4 X С». 
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(0.2,0.2,0.6) (0.1,0.1,0.6) (0.2,0.2,0.5) 


kaly 


(0.1,0.1,0.6) 

(020.307) (01,01,02) (0503053 (520503) (as aed) (03,0.4,06) 
за LL | (03,03,0.6) Ыы Po (03,0.4,0.6) 
k,l, — (0.1,0.1,0.6){-0.1,-0.1,-0.7) 1з (0.1,0.1,0.5)(-0.2,-0.2,-0.5) Kj El, ,P20105101,01,05] за (0.1,0.1,0.6)(-0.2,-0.1,-0.6) 

9 


(0.2,0.2,0.5)(-0.2,-0.2,-0.5) 
(0.1,0.1,0.5)(-0.2,-0.1,-0.5) 
(0.3,0.2,0.5)(-0. 2,-0.2,-0.5) 
(0.2,0.2,0.5)(-0.2,-0.2,-0.5) 
(0.1,0.1,0.5)(-0.2,-0.1,-0.5) 
(0.2,0.4,0.5)(-0.2,-0.2,-0.5) 


kal, (0.1,01,05)-01,01,06) k,l, (01,0.1,05)-02,01,05) ЖК Е, (01,01,05)02,01,05) k,l, (01,0.1,05)01,01,03) fl; 

E man miaran ад mees, aanas 
G4 X G2 

Figure 8: STRONG PRODUCT INTUITIONISTIC BIPOLAR NEUTROSOPHIC 
GRAPH 


Proof. There are three cases: 
Case 1: fork € Ry, lil2 € S2 


T5, s p, ((kla)(Kla)) = ТА, (k) A Tp, (lla) 
<TH (k) ^ (TA (h) ATA, (02)] 
= [Та (k) ATA, (a)l ^ [ТА (K) ^ ТА, (02)] 
= T maz) 6) ^T cay) (K l2) 
Iib mp. (la) (kla)) = ІА, (k) ^ Tp, (lala) 
< Ik) ^ Ha, (h) ^ TA, (12)] 
= [A (k) ^ ГА, (la)] A ПА, (X) ^ ГА, (12)] 
= IO maa) (k 1) A IO sas) (K 12) 
Fs eazy) (li) (kl2)) = Ед, (k) V Fp, (lila) 
< FA (k) V [7а (1) V FA, (12)] 
= [F], (k) V Fa, (l1)] V [F], (X) V FA, (12)] 
= Fi gay (k 1) V FU as (K l2) 


MIL CAL 


for all kli, klə € Ry K Rə. 
Case 2: for k € Ro, [15 € $1 


T5 mp. y ((l1k)(lok)) = TA, (k) ^ Tg, (lila) 
< TA (k) ^ [TA (h) ATA, (02)] 
= [D (k) ^ ТА, a)l ^ [ТА (k) ^ ТА, (02)] 
= TO may (s k) ^ TA pay) (lo; K) 


V XI 
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Ifs mp.) (Ik) (lok) = I4, (k) ^ TB, (llo) 

< ТА„(Е) ^ (A, (h) ^ ТА, (l2)] 
= [ГА„(Е) ATR, (3)] ^ US (k) ^ TA, ()] 
= о ^ IC paz) (l2 K) 

Fp, mp,)((nk)(lok)) = FA, (k 
< FA 
= [FAQ V FA, (3)] V (FA, (k) V FA, (0)] 

= Fi gA i K) V FA ma, (lo, k) 


) 
RA Pia 1) V Fa, (%)] 


for all lik, lək € Ry xl Ro. 


Case 3: For all ky ko € 51,1115 € So, 
T5 map.) ((kili)(kal2)) = Tp, (Kika) ^ Tp, (lila) 
< [T], (1) ^ ТА, (k2)] ^ Га, (3) ^ Ta, (0)] 
= [T], (k1) ^ Та, (3)] ^ [TÀ, (2) ^ TA, (0)] 
= TO mAh) ^ TO pany (o, 12) 


Tp, map.) (li) (Kola)) = Ip, (io) ^ Ip, (llo) 

< [а (ka) ^ ТА, (Б) ^ UA, (а) ^ ЈА, (2)] 
= [А 0) ATA, (3)] ^ ИА, (k2) ^ ЈА, (2)] 
= IO maa) (Fs) ^ TO s asy (2,12) 

Fp, sp, (ali) (ela) = Fg, (ka) V Fp, (ile) 
< [FÀ, (k1) V Fa, (2)] V (Еа, (3) У Fa, (2)] 
= [FA, (k1) V Fa, (3)] V [FA (Ко) V Fa, (12)] 
= FA gay (ko l) V Fas (o; l2) 


for all kyl, kol € А X Ro. Similarly, we can prove the result for negative part also. 


Definition 4.18. The composition of two IBNGs G and G2 is denoted by the pair Су o 
С» = (Ву o R2, $1 o S2) and defined as 


(ТО, AS (Kl) = Ta, (k) ATA, (0) 
ICA oA (Kl) = ТА, (k) ATA, (0) 
Fea (Rl) = FA (k) V FAQ) 
TA oA (Rl) = Th, (k) V ТА, (0 
Ich oA) (Е) = Е. (k) v ГА, (0) 
FlAyoAg) (D) = Fal (К) ^ FAQ), 
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for all k,l € Ry o В 
( ii) T (BoB) (kl1) (К!) =T} (К) ^ ТЁ, 
It BoB.) (Kl) (Klo) = Th, (k) ^ Ip, 
FB, oB,)(kli )(kla) = Рд, (k 
ТВ, op, (kl) (klo) = Та (k 
Iib, op.) (kla)(Kla) = ГА, (k) V 18, 
F(5, o, (kl) (kl) = FA, (k) ^ Fp, (Lila), 
for all k € R4,l4l5 € S2. 


(kal) = Та (1 

ІВ, op, (kil) (kal) = ГА (0) V ІВ, 
ЕВ ов, (kil) (kal) = FA) A FB, (i ka), 

for all Кк € $1,l € Ro. 


(iti) TB, op, (Ril) (kal) = TA, (D) ^ Tp, (ki ke) 
ІВ, ов,(Е 1) (kal) = I4, ^ If, (k Ко) 
FB, op, (al) (Kol) = FA, (1) V Fp, (ka) 
ТЕ sp, (Fil) ) V Tp, (Kika) 
(А15) 


(iv) (р, op.) (ili) (kala) = Tp, (Kika) ^ TA, (l) ^ TA, (la) 
Tp, op) (Fili) (Eolo) = Ів, (Kika) ^ IA, (hi) ^ 14, (l2) 
F5, op.) (ili) (Kola) = Ев, (Kiko) V Fa, (h) V FA, (l2) 


Tb, op, (Fila) (ola) = Tg, (Kiko) V TA, (li) V Ta, (l2) 
Tb, op) ila) (Kala) = I8, (hake) V ГА (la) V TA, (02) 
Е(5, ов) (ia) (kol2) = Fg, (Kika) ^ FA, (l1) ^ FA, (l2), 


for all кк € 571, [115 € 55 such that lı Æ lə 
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Example 4.19. Composition of IBNG С, = (R1, $1) and G2 = (R2, S2) shown in Figure 


2 is defined as G4 o С» = (Бу o Ro, S1 o S2) and is represented in Figure 9. 


Theorem 4.5. Composition Су o Со = (Ri o R5, 51 o S2) of two IBNG of G4 and Go is 


an IBNG of G4 o G». 


Proof. 'There are three cases: 
Case 1: fork € Ry, lil2 € S2 


Тв, p, (li) (kla)) = Та, (Е 
ST (Е 


ATE, (1) 


) 
)A ITA (1 1) A Tå, (l2)] 


= [ГА (к) ^ TA, (3)] ^ [TÀ, (K) ^ Ta, (le 


SE sah ACT scs 05 l2 


695 


Florentin Smarandache (author and editor) Collected Papers, VIII 


(0.2,0.2,0.6) (0.1,0.1,0.6) (0.2,0.2,0.5) (0.1,0.1,0.6) 
(0.2-0.3,0.7) (0.1,0.1-0.7) (0.4,0.3,0.6) (0.2-0.3,0.3) (02,01,06) (0.3,0.4,0.5) 
РР (04,03,0.7) p (0.4,03,-0.5) 
kl, —(01,.10.6-0.1-0.1-0.7) 122 (.1,0.1,0.5)(-0.2,-0.2,-0.5) k,l, —(010.1,05)(0.1.0.1,0.5) 342 (0.1,0.1,0.6)(-0.2,-0.1,-0.6) 


Kil; 


k,l, 


(0.2,0.2,0.5){-0.2,-0.2,-0.5) 
(0.3,0. 2,0.5)(-0. 2,-0.2,-0.5) 
(0.2,0.2,0.5)(-0.2,-0.2,-0.5) 
(0.2,0. 4,0.5)(-0. 2,-0.2,-0.5) 


kh (0.1,0.1,0.5)(-0.1,-0.1,0.6)  &,/, (0.1,0.1,0.5)[-0.2,-0.1,-0.5) k,l, 


kh, (0.1,0.1,05)(.02,01,0.5) &,/, (01,0.1,05)(01,01,0.3) К, 
о) 020205) rever ЧАД 010105) 030406] 
£00370.) (0.2,0.3,0.3) T £03,04/08) (0.2,01,.0.3) (03,04,06) 
G 19 Сә 


Figure 9: COMPOSITION INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPH 


Tp, o.) (Reli) (Klo)) = I4, (k 
< ТА (Е 


^ If, (lilz) 
^ LÀ, (a) ^ T, (0)] 
= [IA (k) ATA, ()] ^ UA, (E) ^ TA, (12)] 
= Tox (k: lh) ^ d usn Us 5) 
Еб, oBa) ((Al1)(kla)) = Ра, (К 
< РА (Е 


У FB, (Ll2) 

V [FA (п) V Fa, (%)] 

= [F4,(k) V Еа (1) V (FA, (k) V FA, (02)] 
= FG sag 5h) V Froan) (i la) 


for all kli, klo € Ry о Ro. 
Case 2: for k € Ro, [15 € Sı 


TU, py (Ua k) (lok)) = ТА„(К ^ T$, (Ll2) 
< Та, (k) ^ (а, (l) ^ Ta, ()] 
= [ТА (k) A TÀ, (1) ^ (TA, (k) ^ ТА, (02)] 
= TAA (l1; k) ^ TO oA (la, k) 
Ifo op. (I) (lok) = ГА (k ^ If, (М) 
< IA, (k) ^ ПА, (1) ^ ГА, (0)] 
= IQ) ^ ТА, (п) ^ URS (k) ^ TA, (1)] 
= и k) л TayoAy) (la, k) 
Fib op, (1k) (lok)) = A.U М FE, (105) 
< FA (Kk) V [ЕА (1) V Fa, (l2)] 
= [F], (k) V ЕД (1) V [F], (k) V FA, (l2)] 
= Fla,oA,) (hi: k) V FA oA?) 02; k) 


und wR 


NI NL 


) 
yv 
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for all lik, lək € Ryo Ha. 
Case 3: For kik € S1, l1, l2 € Ro such that 1, Æ 15 


Tí5 op,) (Uli) (Kala)) = Tp, (ki, ko) A Та, (I) A TA, (l2) 
< [T], (к) ATA, (ke) ^ (TA, (11) A TA, (l2)] 
= [TA (i) ATA, 03)] ^ 74, (k2) A Ta, (l2)] 
= T o4a) (Fal) А Тод) (Rela) 


I5, o B3) (s 1) (Ko, l2)) = Тр, (kı, k2) ^ ГА, (1) ^ TA, (l2) 
< [ТА (ka) ^ ТА, (кә)] ^ A, (h) ^ ГА, (02)] 
= [I 0) ATA, (Li) ^ UA, (Ко) ^ T4, (02)] 
= I oan al) ^ Гед, од) (Kala) 


F5, ов) (к, la) (ka, 12)) = Fp, (Ki, k2) V FA, (I) V FA, (l2) 
< [РА (i) V FA, (2)] V [FAS (3) V РА, (02)] 
= [F] (kı) V FA, (3)] V [Е (k2) V FA, (%)] 
= FUA nli) V Рд cA; (Eolo) 


for all kyl, kol € А o Rg. Similarly, we can prove the result for negative part also. 


5. CONCLUSIONS 


In this work, a new concept of intuitionistic bipolar neutrosophic set with the opera- 
tions like union, intersection and complement have been developed. Also, an application 
to intuitionistic bipolar neutrosophic graph with examples have established. Further, we 
presented the Cartesian product, cross product, lexicographic product and strong product 
with suitable examples. In future, isomorphic properties will be investigated. 
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Abstract 


This paper introduces the concept of n-refined neutrosophic vector spaces as a generalization of neutrosophic 
vector spaces, and it studies elementary properties of them. Also, this work discusses some corresponding concepts 
such as weak/strong n-refined neutrosophic vector spaces, and n-refined neutrosophic homomorphisms. 


Keywords: n-Refined weak neutrosophic vector space, n-Refined strong neutrosophic vector space, n-Refined 
neutrosophic homomorphism. 


1.Int ro duct ion 
Neutrosophy as a part of philosophy founded by F. Smarandache to study origin, nature, and indeterminacies 


became a strong tool in studying algebraic concepts. Neutrosophic algebraic structures were defined and studied 
such as neutrosophic modules,and neutrosopohic vector spaces, etc.See [1,2,3,4,5,6,7,8,9]. In 2013 
Smarandacheintroduceda perfect idea, when he extended the neutrosophic set to refined [n-valued] neutrosophic 
set, i.e. the truth value T is refined/split into types of sub-truths such as (Ti, T», ...,) similarly indeterminacy I is 
refined/split into types of sub-indeterminacies (Ii, b, ...,) and the falsehood F is refined/split into sub-falsehood (F1, 
F»,...) [10,11]. Refined neutrosophic algebraic structures were studied such as refined neutrosophic rings, refined 


neutrosophic modules, and n-refined neutrosophic rings [4,12]. 


In this article authors try to define n-refined neutrosophic vector spaces, subspaces, and homomorphisms and to 
present some of their elementary properties. 


For our purpose we use multiplication operation (defined in [12]) between indeterminacies 1, I5, ... , Iņ as follows: 
Ls I, = Im iim ,3* 


This work is a continuation of the study on the n-refined neutrosophic structures that began in [12]. 
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2. Preliminaries 
Definition 2.1: [12] 


Let (R,+,) bearing and /,;1 € k € n benindeterminacies. We define Ё„(Т)={а + a1 + = + gig ;€Rjto 
be an n-refined neutrosophic ring. 


Definition 4.3: [12] 


(a) Let R4(T) be an n-refined neutrosophic ring and P = X£ o Pili = (ag + а1+ + gla ; € Pj), where P; isa 
subset of R, we define P to be an AH-subring if P; is a subring of R for all . AHS-subring is defined by the condition 
Р; = В foralljj . 


(b) P is an AH-ideal ifP;aretwo-side ideals of R for all i, the AHS-ideal is defined by the condition P; = B for all 
ji. 


(c) The AH-ideal P is said to be null if P; = RorP, = (0) for alli. 
Definition 2.3 :[5] 


Let( V,-*,: ) bea vector space over the field K; then ( V(I), +, · ) is called a weak neutrosophic vector space over 
the field К, and it is called a strong neutrosophic vector space if it is a vector space over the neutrosophic field K(I). 


Definition 2.4 : [5] 


Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(T) and №(Т be a non empty set of У(Т) 
then W(T) is called a strong neutrosophic subspace if W(I) is itself a strong neutrosophic vector space. 


Definition 2.6 :[5] 


Let U(D , W(I) be twostrong neutrosophic subspaces of V(I)and let РУ (1) 9 Wq) , we say that f is a neutrosophic 
vector space homomorphism if 


(a) f(D-L 
(b) f is a vector space homomorphism. 


We define the kernel of f by Ker(f) = { xE V@); f(x) = Ow o}. 


Definition 2.7 :[5] 

Let v4, vv ; Є V(I)andx € V (Г); we say that x is a linear combination of ( vii 1,,5} if 

х= аур, + : + w, suchthata; € KA). 

The set{v;i= 1,,5} is called linearly independent if a4v4 + + + qv, = Oimpliesa ; = Ofor all i. 


3. Main concepts and res ults 


Definition 3.1: 


Let (K,+,:) bea field, we say that K,(1) = K+ K] + = + = fag al, + + alna i E К}іѕ an n-refined 
neutrosophic field. 


It is clear that К„ (1) is an n-refined neutrosophic field, but not a field in the classical meaning. 


DOT: 10.5281/zenodo.3876216 
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Example 3.2: 

Let K — Qbe the field of rationals. The corresponding 3-refined neutrosophic field is 
0:0) = {a+ bl, + cb + dha,b,c,d E Q}. 

Definition 3.3 : 


Let (V,+,:) be a vector space over the field К. Then we say that V, (I) = V+ V] + = + V= ко + xl + + 
Xnlnx ; € V}is a weak n-refined neutrosophic vector space over the field K. Elements of V, (I)are called n-refined 
neutrosophic vectors, elements of K are called scalars. 


If we take scalars from the n-refined neutrosophicfield K, (1), we say that V, (1) is a strong n-refined neutrosophic 
vector space over the n-refined neutrosophic field K, (I). Elements of K,(I) are called n-refined neutrosophic 
scalars. 


Remark 3.4: 
If we take n=1 we get the classical neutrosophic vector space. 


Addition on V, (/)is defined as: 


Y aili + Ум = Уе + Ву. 
=0 =0 E0 


Multiplication by a scalar m E Kis defined as: 
m+ Yeo Gli = Урота ij). 
Multiplication by an n-refined neutrosophic scalar m = Y. ọ mili € K,(T) is defined as: 
(Veo Mili): Ое tli) = Xg- Mia Mil, 
where a; € V,m; Є К, = р - 
Theorem 3.5: 


Let (У,+,:) be a vector space over the field K. Then a weak n-refined neutrosophic vector space И, (Г) is a vector 
space over the field K. A strong n-refined neutrosophic vector space is not a vector space but a module over the n- 
refinedneutrosophic field К, (1). 


Proof: 

It is similar to that of Theorem 2.3 in [5]. 

Example 3.6: 

Let V — Z, be the finite vector space of integers modulo 2 over itself: 


(a) The corresponding weak 2-refined neutrosophic vector space over the field Z; is 


Wü) = {0,1, Ll,L,l + I,1+ h+ 1,1+1,1+ h} 
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Definition 3.7: 


Let V, (I) be a weak n-refined neutrosophic vector space over the field К; a nonempty subset W, (1) is called a weak 
n-refined neutrosophic subspace of V, (I) if W, (Г) is a subspace off „ (Г) itself. 


Definition 3.8: 


Let V, (I) be a strong n-refined neutrosophic vector space over the n-refined neutrosophic fieldK, (T) ; a nonempty 
subset W, (I) is called a strong n-refined neutrosophic subspace of V, (I) if W, (Г) is a submodule ofV, (Г) itself. 


Theorem 3.9: 


Let V, (Т) be a weak n-refined neutrosophic vector space over the field К, И, (1) be a nonempty subset of V, (1). 
Then W, (Г) is a weak n-refined neutrosophic subspace if and only if: 


x*yeW(D),m:x€e€Wj,(I)forallx,y E W,(I),m E К. 
Proof: 

It holds directly from the condition of subspace. 

Theorem 3.10: 


Let V, (I) be a strong n-refined neutrosophic vector space over an n-refined neutrosophic field K,@), W,(T) bea 
nonempty subset of V, (I). Then W, (Г) is a strong n-refined neutrosophic subspace if and only if: 


x+ y E W(I),m:x E И, (П) forall x,y E W,ü),m € К„@). 
Proof: 

It holds directly from the condition of submodule. 

Example 3.11: 


Let V = K be a vector space over the field R, W =< (0,1) > is a subspace of V, R2(I) = (а, Б) + (m, s)l + 
(k,t)la,b,m,s,k,t € R } is the corresponding weak/strong 2-refined neutrosophic vector space. 


И, = fag + al + 1} = ((0,x) + (0,y)L + (0, z) x,y,z Є В} is a weak 2-refined neutrosophic subspace 
of the weak 2-refined neutrosophic vector space Р2(1) over the field R. 


WC) = (ag + al + Gh} = (0, х) + (0,2) + (0,2)I5x, y,z € R} is a strong 2-refined neutrosophic subspace 
of the strong 2-refined neutrosophic vector space R2(T) over the n-refined neutrosophic field №, (1). 


Definition 3.12: 


Let V,(T) be a weak n-refined neutrosophic vector space over the field К, x be an arbitrary element of V, (D) , we say 
that x is a linear combination of (x1, x5, ... , X4) CVn) orx = ах + &x; + + axya; € K, x E VD. 


Example 3.13: 


Consider the weak 2-refined neutrosophic vector space in Example 3.11, 
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x = (0,2) + (13у € R2(), х= 2(0,1) + 10,0), + 30,12, ie x is a linear combination of the set 
((0,1), (1,0), (0,1)/,} over the field R. 


Definition 3.14: 


Let V,(I) be a strong n-refined neutrosophic vector space over an n-refined neutrosophic field K @), x be an 
arbitrary element of V, (1), we say that x is a linear combination of {x1, X2, .. x4) S hn) is x = ах + ху + 
+ dX: li € Kn, OX i € VW). 


Example 3.15: 


Consider the strong 2-refined neutrosophic vector space R2(I) = ((a, b) + (m, s) + (К, t); b,m,s,k,t ER | 
over the 2-refined neutrosophic field R2@), 


x = (02) + (3,3), + (—1,0) = (2 + 1): (601) + (1+ 5): (11), + (4— 1): (1,0), hence x is a linear 
combination of the set ((0,1), (1,1), (1,0)15] over the 2-refined neutrosophic field R (T) . 


Definition 3.16: 


Let X = {х,,... ‚х,} be a subset of a weak n-refined neutrosophic vector space V,(I) over the field К, X is a weak 
linearly independent set if X£, ajx; = Oimplies ; = Og ; ЄК. 


Definition 3.17: 


Let X = fu,..,x4] be a subset of a strong n-refined neutrosophic vector space V,(1) over the n-refined 
neutrosophic field K, (I) , X is a weak linearly independent set if X£ ах = Oimplies ; = Oa ; € K,(I). 


Definition 3.18: 


Let V,(), W,(I) be two strong n-refined neutrosophic vector space over the n-refined neutrosophic field К, (T) , let 
fV4(0) Unf) bea well defined map. It is called a strong n-refined neutrosophic homomorphism if: 


/@х + by)= af(«)+ bf) forallxyeW(I)abekK,). 
A weak n-refined neutrosophic homomorphism can be defined as the same. 


We can understand the strong n-refined homomorphism as a module homomorphism, weak n-refined neutrosophic 
homomorphism can be understood as a vector space homomorphism. 


Remark: 


The previous definition of n-refined homomorphism between two strong/weak n-refined vector spaces is a classical 
homomorphism between two modules/spaces. We can not add a similar condition to the concept of neutrosophic 
homomorphism (f (1) = 1), since I; is not supposed to be an element of V, (I)if V has more than one dimension for 
example. According to our definition,Ker(f) will be a subspace (which is different from classical neutrosophic vector 
space case) sicnef was defined as a classical homomorphism without any additional condition. 


Definition 3.19: 
Let ғу, (0) ә Unf) be a weak/strong n-refined neutrosophic homomorphism, we define: 


(а) Ker(f) = & € WOS (x) = 0} 
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(b) Im) = ty € U,ü)8x € V „(andy = f(x)}. 

Theorem 3.20: 

Ге: 1,0) ә U,@ bea weak n-refined neutrosophic homomorphism. Then 
(а) Кет) is a weak n-refined neutrosophic subspace of V, (I). 

(b) Im(f)is a weak n-refined neutrosophic subspace of U, (I) . 

Proof: 


(a) fis a vector space homomorphism since V, (1), Unf) are vector spaces, hence Ker(f) is a subspace of the vector 
space V, (1) , thus Ker(f) is a weak n-refined neutrosophic subspace of V, (1). 


(b) It holds by similar argument. 

Theorem 3.21: 

Let f V,,(1) ә U,@ bea strong n-refined neutrosophic homomorphism. Then 
(а) Кет) is a strong n-refined neutrosophic subspace of V,(I). 

(b) Im(f is a strong n-refined neutrosophic subspace of U, (1). 

Proof: 


(a) fis a module homomorphism since V, (Г), U,(T) are modules over the n-refined neutrosophic field K, (I) , hence 
Кет) is a submodule of the vector space V, (Г) , thus Ker(f) is a strong n-refined neutrosophic subspace of V, (1). 


(b) Holds by similar argument. 
Example 3.22: 


Let R2(I) = у + xl; + xLx ox,íx;€ RP, (1) = Yo + yh + yhy о, У, Ух € P] be two weak 2- 
refined neutrosophic vector space over the field R. Consider f:R 2(I) > (I), where 


f (a, b) + (m, n)I, + (К, 5)1,] = (a,0,0) + (т, 0,0)1, + &, 0, OV 2, f is a weak 2-refined neutrosophic 
homomorphism over the field R. 


Ker(f) = (0,5) + (0,1) + (0, S); b,nse R}. 
Im(f) = (а, 0,0) + (m, 0,0) + (k,0,0)/,;a,m,k € R}. 
Example 3.23: 


Let И (7) =< (0,0,1), >= |. (00,a) 4:4 € R,q € RŒ} , 00) =< (0,1,0), >= |. 0,a,0) ae Rq E 
R- (T) } be two strong 2-refined neutrosophic subspaces of the strong 2-refined neutrosophic vector space R2 (Г) over 


2-refined neutrosophic field R;(T). Define fW (7) ^ UC) [q(00,a)5] = 90, 0,0);; 9 € RO). 
fis a strong 2-refinedneutrosophic homomorphism: 


Let A = q(00,a)H, B = (О,0,Ь)1, € W,(I)q 1,92 € R;(D), we have 
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A+ B (qu + ф)(0,0,а + b), f (A + B) = (а, + Ф). (0,а + b, 01, = f(A) + f(B). 
Let m = c + d] + eh € R (l) be a 2-refined neutrosophic scalar, we have 
m:A-c:q(00,a)H + d:q(00,a)HI, + е: 9 (0,0,а)1,1, = 40,0,ca+ да+ ea) „, 
f(mA ) = q(0,ca* да + ea,0 )1, = т: f(A), hence f isa strong 2-refined neutrosophic homomorphism. 
Ker(f) = (0,0,0) + (0,0,0)/, + ©,0,0) ;. 


Im(f) = Ь@). 
Remark 3.24: 


A union of two n-refined neutrosophic vector spaces V, (апау, (1) is not supposed to be an n-refined neutrosophic 
vector space, since the addition operation can not be defined. For example consider V = P,W = Ё,п = 2 


5. Conclusion 


In this paper we have introducedthe concept of weak/strong n-refined neutrosophic vector space. Also, some related 
concepts such as weak/strong n-refined neutrosophic subspace, weak/strong n-refined neutrosophic homomorphism 
have been presented and studied. 

Future research 

Authors hope that some corresponding notions will be studied in future such as weak/strong n-refined neutrosophic 
basis, and AH-subspaces. 
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]. Introduction 


Needs for commodities or products for human life explored and enhanced a revolution 
in industrial sectors. An initially integrated mechanism for production to consumption 
of commodities was only the goals of any firm. Decision policies concerning the pro- 
duction and use of products were the prime concern. Therefore, systematic and 
business-oriented managerial practices were designed for the flow of products, termed 
as supply chain management (SCM). SCM is the procedure of procurement, 
processing, distribution, and consumption of finished products in a clear planning 
timescale. The general structural domain of SCM includes a raw material supplier 
point, a manufacturing plant, a distribution center, and the end-users or customers. 
These echelons are interconnected or interlocked to each other for the movement 
of different materials and products. The organizational and managerial perspective 
of SCM terminates at the end-users of finished products and terminates from ulti- 
mately the next stages related to the three R's (reduce, reuse, and recycle). End-of- 
use and end-of-life products create various environmental issues due to improper man- 
agement of used products. Consequently, harmful impacts due to landfills, contami- 
nation of freshwater resources, and toxic air pollution generated on a large scale 
influenced human life drastically. These issues could not be compensated at any cost. 
To ensure that environmental questions and social concerns arise during supply chain 
design, a government has taken the initiative and established laws that include whole- 
some supply chain practices, termed as the closed loop supply chain (CLSC) network. 
The CLSC design helps in strengthening the ecofriendly practices with end-of-use 
products and reduces environmental impacts. Therefore, to reveal pervasiveness in 
SCM, extension of echelons has been located. Hence the concept of the reverse chain 
has been identified to execute backward processes for used products. Generally, the 
reverse chain consists of different echelons, such as the collection center, recycling 
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point, and disposal sites. The CLSC design contemplates the flow of different mate- 
rials, products, and parts of the used commodity in a well-defined interconnected path. 
Various facility centers in the reverse chain reduce the environmental impacts and 
substantiates ecofriendly production-consumption planning scenarios. For successful 
completion of sustainable trade practices, the significant role of the CLSC design net- 
work would be crucial or at least prominent. Ultimate destinations for end-of-use and 
end-of-life products would be more rigorously depicted in CLSC design. Refurbishing 
and recycling centers inevitably provide services to the used products and parts to 
transform into their useful life. The marginal reduction in different kinds of costs 
and a significant increase in revenues are the counterpart for enhancement in net profit 
throughout the CLSC planning network. 

Consumerism has been a considerable part of the sustainability problem for years 
by imposing a burden with harmful waste through flooding and landfill issues. The 
CLSC business model implements highly efficient management of materials and 
waste minimization strategies that lead to zero-waste generation. The CLSC manage- 
ment network includes either putting all outputs back into the system or incineration. 
A combination of forwarding and reverse material flows to reuse and recycle all 
metals and transform waste into energy. The CLSC can enable manufacturers to take 
a proactive stance toward and ensure easy compliance with electronic waste regula- 
tions. Environmental value is the ease of agreement to be more conscious about the 
environment. A CLSC can allow the business to respond to ecological concerns by 
saving energy and decreasing the input of new materials. Consumer value can be 
achieved by a well-organized customer product returns system that can help ensure 
hassle-free warranties and improve customer loyalty. Improved parts management 
helps the business deliver extended warranties and service agreements that can boost 
customer satisfaction. The acquisition process in CLSC management provides valu- 
able data on common production issues, supply defects, failure rates, product life- 
cycle, consumer complaints, and consumer usage patterns. This information can be 
used to improve product design and development. Minimize wastewater and indus- 
trial sludge production by reducing the amount of water needed for the manufacturing 
process. Procure raw material in bulk (where possible) to reduce the amount of pack- 
aging material that enters the waste stream. Assure precautions to avoid the process 
that causes hazardous waste to be mixed with nonhazardous waste, minimizing the 
amount of dangerous waste that must be stored, treated, and disposed of. Practice 
quality control strategies like ISI 14001 and Six Sigma to help minimize product 
defects. 

The implicitness of uncertainty is trivial in real-life scenarios. Inconsistent, incom- 
plete, inappropriate, inexact, and improper information about various input parame- 
ters such as costs, capacity, and demand in the CLSC design network lead to the 
existence of uncertainty theory. Several aspects inherently affect the modeling and 
optimizing procedure of real-life optimization problem. Abrupt changes in the prices 
of raw materials, hike in fuel rates, increases in required facility locations, behavior of 
fluctuating markets, competition among different companies' policies for customer 
satisfaction, environmental conditions, failing in timely shipment of ordered products, 
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political and governmental policies regarding various taxes over procurement, pro- 
duction, distribution, and management of end-of-use products are the most dominat- 
ing factors for causing uncertainty in modeling approaches. Impreciseness may be 
represented in different forms. The difficulty involved in parameters due to vague 
information can be dealt with by different fuzzy techniques. Fuzziness among param- 
eters most frequently encounters and results in uncertainty modeling. To reflect the 
most common aspect of uncertainty, we have assumed that all the input parameters 
are a triangular and trapezoidal fuzzy number rather than stochastic random vari- 
ables. Defuzzification or the ranking function executes the process of obtaining 
the crisp or deterministic version of a fuzzy number. A robust technique has been 
used, which covers an extensive range of feasibility degrees. Most of the conven- 
tional methods are limited to fuzzy-based solution schemes by defining the mar- 
ginal evaluation of each objective using the membership function. Apart from 
metaheuristic techniques, a tremendous number of research papers have investi- 
gated and implemented the different fuzzy optimization techniques to obtain the 
global compromise solution of the CLSC planning problems. A detailed list of such 
fuzzy approaches can be found in Govindan et al. [1] and Govindan and Bouzon [2]. 
Here in this study, a neutrosophic fuzzy programming approach (NFPA) based on 
the neutrosophic decision has been suggested to solve the proposed CLSC design 
problem. Intuitionistic fuzzy imprecise preference relations among different objec- 
tives have also been investigated and successfully incorporated with an NFPA 
which is together termed as modified NFPA with intuitionistic fuzzy importance 
relations. 

The rest part of this chapter is as follows: In Section 15.2, a literature review related 
to the CLSC network is presented whereas Section 15.3 highlights the significant 
research contribution. Section 15.4 discusses the modeling CLSC design network 
under uncertainty while Section 15.5 represents the solution methodology to solve 
the final model. A real-life case study based on a laptop manufacturing firm is exam- 
ined in Section 15.6, which shows the applicability and validity of the proposed 
approach efficiently. Finally, conclusions are highlighted based on the present work 
in Section 15.7. 


2. Literature review 


The CLSC planning problem has rapidly gained popularity among many researchers. 
The complex and challenging situation during the flow of goods and products from 
different sources to destination points has immensely attracted attention toward 
emerging research scope for the optimal policy implementation or decision-making 
processes to CLSC planning problems. Consequently, different approaches to solve 
the CLSC planning model have been introduced, along with their promising features 
in the context of optimality and applicability under different environments. Thus, here 
we review some existing CLSC models under different uncertainty and discuss the 
approaches adopted to solve them. 
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A well-defined set of the interconnected network for the flow of multiple products 
has also created a very complex configuration of multiechelon CLSC design. Most of 
the existing studies have been presented on multiproduct and multiechelon CLSC 
planning problems. Gupta and Evans [3] have addressed multiple-echelon CLSC 
frameworks for electrical and electronic gadget scrap products. They designed a 
weighted nonprimitive goal programming model for the CLSC model and solved 
the proposed model with the aid of a discrete weighting scheme to the corresponding 
goal preference. Pishvaee et al. [4] designed a robust optimization model for CLSC 
configuration under randomly distributed parameters. The developed modeling 
approach then turned into the deterministic mixed-integer linear programming model 
and they solved this using a robust optimization technique. Ozceylan and Paksoy [5] 
also presented a mixed-integer fuzzy mathematical model for CLSC under uncertainty 
with multiparts and multiperiods. The fuzzy solution approach has been applied for 
both fuzzy objectives and parameters with the help of a linear membership function. 
Özkır and Bash gil [6] developed a multiobjective CLSC model with particular empha- 
sis on the satisfaction level of trade, customer, and net profit incurred over the current 
product’s lifetime in the supply chain network. They adopted a fuzzy set (FS) theory- 
based solution method to deal with the proposed CLSC model. Yin and Nishi [7] also 
discussed an SCM problem with a quantity discount and uncertain demand at each 
echelon. The constructed SCM model resulted in the form of a mixed-integer 
nonlinear programming problem (MINLPP) with integral functions. An outer- 
approximation method has been suggested to solve the MINLPP. An improvement 
in efficiency performance has been achieved by reconstructing the MINLPP model 
into a stochastic programming model with the replacement of integral functions by 
incorporating the normalization method. Ozceylan and Paksoy [8] addressed the 
CLSC planning model under tactical and strategic decision scenarios. The developed 
CLSC planning model has emerged as an MINLPP. They applied a fuzzy interactive 
solution approach to solve the propounded CLSC network design. Garg et al. [9] also 
designed a sustainable CLSC network with the core emphasis on environmental issues 
raised after the end of use and end of life of the used products. They formulated a bio- 
bjective integer nonlinear programming problem for the proposed CLSC network. The 
solution scheme has been adopted and applied by balancing the trade-off between 
socioeconomic and environmental aspects. The interactive multiobjective program- 
ming approach has been used to obtain the optimal allocation of different products. 
Alshamsi and Diabat [10] presented the reverse logistic (RL) system in the CLSC 
design network. The proposed RL texture initiates at the customer level and terminates 
at remanufacturing facilities in the reverse supply chain. The presented study was 
found to be limited to the RLs system. They modeled the deterministic mixed-integer 
linear programming problem with a single objective. A sustainable supply chain net- 
work has been designed by Arampantzi and Minis [11] and incorporates various fac- 
tors, such as social, capital investment, environmental, political, etc., that affect the 
supply chain network directly and indirectly. They formulated a multiobjective 
mixed-integer linear programming problem and solved it by using two different con- 
ventional techniques: the goal programming method and the c-constrained method. 
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Ma and Li [12] discussed a CLSC model for hazardous products under different uncer- 
tain parameters. The motive was to determine the optimal quantity of a shipment 
under a probabilistic environment. To address the scenario efficiently, the proposed 
model has been reformulated as a two-stage stochastic programming model along with 
risk and reward constraints. The two solution approaches, the Parallel Enumeration 
Method and the Genetic Algorithm (GA), have been applied to solve the designed 
CLSC model. 

Fard and Hajaghaei-Keshteli [13] also addressed a tri-level location-allocation 
planning problem for a CLSC network. The modeling study undertaken comprises 
three echelons: distribution center, customer zone, and recovery facility. The prop- 
ounded tri-level CLSC planning model has been solved by using a Variable Neigh- 
borhood Search, Tabu Search (TS), and Particle Swarm Optimization in addition to 
these approaches; Fard and Hajaghaei-Keshteli further applied two recent meta- 
heuristic algorithms, the Keshtel Algorithm and Water Wave Optimization, to obtain 
a feasible solution to the location-allocation problem. Zhen et al. [14] also designed a 
CLSC model with the capacitated allocation of products under uncertain demand for 
new and returned merchandise. The proposed decision-making model turned into a 
two-stage stochastic mixed-integer nonlinear programming problem (SMINLPP). 
Thus, the transformed model resulted in the deterministic demand and capacities 
parameters involved in the designed CLSC model. They also implemented the TS 
algorithm to solve the SMINLPP. Tsao et al. [15] formulated a sustainable supply 
chain design under economic and environmental objectives. The proposed supply 
chain model has taken the form of a multiobjective mathematical programming prob- 
lem under stochastic demand and fuzzy costs. An interactive two-phase fuzzy prob- 
abilistic multiobjective programming problem has been introduced to deal with both 
sorts of uncertainty. Hasanov et al. [16] addressed the optimal quantity of products 
under four-level CLSC with a hybrid remanufacturing facility. The reverse chain 
includes the recovered process, which ensures the reuse of used products at a different 
level. The mathematical modeling framework has been carried out with a particular 
emphasis on remanufactured or returned products, or both. The developed modeling 
approach is aiming to minimize the overall cost incurred over the policies 
implemented during a single time horizon. Fakhrzad et al. [17] presented multiple 
products, periods, levels, and indices in the green CLSC planning model under uncer- 
tainty. The propounded model was then transformed into the multiobjective mixed- 
integer linear programming problem. Since the proposed model was NP-hard, to deal 
with it Nondominated Sorting Genetic Algorithm-II (NSGA-ID has been adopted to 
solve the proposed green CLSC network. Singh and Goh [18] also discussed the mul- 
tiobjective mixed-integer linear programming problem under intuitionistic fuzzy 
parameters. Further, they transformed the multiobjective optimization problem into 
a single objective to solve the model. To achieve an acceptable satisfaction degree, 
different scalarization techniques such as the y-connective approach and minimum 
sum bounded operator have been used. The proposed solution scheme has also been 
implemented to solve the pharmaceutical SCM model. Fathollahi-Fard et al. [19] 
designed a multiobjective stochastic CLSC model with an exclusive focus on the 
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social issues associated with individual requirement and responsibility (such as job 
opportunity). The addressed stochastic CLSC model has been solved by using a couple 
of different nature-inspired algorithms and hybridized into the benefits of both, that is, 
social and environmental domains. Liao [20] presented a reverse logistics network 
design (RLND) for product recovery and remanufacturing processes. The proposed 
model emerged into a conventional mixed-integer nonlinear programming model 
for RLND under multiple echelons. The GA has been adopted as the solution method 
of the proposed RLND model. The formulated modeling structure has been validated 
and implemented with the help of the recycling bulk waste example in Taiwan. 
Zarbakhshnia et al. [21] have also discussed the green closed loop logistics network 
model as the mixed-integer linear programming problem. The undertaken study has 
mainly been concerned with the multiple stages, products, and objectives in the pro- 
posed model. А solution scheme, the c-constraint method, has been chosen to solve 
numerous targets. Dominguez et al. [22] also investigated the role of manufactured 
and remanufactured products in the CLSC with capacitated constraints. The research 
background explicitly reveals the four relevant uncertain factors to determine the effi- 
ciency of executed policies in the system. A managerial insight has been propounded 
that could contribute to understanding decision-making processes. Eskandarpour et al. 
[23] presented a study on the literature review of approximately 80 research papers in 
the field of CLSC planning problems. The chosen study area has been classified 
based on four questions: (1) What kind of socioeconomic and environmental issues 
have been included? (ii) How the problems related to the matters discussed have been 
unified or integrated in the supply chain model? (iii) What sort of solution schemes 
have been applied to solve the modeling problem? and (iv) Which numerical illus- 
trations or computational studies have been taken from real-life applications? Fur- 
thermore, the shortcomings and drawbacks of different models have been pointed 
out, and consequently, the scope for future research has also been intimated. The 
interested reader may refer to the recent publications by Govindan et al. [1] and 
Govindan and Bouzon [2], based on reviewed work in the reverse logistic barriers 
and drivers. 


3. Research contribution 


A tremendous amount of work has been developed and applied successfully on the 
CLSC network in the last few decades. Only a few research works are available that 
have included the testing center as a facility location for the dissembled parts/compo- 
nents [3, 9]. Therefore, this chapter has put more emphasis on the reverse chain and is 
mainly concerned with end-of-use products and end-of-life. The modified 
neutrosophic fuzzy optimization techniques have been used for the first time in the 
field of SCM. 

The following are the significant and remarkable contributions to this presented 
research work. 


The proposed CLSC planning model has been designed for multidimensional echelons, in 
which five multiple echelons have been included in the forwarding chain, whereas six 


712 


Florentin Smarandache (author and editor) Collected Papers, VIII 


various echelons have been integrated into the reverse chain which shows the great concern 
or influence regarding the end-of-use and end-of-life products. The different facility centers 
in the reverse chain ensure that the CLSC planning model is socioeconomic and environmen- 
tally friendly. 

* The different objective functions have been presented to analyze the shares in total capital 
investment over the raw materials and products in the forward and reverse chain individu- 
ally. A new preference scheme has been investigated to achieve better outcomes for the 
preferred objective functions. 

* The uncertainty among parameters has been represented with fuzzy numbers and dealt with 
the expected interval and expected values of the involved parameters. Three constraints have 
been depicted with fuzzy equality in restrictions, which reveals the reality more closely. The 
fuzzy equality constraints are then efficiently transformed into two subconstraints. 

* The NFPA has been developed to solve the proposed CLSC designed model. The proposed 
solution approach has been inspired by the indeterminacy degree that emerged in decision- 
making processes. Indeterminacy/neutral thoughts are the region of negligence for proposi- 
tions’ values, between the degree of acceptance and rejection. It is the first time that the 
NFPA has been applied to solve the CLSC planning model. 

* A novel intuitionistic fuzzy linguistic preference scheme has been investigated to assign 
weight/preference to the most preferred objective functions. The intuitionistic fuzzy linguis- 
tic preference relations have been efficiently integrated with an NFPA and termed as a 
modified NFPA. 

* The proposed CLSC designed model has been implemented on real case study data to show 
the validity and applicability of the proposed solution methods. A variety of different 
solutions sets has been generated and summarized under the optimal choices of quantity 
allocation. 

• The sensitivity analysis has also been performed on the obtained solution results based on the 
feasibility degree В and crisp weight parameter a by tuning them at different values between 
О and 1. 

* The significance of the obtained results has been analyzed along with the remarkable find- 
ings. Conclusions and future research scope have been set out based on the present study. 


4. Description of CLSC network 


A well-organized systematic and interconnected network for the flow of materials, 
products, and parts is much needed to survive in the competitive market. Production 
processes explicitly adhere to the different perspectives of the finished products. 
The conventional supply chain design initiates with the availability of raw resources 
to finished goods and terminates at the consumption points. The globalization of mar- 
kets, governmental legislation, and environmental practices creates many concerns for 
the used products and leads to the existence of a CLSC that inherently ensures the best 
management of end-of-use and end-of-life products. The efficiently expanded texture 
of the supply chain network designed has been widely adopted by the decision maker(s) 
with the inclusion of the reverse chain. Therefore, the CLSC network consists of two 
phases: forward chain and reverse chain for the flow of material, products, and used 
parts. In this study, a CLSC design is presented, which consists of five echelons in 
the forward chain and six echelons in the reverse chain, which is shown in Fig. 15.1. 
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Raw material Supplier point (b) 
storage (a) 


Testing point (i) 


t aS ba s 
P" 24 2 Se 
b 
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— —— Forwardchain | 1 1 1 ------ * Reverse chain 


Fig. 15.1 Proposed closed loop supply chain network design. 


The initialization of production processes starts with the procurement of raw mate- 
rials from the storage center to the supplier point, which in turn supplies the relevant 
raw materials to the manufacturing plant for the production of new products. After- 
ward, the finished products are delivered to the distribution center to fulfill the demand 
of customers or markets. Unlike the forward logistics flow, the reverse logistics flow 
consists of a few more steps. The first step involves collecting defective products from 
customers at the collection center. The end-of-use products are outsourced from dif- 
ferent customers, either directly or via markets. Collection of used products initiates 
the sustainable reverse chain, and collecting the used products maintains the flow 
cycle of products into a different facility phase. The collection center is responsible 
for the optimal distribution of used products for further required services. In most 
cases, returns processors collect fewer defective products, undertake repairs at 
refurbishing centers, and return them to the buyers. At this point, it is worth noting 
that returns processors may remanufacture defective products and ship them back 
to retailers and distributors, who in turn sell them to end users. Alternatively, returns 
processors may recycle defective products to extract materials and parts that can be 
reused in the production process by sending them to a disassembling center. Further, 
the parts and materials are taken to a testing point for the inspection of their further 
utility, and from there the elements that can be used to make new goods are sent back 
to the hybrid manufacturing plant. On the other hand, only the parts that are recyclable 
are shipped to the recycling point, and move forward through the supply chain until 
they reach the end users. The final step involves any materials or parts that are not 
utilized throughout the steps discussed earlier, which reach the disposal center for 
incineration or dumping purposes. 
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To and fro movement of materials, products, and parts throughout the CLSC net- 
work contemplates over multifarious objectives associated with the entire phenome- 
non. Procurement, processing, distribution, and transportation processes turn into a 
significant investment in costs which should be optimized under optimal allocation 
of the commodity. The cost of purchasing raw materials and used products is also 
a measure of great concern. Delivery time of the finished products to the customers 
must be reduced to overcome cancelations of ordered products. Revenues from sales 
of new products and recyclable parts encourage the enhancement of shares in the net 
profit. Hence the proposed CLSC model comprises multiple conflicting objectives 
such as minimization of processing, purchasing, and transportation costs, minimiza- 
tion of expected product delivery time, and maximization revenue from the selling of 
the products. 

The propounded CLSC planning network configuration is based on the following 
postulated assumptions: 


* The propounded CLSC network has been designed for multiple raw materials/parts multi- 
products, and multiechelons along with single time horizons. Each facility location is well 
established and functional for the associated services over the stipulated period. 

* Movement of new products initiates from manufacturing plants to customers, and the flow of 
used products starts from customers to the disassembling center. Meanwhile, the recovered 
products are also shipped after renovation to the distribution center. Therefore, the demand 
for new and refurbished products is met through the distribution center only. 

* Set-up costs associated with different echelons are assumed to be included in the processing 
costs. Revenues are only derived from the selling prices of new products and recyclable 
products, which turn into a contribution to the net profit. 

* The disposal facility is the only route to remove the scrap parts/components from the 
proposed CLSC planning model. The rest of the quantity is assumed to remain in its 
useful life. 

* Uncertainty among different parameters has been considered as fuzzy numbers. The fuzzy 
linguistic term has assigned the preference among different objective functions. 


Indices Descriptions 


The number of raw materials/parts/components storage points (a — 1, 2, 


.., А) 
b The number of supplier points (b — 1, 2, ..., B) 
c The number of manufacturing/remanufacturing plants (c = 1, 2, ..., C) 
d The number of distribution center (d — 1, 2, ..., D) 
e The number of customers/markets (e = 1, 2, ..., E) 
f The number of collection center (f — 1, 2, ..., F) 
g The number of refurbishing/repairing center (g = 1, 2, ..., G) 
h The number of disassembling center (Л = 1, 2, ..., H) 
i The number of raw materials/parts/components testing points 
(== А) 
i The number of recycling points (j = 1, 2, ..., J) 
k The number of disposal centers (k = 1, 2, ..., K) 
1 The number of different products (/ = 1, 2, ..., 1) 
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m The number of raw materials/parts/components storage points 
(m — 1,2, ..., M) 

Decision Descriptions 

variables 

Ха The quantity of raw material m shipped from raw material storage point а to 
supplier point b 

ХО Б The quantity of raw material m shipped from supplier point b to 
manufacturing plant c 

ХЗ) а The quantity of different products / shipped from manufacturing plant с to 
different distribution center d 

Х4| de The quantity of different products / shipped from different distribution 
center d to different customers/markets e 

XS ef The quantity of different used products / shipped from different customers/ 
markets e to collection center f 

X6, fg The quantity of different repairable products / shipped from collection 
center f to refurbishing center g 

XT ed The quantity of different recovered products / shipped from refurbishing 
center g to different distribution center d 

X8, fh The quantity of different unrepairable products / shipped from collection 
center f to disassembling center Л 

XO, hi The quantity of parts/components m shipped from disassembling center h to 
testing point i 

X10, е The quantity of raw material m shipped from testing point i to 
manufacturing plant c 

XO. The quantity of recyclable parts/components m shipped from testing point i 
to recycling point j 

Х12,, ik The quantity of scrap parts/components m shipped from testing point і to 
disposal center k 

ACIE e The quantity of recovered parts/components m shipped from recycling 
point j to raw materials storage point a 

Parameters Descriptions 

D Recovery rate of used products / at refurbishing center 

Che Collection rate of used products / from customer or market e 

Ttm Testing rate of different parts/components m at testing center 

Ty, Reuse rate of different tested parts/components m at manufacturing plant 

I'm Recycling rate of different recyclable parts/components m at recycling 
center 

rdm Disposal rate of raw materials/parts/components m at disposal center 

Parameters Descriptions 

Dam Unit storage cost incurred over raw material m at raw material storage center a 

OW us Unit safety cost incurred over raw material m at supplier point b 

PC3i¢ Unit production cost levied over product / at manufacturing plant c 

РСА; а Unit inventory holding cost levied over product / at distribution center d 

BOSTA Unit collection facility cost levied over product / at collection center f 

PCÓ6,, Unit refurbishing cost levied over product / at refurbishing center g 

PC's Unit disassembling cost levied over product / at disassembling center Л 

PC8,; Unit testing cost levied over each component m at testing center i 


Florentin Smarandache (author and editor) Collected Papers, VIII 


POs 
РС. 
Jo MN 
m 
LES Th 
ТС4 де 
TC5,,.r 
TC6, AS 
NEIN 
TOSI. 
TC9 m ni 
LEIOAN 
TCI. 
TIO 
ТОА 


Тае 


Unit recycling cost levied over raw material m at recycling point j 

Unit disposal cost levied over each component m at disposal center k 

Unit transportation cost of raw material m shipped from raw material storage 
point a to supplier point b 

Unit transportation cost of raw material m shipped from supplier point b to 
anufacturing plant c 

Unit transportation cost of different products / shipped from manufacturing 
plant c to different distribution center d 

Unit transportation cost of different products / shipped from different 
distribution center d to different customer/market e 

Unit transportation cost of different used products / shipped from different 
customers/markets e to collection center f 

Unit transportation cost of different repairable products / shipped from 
collection center f to refurbishing center g 

Unit transportation cost of different recovered products / shipped from 
refurbishing center g to different distribution center d 

Unit transportation cost of different unrepairable products / shipped from 
collection center f to disassembling center Л 

Unit transportation cost of parts/components m shipped from disassembling 
center Л to testing point i 

Unit transportation cost of parts/components m shipped from testing point i to 
manufacturing plant c 

Unit transportation cost of different recyclable parts/components m shipped 
from testing point 7 to recycling point j 

Unit transportation cost of disposable parts/components m shipped from 
testing point i to disposal center К 

Unit transportation cost of recovered parts/components m shipped from 
recycling point j to raw materials storage point a 

Unit transportation time required to ship different products / from distribution 
center d to different customers/markets e 

Unit purchasing cost of raw materials/parts/components m 

Unit purchasing cost of different used products / 
U 
U 


E 


nit selling price of different recyclable parts/components т 

nit selling price of different new products / 

Maximum available quantity of raw material m at raw material storage 
center a 

Maximum available quantity of raw material m at supplier b 

Minimum required quantity of raw material m at manufacturing plant c 
Maximum available quantity of new products / at distribution center d 
Minimum demand quantity of different new products / by customers or at 
markets e 

Maximum collection capacity of different used products / at collection 
center f 

Maximum refurbishing capacity of different repairable products / at 
refurbishing center g 

Maximum disassembling capacity of different parts/components m at 
disassembling center Л 
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MC9 m,i Maximun testing capacity different scrap parts/components m at testing 
point і 

MC10,, ; Maximum capacity of recyclable parts/components m at recycling point j 

МС11,„ д Maximum disposal capacity of disposable parts/components т at disposal 
center К 


41 Multiple objective function 


The typical and efficient CLSC model always comprises multiple conflicting objec- 
tives for both forward and reverse chains, which are to be attained simultaneously. 
Here, we highlight the different costs associated with ahead and change strings sep- 
arately to analyze the echelon-wise effects in terms of expenditure on the overall 
CLSC planning problem. 

Objective 1: Total processing costs. Initially, the raw materials have been stored at 
a raw material storage center to ensure the smooth running of the CLSC design. The 
processing cost indicates the different sort of value at each echelon such as storage 
cost at the raw material storage center, safety cost at the supplier point, production 
cost at the manufacturing center and inventory or distribution cost at the distribution 
center, levied on the unit raw material or new products. The significant reduction in 
these processing costs automatically results in the maximum margin of profit. The 
reverse chain also contains multiple echelons with different processing costs associ- 
ated with them. Here, the processing cost refers to the value of the collection at the 
collection center, the cost of disassembly at the disassembling center, the refurbishing 
cost at the refurbishing center, the cost of testing at the testing center, the cost of 
recycling at the recycling center, and the disposal cost at the disposal point, respec- 
tively. The designed network facility executed by each echelon ensures that the com- 
monly used products in the reverse supply chain survive at their end-of-life use or 
disposable condition. Thus the first objective function ensures the minimization of 
the processing costs at different echelon in the forward chain under the optimal quan- 
tity allocation. 
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Objective 2: Total transportation costs. 

The transportation cost is one of the well-known objective functions under CLSC 
design. Typical and interconnected transportation networks within each echelon in 
CLSC design yield high transportation costs. In the forward chain, the shipment of 
raw material from the raw material storage point to the supplier point and from the 
supplier point to the manufacturing plant integrates the marginal shares in the total 
transportation cost. The delivery of new products from the manufacturing plant to 
the distribution center and from the distribution center to customers also has a signif- 
icant role in attaining the gross profit in the proposed CLSC network. The propounded 
CLSC network has put more emphasis on the reverse chain by including more facility 
locations compared to the forward chain. The to and fro shipment of used products and 
raw parts/components results in high transportation costs. The reverse chain network 
allows the recovered products and tested parts/components to enter into the forward 
chain directly from the refurbishing center to the distribution center and from the test- 
ing point to the manufacturing plant without touching the recycling facility. Hence to 
and fro shipment of products and parts/components from multiple different echelons is 
turned into high transportation costs. Therefore, the second objective function results 
in the minimization of to and fro transportation costs to varying echelons in the for- 
ward chain for the maximum shipment quantity of products under the optimal alloca- 
tion policy. 
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Objective 3: Total purchasing cost of used products and raw materials. 

In this proposed CLSC design, the purchasing of raw material and used products at 
two echelons has been allowed. The purchasing cost of raw materials from the supplier 
point and the purchasing cost of used products from customers yields the total pur- 
chasing cost. However, these costs leave a significant margin among the new out- 
sourced products by contributing less operational costs on the recovered products. 
Therefore, the third objective function ensures the minimization of the total purchas- 
ing cost of raw materials and different used products from suppliers and customers to 
maintain the efficiency of the manufacturing plant. 


M L 
Minimize 23 = У "PU1,X2,, b,c + у РОХ, У b.e f. 
m=1 1=1 


Objective 4: Products delivery time. 

The most critical issue in CLSC design is to determine the optimal time policy during 
the whole process. Notably, the shipment time of new products from the distribution 
center to different customers must be attained under the stipulated delivery period at 
the time of the ordered quantity. The goodwill and reputation of the company are 
strongly connected with delivery time. The latter also reduces the loss of any perish- 
able products that happens due to delay. Moreover, cancelation from the customers’ 
side would be almost negligible with the timely transshipment of the products. Hence- 
forth, the fourth objective dynamically ensures the minimization of the total shipment 
time of different new products from the distributor to customers to maintain the rep- 
utation and reliability of the company. 
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Objective 5: Revenues from the sale of new products and recyclable partsi 
components. 

By the significant increase in the sales ratio of new products and recyclable parts/ 
components, a marginal profit could be extracted. Selling of new products at higher 
quantities covers the maximum part of the capital investment during the production 
and distribution processes—recyclable parts/components are also a reliable source 
of profit from its sales. The selling price of the new products has a significant contri- 
bution toward the net profit and simultaneously yields in the contribution to gross 
profit. Thus the fifth or last objective function ensures the maximization of new prod- 
ucts selling to survive in the competitive market with the maximum turnover of the 
new products under the optimal production policy. 
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42 Constraints 


The following are the relevant constraints or restrictions under which the objective 
functions are to be optimized by yielding the most promising and systematic strategies 
for allocating different raw materials or parts/components and various products 
among multiple echelons in the proposed CLSC designed model. For the sake of con- 
venience, we have categorized all the constraints under six different groups, and these 
can be summarized as follows. 


4.2.1 Constraints related to the capacity of different 
echelons in the CLSC network 


The procurement of raw materials initiates from the raw material storage center where 
the abundance or stock of raw materials has been kept to fulfill the demand from 
suppliers. Therefore, the total shipment quantity of different raw materials from the 
raw materials storage center to the supplier must not exceed its capacities and can 
be represented by Eq. (15.1). Supplier points also have a limited ability for the flow 
of different raw materials to maintain the intake and outsourced ratio. It is essential for 
the supplier to hold some raw materials for distribution at times of scarcity, when raw 
material storage functioning is interrupted over a stipulated time. Hence the con- 
straints imposed over the number of raw materials shipped from the supplier point 
to a different manufacturing plant must less than or equal to the capacity of suppliers 
and can be presented by Eq. (15.2). The collection of used products from different 
customers starts the key functioning role of the reverse chain. It is the very first stage 
at which the end-of-use products are collected by the collection center. It must be 
assured that the accumulation quantity of used products from different customers must 
be less than or equal to the capacity of various collection centers and can be represen- 
ted by Eq. (15.3). A well-organized system of collection centers provides frequent ser- 
vices to the used products so that all the end-of-use products are refurbished and can be 
used further without significantly affecting the demand. After ensuring the required 
services for used products, it has been allowed to ship the used merchandise from 
the collection center to the refurbishing center for renovating processes. Hence the 
total quantity of used products must not exceed the capacity of the refurbishing center 
and can be given in Eq. (15.4). The number of used products that need testing services 
for their further utilization has been shipped to the disassembling facility to disassem- 
ble the used products into different components or parts. To ensure that the number of 
used products which have been sent for dismantling purpose must be less than or equal 
to its capacity and can be represented by Eq. (15.5). After completing the required test 
for the parts/components, the recyclable quantity of parts/components has been sent to 
the recycling facility, which denotes the last echelon of the CLSC network. To ensure 
the number of recyclable parts/components received from different testing points must 
not exceed the maximum capacity of the recycling center and can be stated in Eq. 
(15.6). After testing procedures, end-of-life parts or components are declared as dis- 
posable parts/components and shipped to the disposal center in good time to reduce 
environmental issues. Hence to avoid the burden on landfills and underground 
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disposal, the number of disposable parts/components must not exceed the maximum 
disposal capacity at the disposal center and this can be represented by Eq. (15.7). After 
recycling processes, the parts/components are transformed into new raw materials and 
ready the shipment to the raw material storage center. To fulfill the stock capacity of a 
natural material storage center, the number of raw materials must be greater than or 
equal to its minimum storage capacity for the smooth running of the production 
system, and this can be represented by Eq. (15.8). 
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4.2.2 Constraints related to production requirement 


An efficient production system is an integral part of the CLSC network. Hybrid 
manufacturing/remanufacturing plants play a vital role in the optimal production of 
new products. Therefore, particular minimum requirements must be met to start the 
production processes. To ascertain the minimum condition of raw materials from 
two sources, the supplier point and testing center, the number of raw materials from 
two references must be greater than or equal to their production capacity at different 
manufacturing plants, and this can represented by Eq. (15.9). 
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4.2.3 Constraints related to maximum inventory at the 
distribution center 


The distribution center is responsible for the shipment of products to different cus- 
tomers/markets. The demand for a new product is uncertain and only can be predicted 
based on previous information. Thus, to avoid the inventory cost and ascertain the 
maximum capacity restriction at the distribution center, the incoming products from 
manufacturing plants as well as refurbishing centers must be less than or equal to the 
maximum capacity of inventory at the distribution center, and this can be achieved by 
Eq. (15.10). 


C G 
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4.2.4 Constraints related to demand of new and refurbished 
products 


The most important and critical aspect of integrated CLSC is to fulfill the demand of 
customers or markets. The need for products is seldom stable. However, it can be 
predicted through prior information from the demand pattern. The only distribution 
center is responsible for the delivery of new products to the customers in this proposed 
CLSC network. To ensure this, the number of shipped products from the distribution 
center to different markets must be higher than its tentative demand over the stipulated 
ordered period, and this can be represented by Eq. (15.11). 


E 
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4.2.5 Constraints related to the testing capacity at testing 
facility centers 


The testing facility has been designed for taking the final decision over the parts or 
components regarding at which echelon they are to be transported. From a testing 
point, there are three facility options for the processing of tested parts/components. 
The manufacturing plant, recycling center, and disposal center have been structured 
for the final termination of the reverse supply chain. Hence the total sum of the number 
of parts/components that are transported from the testing plant to different facility 
locations must be less than or equal to the maximum capacity of the testing point, 
and this can be represented by Eq. (15.12). 
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4.3 Proposed CLSC model formulation under uncertainty 


The formulation of different conflicting objective functions and with some dynamic 
constraints under the proposed CLSC network has been presented in previous sec- 
tions. Usually, the modeling texture of the CLSC network has been regarded as deter- 
ministic, which means that all the introduced parameters and constraints are known 
and predetermined well in advance. However, it is often observed that a deterministic 
modeling approach under CLSC design may not be an appropriate framework in 
decision-making processes. The typical multiechelon interconnected CLSC design 
model inherently yields some uncertainty. Impreciseness, vagueness, ambiguousness, 
randomness, incompleteness, etc., are the most common and frequent issues in the 
CLSC model. Different factors are responsible for the creation of uncertainty in 
the modeling of the CLSC network. Random fluctuation in the demand quantity, com- 
petitive market scenario, natural tragedy, variation in different kinds of costs, etc., laid 
down the base of uncertainty. In various adverse circumstances, the complete infor- 
mation about different parameters is not predetermined, but some inconsistent, 
improper, and incomplete information may be available to determine the deterministic 
value of the parameters. Uncertainty may exist in different forms, such as fuzzy, sto- 
chastic, and other types of risk. Vagueness or ambiguousness is responsible for fuzzy 
parameters which can be dealt with using the fuzzy techniques, whereas randomness 
gives birth to the stochastic parameters and can be quickly sorted out by using stochas- 
tic programming techniques with known means and variances of the parameters. 
Therefore, to highlight the most critical insight of the uncertainty, we have incorpo- 
rated fuzzy parameters and few fuzzy equality constraints in the proposed CLSC 
designed network. Various cost parameters, such as processing costs, transportation 
costs, purchasing cost, selling prices, and time, have been taken as fuzzy parameters. 
The capacities or volumes of different echelons are also considered as fuzzy numbers. 
Inequality restrictions imposed over different constraints may avoid some aspects of 
getting better results from the CLSC planning model. Flexibility, among some 
preferred limitations, has been postulated to reveal reality more clearly. Hence we 
have developed a couple of fuzzy equality constraints (=) which means 
"essentially equal to" which signifies that the restrictions should more or less be sat- 
isfied and are more flexible than inequality constraints (Eqs. 15.22-15.24). The cus- 
tomer demand constraint has been assured with fuzzy equality constraints due to the 
change in utility or satisfaction behavior of the customers. The disposal facility is a 
single way for the removal of scrap parts/components out of the CLSC network. 
The testing facility plays a vital role in inspecting different parts/components. The 
optimum allocation of used parts/products has been decided at the testing facility 
point. Three various service destinations have been designed for the parts/components 
according to their potential utility after inspection. Therefore, more or less shipment 
quantity of parts/components is justifiable to ensure the optimum allocation to differ- 
ent facility centers. Hence, the proposed model with multiple objective functions and 
various constraints under uncertainty has been presented in model М. 
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: Minimize Z, = Y. aXlp,a, b + »3»: bX 2m,b,c 


т=1 а= m-lb-l 


+ уув X31, c,d +t DD] аХ4|, d,e 


=1 с=1 


DX ct LPC, «Хб f. a 


=1 g=1 


D» nX81 p. n D» :Х10, ic 


i=1 i= 


+ »»3:5 ХИ + S kX12, ik 


m=1 j=1 т=1 k= 
Minimize LZ) = = 3 Y 6, а, bX lm, a,b + Dis b, сХ2,, b,c 
m-la-lb-l m=1b=1 c= 
L D E 
ху Take LY) ITELT 
=1 c=1 d=1 =1 d=1 e= 
L E F G 
+ 2.2 105 РХ, «Ууу om 
=I e=1f=1 Iz] f=1 g=! 
L G D 
TCX Tiga 
=1 g= 
222788 nX8, у, h 322390. h, iX9m, h,i 
=1 f=1 h m=1 i=1 h= 
YY тоон 37 3 TET i XI 12 
m=1 i= m=1 i=1 j= 
222765. „ЕХ12 YY ea, Do Shoe 
m=1 i= m=1 j=1 a=1 


Minimize 23 = 377 mo DAA 51, 
m=1 1=1 


L D E 


Minimize Z4 — 22 2i d.eX41,4,e 


=] d=1 e= 


Maximize Z5 = Y5591,X2,, b,c + Y^5P2,xs, ef 
m=1 l=1 
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subject to 

B —— 
STA s X МС1 m,a» (15.13) 
b=1 

C —_— 
bc x MC2,b, (15.14) 
с=1 

В 1 mL. 
Y Хә» + У rmsX10,,;: > MC3 mcs (15.15) 
b=1 i=1 

С С 2 
X ХЗ са + У XT < МСА а, (15.16) 
с=1 5=1 

Е —— 
M утсеХ5е.у < MC6, ;, (15.17) 
е=1 

G —_— 
S Хб. < МСТ, (15.18) 
2=1 

Н —_— 
X8 x MC8,4, (15.19) 
h=1 

I —_— 
o rrnX 1 „у € MC10m,j, (15.20) 
1=1 

Ј 2. 
SAB nga 2MCl;a. (15.21) 
j=l 

E —_— 
S X43 MC5,,, (15.22) 
е=1 

I —— 
S rasX12,,; MCI, (15.23) 
1=1 

C J K 6 
Уве + oxi lanj + S  rtmX 12m „МС. (15.24) 
с=1 j=l k=1 


Where notations (7) over different parameters represent the triangular/trapezoidal 
fuzzy number for all indices' sets, the fuzzy crisp inequality constraint has been 
described by (<, >). The fuzzy equality constraints indicate that more or less attain- 
ment has been represented by (=) for the given indices’ sets. 
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5. Solution methodology 


5.1 Treating fuzzy parameters and constraints 


The addressed CLSC mathematical model inherently involves some vagueness and 
ambiguousness in the value of different parameters such as costs, capacity, revenues, 
etc. Defuzzification and the ranking function are the processes to obtain crisp versions 
of the fuzzified parameters based on the upper and lower magnitude of the vague 
parameters. On the other hand, the vagueness or uncertainty present in the equality 
or inequality constraints also needs to be defuzzified, and then converted into the strict 
crisp equality or inequality form of the constraints. To deal with vague or fuzzy 
parameters and constraints, different defuzzification techniques have been used in 
the literature. Among all the defuzzification approaches for uncertain parameters 
and constraints, Jiménez [24] and Jiménez et al. [25] discussed the combo 
defuzzification or ranking approach, which deals efficiently with the vague parame- 
ters as well as vague constraints. They also elaborately discussed the strong justifica- 
tion for ranking approaches with the help of different properties such as robustness, 
distinguishability, fuzzy or linguistic notations, and rationality. Later on, it has been 
extensively used by many researchers (see [25—27]). Without more justification on the 
ranking function, this chapter has adopted the defuzzification or ranking function for 
both vague parameters and constraints based on the Jiménez [24] approaches. 


Definition 15.1. Jiménez et al. [25] 

An FS defined over any universe of discourse is said to be a fuzzy number if the mem- 
bership function is increasing semicontinuously in the upper interval and decreasing 
semicontinuously in the lower range, respectively. Therefore, the membership func- 
tion of a fuzzy number along with f(x) and g5(x), which are the left- and right-hand 
sides of the membership function, can be given as follows: 


0 ifx<@,orx> dy 

(х) if $, Ex d» 

gg(x) if $3 Xx € gy, (15.25) 
| if p <x< es 


where ф = (ф,.ф,фз,Фа1) represents a fuzzy number. A fuzzy number 


ф = (1.45.43, Фа) is said to be trapezoidal if (х) and g(x) exist. Also, if ф = 
$5, then one can obtain a triangular fuzzy number. 


Definition 15.2. Jiménez et al. [25] 


The representation of an expected interval for the fuzzy number ф can be provided as 
follows: 


7 1 1 
нф) - t.et) - f лда, [ f'a, (1526) 
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The half point of the expected interval of the fuzzy number ф is termed as its expected 
value and can be shown as follows: 


E? + E? 
RE | (15.27) 


EV($) = | 2 


Hence the expected interval and expected value for a trapezoidal fuzzy number 


ф = (1.45.4. 4) can be obtained as follows: 


Еф) = = e (15.28) 
ЕҮ(ф) = eren (15.29) 


For any trapezoidal fuzzy number ф= (Ф\,фә,фз.фд), if фо = фз (say ф) then it 


reduces into a triangular fuzzy number ф= (¢,,¢,¢4) and; its expected interval 
and expected value can be derived as follows: 


Еф) = Е (15.30) 
ЕҮ(ф) = eec (15.31) 


Definition 15.3. Jiménez et al. [25] 

Suppose that there are two fuzzy ф and y such that both have semicontinuous increas- 
ing and decreasing membership functions for upper and lower intervals, then the 
degree in which ф is greater than iy can be easily pointed ош by constructing the 
following membership function: 


0 if B= EY <0 
& E? — E 
бү(ф,ў)= шы if 0€ [E? — EY, E? — EV], (15.32) 
v($ y) ЕЎ — BY — (E$ EV) [ 1 2552 |] 
1 if Ef —EY >0 


where [E?, E$] and [EY, EY] represent the expected intervals of ф and iy. If 
бу (ф,ў) = 0.5, then one can say that both ф and i are indifferent. 
Consequently, if бү (o) > В, then one can say that ф is greater than or equal to ў, 
at least in a degree f, and can be mathematically represented as ф 2840 г. 
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Definition 15.4. Jiménez et al. [25] 
Introducing a decision vector X such that x ЄК”, then we can assign a feasibility degree 
P if for at least 


min [бу ($;X.iy;)] = 8, (15.33) 


where $i = (65. 2. sida): 


Intuitionally, in another sense, it can be written as 
ф,Х>рў, У i=1,2,...,v. (15.34) 


Incorporating the concept of (Jiménez et al. [25]) in the above inequality, equivalently 
we have 


Eo E ET 
E” =E – (Е! — Ез!) 


>В Vi=1,2,...,v. (15.35) 


On simplifying the above inequality equation, the equivalent inequality relations with 
feasibility degree f have been derived as follows: 


((1—8)Е? + PEt’) X > (ВЕУ (1 — B) ET). (15.36) 
Furthermore, it can be concluded that the f-feasible fuzzy equalities, such as 
PX pyi Vi=v+l,v+2,...,V, (15.37) 


can also be defuzzified in a similar fashion to the ranking function approach for fuzzy 
inequalities and can be given as follows: 


(( -5)#® E) x> (er + ( 9] (15.38) 
(Set + ( et’) X< (( as «ser. (15.39) 


Therefore, the fuzzy equality constraints result in the doubly crisp auxiliary inequality 
constraints for representing the restrictions with half of the /-feasibility degree by 
balancing an equilibrium state for the fuzzy equality constraints. 


In order to obtain the crisp version of the proposed CLSC model, we have used the 
expected values [25] of the triangular fuzzy parameters present in the objective func- 
tions such as transportation cost, processing cost, purchasing cost, time, and revenues, 
whereas the trapezoidal fuzzy parameters such as different capacities involved in the 
constraints have been defuzzified by using the concept of the expected interval [25] of 
the parameters. Based on the above-discussed defuzzification approaches, the fuzzy 
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parameters and constraints have been converted into their crisp versions, which has 
been also shown in Table 15.1. 


М A ae M B NN 
Mp: Minimize Zj =} | S! EV(PCI)m aX15, a5 >, > EV(PC2)m,6X2m,b,c 
т=1а=1 m=1b=1 


BoC ee LD __ 
+ УУ ЕУ(РСЗ) X314 УУ EV (PCA) аХАа е 


I-1c-i I-1d-l 


p» (PCS) ТЭЭ (PC6), «Хб f. 


—lg-l 
L H TERES M I — 
+ OY LEV(PCT), 4X8, p.i * 7 EV(PC8), X10, с 
1=1л=1 1=11=1 
M J M K 
+>) EV( PC9) in, уж 2,2," PC10)m XXI ik 
т=1)=1 т=1к= 
М A B p M B C РВЕ 
Minimize Z; = У У X EV(TC1)m a bX1ma b+ УУ У LEV(TC2)n ьсХ2њ ьс 
m=la=1b=1 m=1b=1c=1 
L C D L DE 
+A M EV( (TC3) 2 У У EV (TC4), а. eX4i 
1=1с=14=1 =14=1е= 
L Е Е G 
DRM (TC5) T +O ЕУ (TC6) ),f.gX6L f. 
l=le=lf= l=1f=1g=1 
L G D L F H 
p» (TCT) NgaXTigat УУ ВУ TC8), f, һХВ| у, 
l=1g=ld=1 =1f=1h= 
M I H 
Е УУУ (TC9) )m, h, iX9g hi + yyy (ТС10) )m, i, cX Om, Lc 
m-li-lh-l т=1і=1с= 


Ј 


M I = M I K 4 
+ XO YOY EV(TCIDa i jX llm ijt УУ у EV(TC12) m i X025 ik 


m-li-lj-l m=li=1k=1 


M 


J A pee 
ES 5 УУ > ЕҮ(ТС13 )m. j.aX13m, j.a 


m=1j=la=1 


M 
Minimize Z3 =) > EV (PUI )mX2,, p.c + Ури (PU2) De 
т=1 1=1 


L D E 


Minimize Z4 ^ x 24 V(T )id,eX41,d.e 


=14=1е=1 


Maximize 75 = 5 EV(SP1) X25, p.c + Y» SP2)iXS,, f 


m=1 
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Table 15.1 Information regarding triangular/trapezoidal fuzzy parameters. 


Fuzzy parameter 


Triangular/trapezoidal fuzzy number 


EIC) - (£0, £9] 


Collected Papers, VIII 


EV(.) 


РС»... 


ШО 


PC ‚ҮРС+®) ‚РС+®)) 


TCXU TC ITO.) 


PU pu xÊ} ,pu«Q) 


SP «UD SP ж) 8Рж(2)) 


MC”) MC} ‚мс «O MC) 


Notes: * represents the different numbers 1, 2, 3, ... used in parameters. 
(ж, ж) and (=, є, ж) in suffixes represent the different indices set. 
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Ое шоа 
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PUXU +РИЖ?, pus e Pus) 
2 , 2 


** 


2 2 2 


SP& + 5р0) spa е 


** 


2) i 2 


МС) +МС*0) мс) — 


| 


PC 4 2PC#, + pcs) 
4 


TCK, , e2T0«9. , TOO), 
4 


ТООТ КЕД 
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subject to 

‘ - e 
SX nat «(1s pO x api C Dno, (15.40) 
SET < (1-p)E e peto (15.41) 
Э be domno, с> ВЕН» 4 +1- AEVO, (15.42) 
329 53 R < (1 ВЕ С + ЕИ, (15.43) 
2 MC6 MC6 
Уу утсеХ5е.у <(1 — p) ENS "+ p e (15.44) 
е=1 

а MCT мст 
У Хб < (1-8) ЕС", (15.45) 
g=1 

F "S a 
Y X84, € (1 B)EJ + BELO, (15.46) 
I R a 
УХ, € (17 )5j ger aape (15.47) 
© "E TEN 
S > BEMCIme + (1 — В}ЕМС!”, (15.48) 
j= 

Р nahi 22 
У rdnX 12m i ED + ( -£ ED (15.49) 
: PU - 
У 4,12, < ( -5) EYO "К+ PEINE (15.50) 
z В cs PN мс» 
SoX4iae2 Еу + (1 EJ) He (15.51) 
- 2 2 

z т uet 
OPE: ( 5) вне, «Ere (15.52) 
e=1 

c ( d (ЭЖ WS 
X тыХ10б е + \тьХ11 у) + RI SD > 562 ті Е (1 Sat 
с=1 j=l k=1 

(15.53) 
c ч А BY uico... В „мс 
Ут, Х10, е 223,5 I mij + S тыХ12 н < ( 2) в "+ "n un 
с=1 j=l k=l 
(15.54) 
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5.2 Neutrosophic fuzzy programming approach 


The multiobjective optimization problems are prevalent in real-life scenarios. Due to 
the existence of complex and conflicting multiple goals or objectives, the task of 
obtaining optimal solutions is a vital issue. The different conventional optimization 
techniques for obtaining the compromise solution of multiobjective programming 
problems are based on the marginal evaluation (degree of validity) for each objective 
(say Z,) in the feasible solution set. By marginal evaluation, we mean a transformation 
function (say и(2„) — [0, |а €[0, 1]) that assigned the values between 0 and 1 to each 
objective function which shows that the decision makers' preferences have been ful- 
filled up to a level of satisfaction. Therefore, the quantification of marginal evaluation 
is based on the different decision set theory. Initially, Zadeh [28] proposed the FS the- 
ory, which explicitly contains the membership function (degree of belongingness) of 
the element into the feasible solution set. Later on, Zimmermann [29] introduced the 
fuzzy programming approach to solve multiobjective optimization problems. In a 
fuzzy programming approach, the quantification of marginal evaluation is represented 
by a membership function, which only maximizes the degree of belongingness under 
the fuzzy decision set. The extended version of the fuzzy optimization technique has 
been applied in a wide range of real-life applications. Furthermore, the generalizations 
or extensions of the FS were initially proposed by Atanassov [30] and named the 
intuitionistic fuzzy set (IFS). The analytical coverage spectrum of IFS is versatile 
and flexible compared to FS as it deals with the membership (degree of belonging- 
ness) as well as nonmembership (degree of nonbelongingness) functions of the ele- 
ment into the feasible set. Based on IFS, first Angelov [31] proposed the 
intuitionistic fuzzy programming approach to obtain the compromise solution of 
the multiobjective optimization problems. The quantification of marginal evaluation 
of each objective function under the IF decision set depends on the membership and 
nonmembership functions, which are to be achieved by maximizing the membership 
function and minimizing the nonmembership functions simultaneously. The 
intuitionistic fuzzy programming approach has been extensively studied with various 
real-life problems. 

In the past few decades, it has been observed that the situation may arise in real-life 
decision-making problems where the indeterminacy or neutral thoughts about an ele- 
ment into the feasible set exists. Indeterminacy/neutral is the region of the negligence 
of a proposition's value and lies between a truth and falsity degree. Therefore, the fur- 
ther generalization of FS and IFS has been presented by introducing a new member 
into the feasible decision set. First, Smarandache [32] investigated the neutrosophic 
set (NS) which comprises three membership functions: truth (degree of belonging- 
ness), indeterminacy (degree of belongingness up to some extent), and falsity (degree 
of nonbelongingness) functions of the element into the NS. The word neutrosophic is 
the hybrid mixture of two different words, neutre, taken from the French, meaning 
neutral, and sophia, derived from the Greek, meaning skill/wisdom, which literally 
gives the meaning knowledge of neutral thoughts (see [32]). The independent indeter- 
minacy degree is sufficient to differentiate itself from FS and IFS. Recent literature on 
the NS reveals that many researchers have taken an interest in the neutrosophic 
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domain (see [33—36]) and this is likely to be a prominent emerging research area in the 
future. This study has also taken advantage of the versatile and effective texture of a 
neutrosophic fuzzy decision set to develop the NFPA. The NFPA has been designed to 
solve the proposed CLSC model with multiple objectives under the set of constraints. 
The NFPA quantifies the marginal evaluation of each objective function under three 
different membership functions: truth, indeterminacy, and falsity membership func- 
tions. Thus the NFPA optimization techniques for the multiobjective optimization 
problem has a significant role in the implementation and execution of the neutral 
thoughts in decision-making processes. 

Definition 15.5. Neutrosophic set [32] 

Let there be a universe discourse Y such that y €Y, then an NS W in Y is defined by 
three membership functions, truth pw(y), indeterminacy qw(y), and falsity ry(y), and 
denoted by the following form: 


W = (.pw(y).awGQ).rwQ))ly EY}, 


where pw(y), qw(y), and губу) are real standard or nonstandard subsets belonging to ]O , 
1*[, also given as py(y): y = ]07, 41, rw): Y = ]07, 1, and ry(y) : Y = ]07, VL. 
There is no restriction on the sum of pw(y), qw(y), and губу), so we have 


0  Xsuppw(y) + qw(y) + зир гу (у) €3*. 


Definition 15.6. Smarandache [32] 
Let there be two single-valued NSs A and B, then C = (AUB) with truth рс(у), inde- 
terminacy qc(y), and falsity rc(y) membership functions are given by 


Pc(y) = max (рд(у),рв(у)), 
qc(y) = min (ga(y).ga(y)), and 
rc(y) = min (ra(y).rg(y)) for each y ЄЎ. 


Definition 15.7. Smarandache [32] 
Let there be two single-valued NSs A and B, then C = (AN B) with truth рс(у), inde- 
terminacy qc(y), and falsity rc(y) membership functions are given by 


Pc(y) = min (ра(у),рв(у)). 
qc(y) = max (qa(y).qa(y)). and 
rc(y) = max (ra(y).ra(y)) for each y ЄЎ. 


First, Bellman and Zadeh [37] introduced the idea of the fuzzy decision set (D) 
which contains a set of fuzzy goals (G) and fuzzy constraints (C). Later on, it was 
widely used in many real-life decision-making problems. Thus, a fuzzy decision 
set (D) can be stated as follows: 


D=GNC. 
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Equivalently, the neutrosophic decision set Dyeutrosopnic, With a set of neutrosophic 
goals and constraints, can be given as follows: 


DNeutrosophic = (Ay Go) (Es) = (y, PD (y) ‚@р (у), Гр (y)) , 


where 


рс. (У),ро, (У), ---.рво(У) 
po) = тіп 4 рс, (у),рс, (У), -Pew O)? V y €Y, 


qa (5),4с 0)... 469 (Y) 
ар(у) = тах ас. O) da (У), «++ Icy (У) Уує Y, 


ra (у), ко, O) TG) 
rp(y) = max + ra (у), roO) roO) р YyEY, 


where the truth, indeterminacy, and falsity membership functions have been represen- 
ted by pw(y) qw(y) and ry(y) under neutrosophic decision set Dyeutrosophics 
respectively. 

The marginal evaluation for each objective function by using the transformation 
functions of truth py(y), indeterminacy уубу), and falsity ry(y) membership functions 
can be derived with the help of the upper and lower bounds of each objective function. 
The solution of each single objective under the given set of constraints provides the 
upper and lower bounds for each objective function and can be denoted as U, and L, 
with a set of decision variables Х!, X?, ..., Х, respectively. 

Mathematically, it can be shown as follows: 


U, = max [2,(Х°)] and L = min [Z (X?) Vo=1,2,3,...,0. (15.55) 


The upper and lower bounds for o objective function under the neutrosophic environ- 
ment can be obtained as follows: 


U? =U,, L =L, for truth membership, 
Ut =L +so, L4 =L; for indeterminacy membership, 


U; =U?, L =L? +1, for falsity membership, 


where 5, and tọ € (О, 1) are predetermined real numbers assigned by the decision 
maker(s). With the help of upper and lower bounds for each of the three membership 
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functions, we have presented the linear membership function under a neutrosophic 
decision-making framework. 


І if Z,(x) « I2 
Р Zi А 

pz) =) Ж ОЕ (15.56) 
0 ^ 2 ()> UP 
1 if Z,(x) « L2 
1— Zo . 

aZ.) =} С) it pre z «ug, (15.57) 
0 ^ 2,0) > U4 
1 if Zax) > U? 
Z,(x) — Lz | | 

r(Z,(x)) = TR ire z()U;. (15.58) 
0° ^ ifZ(»)«L, 


In the above-discussed membership functions, LY z uo for all o objective func- 
tions. The value of these membership will be equal to 1, if for any membership 


LY = UO. The diagrammatic representation of the objective function with different 
components of membership functions under a neutrosophic decision set is shown in 
Fig. 15.2. 


Fig. 15.2 Diagrammatic Ho 
representation of truth, 1 
indeterminacy, and falsity 
membership degrees for the 
objective function. 


Membership degree 


Objective function 
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Logically, the aim of developing the different achievement function is to achieve 
the maximum satisfaction degree or level according to the preference of the decision 
maker(s). Therefore, here also we have defined the individual achievement variables 
for each membership function, such as by maximization of truth membership, max- 
imization of indeterminacy degree, and minimization of a falsity degree of each objec- 
tive function efficiently. With the aid of linear truth, indeterminacy, and falsity 
membership functions under a neutrosophic environment, the neutrosophic fuzzy 
mathematical programming model can be presented as follows: 


Мз: Max ming=1,2,3,....0 Po(Zo(x)) 
Max ming=1,2,3,....0 qo(Zo(x)) 
Min max,=1,2,3,...,0 ro(Zo(x)) 
subject to 
Po(Zo(x)) > qo(Zo(x)). Po(Zo(x)) > ro(Zo(x)) 
0 € po(Zo(x)) + go(Zo(x)) + ro(Zo(x)) € 3. 
Eqs. (15.40) — (15.54) 


With the help of auxiliary parameters, model M3 can be transformed into the following 
form M4. 


M4: Max, 
Max 0, 
Minn, 
subject to 
Po(Zo(x)) 2 Ao 
qo(Zo(x)) > 0, 
ro(Zo(x)) € tt; 
Ao 290, Ao > No, 0€ Ao + 0o tn, <3 
„бо, € (0,1). 
Eqs. (15.40) — (15.54) 


Without loss of generality, the model M, can be rewritten as in Ms. 


О 
Ms: Max У (%+6,—„) 


А 0=1 
subject to 


Zo(x) + (U5 —-L5)4o ss U5 

Zo(x) + (U4 – 14), < Ut 

Z,(x) (07-1), SE; 

No > Bos Ao >л, OX Ao Oo +N, <3 
Ao. 05.11, € (0,1), 

Eqs. (15.40) — (15.54) 37 
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where 4,, 0o, and 5, are auxiliary achievement variables for truth, indeterminacy, and 
falsity membership functions, respectively. Therefore, the proposed NFPA is a con- 
venient conventional optimization technique that is only preferred over others due to 
the existence of its independent indeterminacy degree. 


5.3 Modified neutrosophic fuzzy programming with 
intuitionistic fuzzy preference relations 


The effective modeling and optimization framework of multiobjective optimization 
problems explicitly results in the best possible compromise solution under adverse 
circumstances, since, while dealing with multiple objectives or goals, most often, 
DM(s) intends to provide priorities among the different objectives over each other. 
Generally, the preferences among the objective function have been defined by assig- 
ning the maximum crisp weight parameter (say wọ = 0.1,0.2, ..., Цуу, = 1) to the 
preferred objective function. In the past few decades, Akoz and Petrovic [38] proposed 
anew methodology to assign the preference among different objectives or goals based 
on the linguistic importance relation and investigated three different fuzzy linguistic 
importance relationship such as slightly more important than, moderately more impor- 
tant than, and significantly more important than for different conflicting objectives. 
These linguistic terms have taken the advantages of membership functions associated 
with corresponding objectives or goals between which the important relation has been 
defined. Later on, this linguistic preference scheme was adopted by several 
researchers (see [27, 39—46]) in various real-life applications and decision-making 
processes. The appropriate selection of membership functions is always a crucial task 
for decision makers. Since the quantification of preference, the membership function 
has been done for the three linguistic fuzzy preference relations, but it would be more 
convenient and realistic to consider the nonmembership function as well as the similar 
linguistic fuzzy preference relations. 

Therefore, to incorporate the membership and nonmembership function for lin- 
guistic preference relations among the objective, we have designed the structure of 
our proposed linguistic preference relations among different objectives or goals. 
Again, we have developed the linear membership and nonmembership function for 
each linguistic preference relation among the different objectives in the intuitionistic 
fuzzy environment. The transformation function has been defined with the help of 
truth membership functions of each objective. The information regarding linguistic 
preference relations under the intuitionistic fuzzy environment is shown in 
Table 15.2. The membership and nonmembership function for intuitionistic fuzzy lin- 
guistic preference relations is shown in Fig. 15.3. 

The linear membership function for each linguistic preference relation can be 
defined as follows and achieved by maximizing it [38]. 


= if— 1 <р, =р, < 
_ xi p,*l) if-1Xp,—-p. «0 (15.59) 


Куо) 1 if 0 € po — pu < 1 , 
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Table 15.2 Linguistic relative preferences of objective o over u. 


Membership and 
Intuitionistic nonmembership Transform 
Linguistic term fuzzy relation functions function 


Slightly more ug, and vg. 


important than 
Moderately more Hg, and v Ra p«X)—p«X) V 
important than 0, u € (1... О) 
Significantly more Hg, and vg. 
important than 


o Pu 1 К 
Hien ={ ( ы if-1«p,—p, <1, (15.60) 
E 0 ї—1<р„—р„<0 
HR (ou) = г а 
Ral : ) | о— рыи) ifO0<po-—pu<1 ыз et) 


The linear nonmembership function for the linguistic preference relations can be 
given as follows and achieved by minimizing it. 


Vs КИ (Do ри) if—1<po—pu <0 
Ri(o.u) = Tr if 0 <р„—р„< ` (15.62) 
Vg. (o) = { і ы КАК ЕРЕСИ (15.63) 
Р if—1<po—py <0 (15.64) 
o 1— (po = Pu) if О<р„—р„<1 ; 


where R 1, Ro, and R. 3 are the importance relations defined by the linguistic term 
slightly more important than, moderately more important than, and significantly more 
important than, respectively. 

The new achievement function for satisfaction degrees of the imprecise linguistic 
importance relations can be defined with the aid of the membership and non- 
membership function for intuitionistic fuzzy linguistic preference relations. We have 
defined a score function S R(o.u) (и Riou) V Riou)? which has been used to express 


the satisfactory degree of decision makers’ linguistic importance relations. Let us 
define a binary variable ВГ, „у; о, и = 1, 2, ..., O, where ou such that 


BI = 1 ifa linguistic preference relation is defined between the objective Zo and Zu 
^" LO otherwise i 
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—— Membership 
UR, —— Nonmembership 


—— Membership | 
—— Nonmembership 


—— Membership 
HR3 
—— Nonmembership 


Fig. 15.3 Linear membership and nonmembership functions for intuitionistic fuzzy linguistic 
preference relations. (А) Ri(o,u) =. (В) К (о,и) = Ro. (C) R3(0,u) = R3. 
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The modified NFPA with intuitionistic fuzzy linguistic preference relations has been 
designed with the hybrid integration of the achievement function under the NFPA 
model and score functions for the satisfaction degree of decision makers. The achieve- 
ment function for the modified NFPA can be defined as the convex combination of the 
sum of individual truth membership, indeterminacy function, and falsity membership 
function of each objective or goals and the sum of score functions of the imprecise 
linguistic importance relations. Thus the proposed modified NFPA can be given as 
follows: 


d о о 
Mg: Max aX Us 0n) * 072) У Blous, 


о=1 o=1 и=1 
subject to 


2,(х) + (U? — Lao < 0? 
Zo(x) + (Ug —L1)0, < Us 
Zo(x) — (U; — Lo) to € L; 
(Do — Put 1) >u 


Ri(o,u) 


о = ри +1 
ГОТ Ше А АЕ 
( 2 ) Z FR (ош) 


pos > и— 
(Do Pu) 2 Wes, 


2. = <pr~ 
Po Pa) SY a) 


1— (Po — Pu) 


и) 


Riou) R(o u) Р 
ОЕ PE ou mn osi) = 
< Pou)? Va Е <1 УВІ, = 1 


o 2 0,, Ào > Nos 0<4,+0,+ң, <3 
Ao, Qo, No € (0,1), 
Eqs. (15.40) — (15.54) 


where a is a nonzero parameter taking values between 0 and 1 and can be assigned by 
tuning it for either the membership function of objectives or linguistic preference 
relations. 

The proposed modified NFPA modeling approach considers the degree of belong- 
ingness and nonbelongingness simultaneously, which is a better representation of 
uncertain importance relations among objectives because it enhances the membership 
degree as well as efficiently reducing the nonmembership degree. In spite of all this, 
while dealing with a large number of goals at a time, assigning the different crisp 
weight to all objectives according to the decision-makers' priority level is not feasible, 
because it may be time-consuming. To avoid the weight assignment complexity, it 
would be the best technique to assign linguistic priorities among different objectives. 
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5.3.1 Stepwise solution algorithm 


The stepwise solution procedures for the proposed modified NFPA with intuitionistic 
fuzzy preference relations can be represented as follows: 


Step 1. Design the proposed CLSC planning problem under uncertainty as given in model 
Mı. 

Step 2. Convert each fuzzy parameter involved in model Mi into its crisp form by using the 
expected intervals and values method as given in Eqs. (15.28)-(15.31) or presented in 
Table 15.1. Transform fuzzy constraints into their crisp versions by using Eqs. (15.38)— 
(15,39). 

Step 3. Modify model M, into М» and solve for each objective function individually in order 
to obtain the best and worst solution set. 

Step 4. Determine the upper and lower bounds for each objective function by using Eq. 
(15.55). With the aid of U, and L,, define the upper and lower bounds for truth, indetermi- 
nacy, and falsity memberships as given in Eqs. (15.56)-(15.58). 

Step 5. Develop the neutrosophic optimization model Ms with the aid of auxiliary variables. 
Step 6. Assign linguistic importance relations among different objectives under an 
intuitionistic fuzzy environment (see Eqs. 15.59-15.64). Integrate the preference relation 
into model М5 and transform into model Мо, which includes constraints of CLSC given 
in Eqs. (15.40)-(15.54). 

Step 7. Model Mg represents the modified neutrosophic fuzzy optimization model with 
intuitionistic fuzzy importance relations. Solve the model in order to obtain the compromise 
solution using suitable techniques or some optimizing software packages. 


6. Computational study 


The city of Nizam (Deccan), currently known as Hyderabad, is one of the leading IT 
hubs of India. It is well known for its IT hub service-oriented firms. A Hyderabad- 
based ABC (name changed) reputed multinational laptop manufacturing company 
has intended to model the production, transportation, distribution, and collection prob- 
lems, due to the existence of a testing center facility in the proposed CLSC designed 
network. The prominent features of the CLSC design made it possible for the model- 
ing and optimization approach under uncertainty. Regardless, unique, potentially 
functional components of the proposed CLSC design model have attracted the atten- 
tion of decision makers. Less opportunity for the disposal of scrap parts/components is 
also a leading factor to adopt the model which ensures less accountability toward gov- 
ernmental managerial laws. The ecofriendly environmental nature of the modeling 
approach is a beneficial factor and guarantees freedom from the different governmen- 
tal legislative traps. The interference of uncertainty among the various parameters 
reveals the realistic modeling approach. Ample scope for generating different solu- 
tions set by tuning the weight parameter and feasibility degree is the crucial promising 
factor for modeling choice by decision makers. To maintain sustainability in the com- 
petitive market, it would be more effective and efficient to develop the proposed 
CLSC design network. 

The company has a fully functional multiechelon facility location and a well- 
organized decision policy scheme. In the forward chain, five multiechelon facilities 
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are the main constituent part of the forward process. Three raw material storage cen- 
ters, three supplier points, three hybrid manufacturing/remanufacturing plants, three 
distribution centers, and six customer/market zones explicitly represent the forward 
flow chain. In the reverse flow chain, six multiechelon facilities are taken into con- 
sideration, which signifies more emphasis on the opposite chain. The reverse flow 
chain consists of three collection centers of used laptops, three refurbishing or repair 
centers, three disassembling centers, three testing points, three recycling centers, and 
three disposal sites at which the end-of-life parts/components are removed from the 
designed CLSC network. 

Every new and refurbished laptop is a hybrid combination of three different types 
of raw materials and parts/components. Refurbished laptops are also usable and 
acceptable in the market. Manufacturing plants provide a new laptop whereas the 
refurbishing center is responsible for renovated or refurbished laptops. The forward 
chain starts from the shipment of raw parts from the raw materials storage center 
to three supplier points. АП three suppliers are responsible for the delivery of raw 
materials to hybrid manufacturing plants. Afterward, the newly manufactured laptops 
are shipped to three distribution centers. The demand quantity of the laptops must be 
fulfilled by the distribution center only. There is no scope for direct shipment from the 
manufacturing plant to the hybrid facility center. The collection center is accountable 
for the accumulation of end-of-use products from customers/market zones. The used 
products are disassembled into three parts or components. The testing facility care- 
fully inspects the various parts/components and decides to implement a particular ser- 
vice to make it usable. From the testing center, three different destinations—the 
manufacturing plant, recycling point, and disposal center—have been postulated. 
Recyclable products are sent to the recycling center, whereas scrap or end-of-life 
parts/components are dumped at the disposal center. Parts/components that can con- 
stitute raw materials are entered into the forward chain through manufacturing plants. 
The recycling process turns the pieces into new raw materials, which ensures the pro- 
curement of raw materials and initiates the forward chain. Hence to implement the 
proposed CLSC model efficiently, the triangular fuzzy input data for transportation 
cost, purchasing cost, revenues, and time have been summarized in Table 15.3. Var- 
ious capacities at each echelon in the CLSC chain network have been represented by 
trapezoidal fuzzy data, whereas processing cost parameters have been considered as 
triangular fuzzy input data. Since numerous objective functions have been developed 
in the proposed CLSC model, the following preference relations have been decided 
among different objective functions. However, the preference scheme has been ran- 
domly assigned, and there are no hard and fast rules. It solely depends upon the deci- 
sion maker's choices. The type of preference relations between the objectives have 
been defined as follows: 


* Objective Z; is moderately more important than objective 41 (1.е., R4(2, 1)). 
* Objective 24 is slightly more important than objective Za (1.е., Ri (4,3)). 

* Objective Z5 is significantly more important than objective Zs (i.e., R3(3,5)). 
* Objective Z, is slightly more important than objective Zs (Le., Ri (4,5)). 
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Table 15.3 Input fuzzy data for the parameters. 


Types of raw materials (m) or products (/) 


Transportation cost from sources 


to destinations (*, *) 1 2 3 

TCi mab (14, 24, 34) (22, 32, 44) (34, 36, 38) 
TC2, be (30, 32, 34) (34, 36, 38) (38, 40, 42) 
ТО (52, 56, 60) (60, 63, 66) (66, 67, 68) 
ТОА. (60, 65, 70) (66, 69, 72) (71, 74, 77) 
TCS ue (28, 29, 30) (35, 37, 39) (42, 44, 46) 
In (32, 34, 36) (35, 39, 43) (41, 42, 43) 
UU (40, 42, 44) (45, 48, 51) (50, 55, 60) 
UT (44, 48, 52) (50, 53, 56) (55, 59, 63) 
ICD (50, 51, 52) (50, 55, 60) (60, 63, 66) 
TC10,, ;.. (25, 27, 29) (30, 32, 34) (35, 39, 41) 
TCU pi (55, 60, 65) (65, 67, 69) (71, 73, 75) 
ПЕД (33, 36, 39) (40, 43, 46) (44, 49, 54) 
oe (68, 71, 74) (73, 75, 77) (60, 62, 64) 
Time 

р» (05, 07, 09) (04, 06, 08) (01, 03, 06) 


Purchasing cost 


PU, (36, 38, 40) (45, 47, 49) (24, 26, 28) 
PU2, (25, 27, 29) (15, 17, 19) (15, 17, 19) 
Selling price 

SP1,, (42, 46, 50) (40, 45, 50) (21, 23, 26) 
SP2, (36, 38, 40) (42, 45, 48) (24, 26, 28) 
rf, 0.71 0.53 0.58 

Tche 0.82 0.76 0.38 

тї» 0.23 0.49 0.73 

rmn 0.81 0.67 0.35 

тт, 0.32 0.43 0.61 

rd 0.12 0.19 0.23 


Processing cost at each echelon 


PClm 7 (14, 24, 34) (22, 32, 44) (34, 36, 38) 
РС2ь " (30, 32, 34) (34, 36, 38) (38, 40, 42) 
РСЗ; у (52, 56, 60) (60, 63, 66) (66, 67, 68) 
PCA, E (60, 65, 70) (66, 69, 72) (71, 74, 77) 
PC5,; (28, 29, 30) (35, 37, 39) (42, 44, 46) 


PC6,, (32,34, 36) | (85,39,43) | (41, 42, 43) 
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Table 15.3 Continued 


Transportation cost from sources 
to destinations (*, *) 

PCT Lh 

РСЗ, 

POOLS 

PC10,, к 
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Types of raw materials (m) or products (l) 


1 


(40, 42, 44) 
(44, 48, 52) 
(50, 51, 52) 
CI) 


2 


(45, 48, 51) 
(50, 53, 56) 
(50, 55, 60) 
(30, 32, 34) 


3 

(50, 55, 60) 
(55, 59, 63) 
(60, 63, 66) 
(35, 39, 41) 


Capacity/demand at each echelon 


MC m,a 
MC2,, 
MC3 m 
МСА, а 
MC5,, 


MC6, ; 


МСТ, 


МС һ 
МС ni 
MCIO,, ; 


МСІ1 „д 


(512, 514, 
516, 518) 
(613, 614, 
615, 616) 
(724, 725, 
726, 727) 
(212, 214, 
216, 218) 
(314, 318 
322, 326) 
(115, 116, 
117, 118) 
(124, 125, 
126, 127) 
(110, 111, 
112, 113) 
(224, 225, 
226, 227) 
(324, 325, 
326, 327) 
(212, 214, 
216, 218) 


(622, 624, 
626, 628) 
(514, 516, 
518, 520) 
(812, 813 
814, 815) 
(221.222. 
223, 224) 
(312, 314, 
316, 318) 
(119, 120, 
121, 122) 
(113, 114, 
115, 116) 
(114, 116, 
118, 120) 
(212, 214, 
216, 218) 
(212, 213 
214, 215) 
(2215229: 
223, 224) 


(718, 724, 
726, 728) 
(512, 514, 
516, 518) 
(914, 916 
918, 920) 
(217, 218, 
219, 220) 
(329, 339, 
349, 359) 
(114, 116 
118, 120) 
(117, 119, 
121, 123) 
(119, 120, 
121, 122) 
(314, 316 
318, 320) 
(214, 216, 
218, 220) 
(317, 318 
319, 320) 


6.1 Results and discussions 


The modified neutrosophic fuzzy optimization model for the proposed CLSC network 
has been written in AMPL language and solved using the solver Kintro 10.3.0 through 
the NEOS server version 5.0 online facility provided by Wisconsin Institutes for Dis- 
covery at the University of Wisconsin in Madison for solving optimization problems; 
see Refs. [47,48]. The characteristic description of the problem is presented as fol- 
lows: The final multiobjective optimization model along with a set of well-defined 
multiple objectives comprises 459 variables including 42 binary variables and 417 lin- 
ear variables, 530 constraints including 498 linear one-sided inequalities constraints 
and 32 linear equality constraints, respectively. The total computational time for 


745 


Florentin Smarandache (author and editor) Collected Papers, VIII 


obtaining the final solution was 0.113 seconds (CPU time). Due to space limitations, 
only the final solution results of all decision variables obtained at a feasibility degree 
(B = 0.5) with weight parameter (a = 0.5) have been discussed in detail. The optimum 
allocation of raw materials, new products, and used parts/components among different 
echelons has been depicted in Tables 15.4 and 15.5. In the forward chain, procurement 
of raw materials initiates from a raw material storage center (RMS) to a supplier point 
(SP). The total allocation of raw materials from RMS 1 to all three SPs is found to be 
504.17, 592.38, and 681.51, whereas from RMS 2 and 3 to all three SPs have been 
obtained as 572.14, 553.84, and 703.15, and 497.57, 457.32, and 646.87, respectively. 
The maximum shipment quantity has been observed from RMS 2 to SP 3 due to the 
lowest transportation and processing cost incurred over the raw materials. Suppliers 
are responsible for fulfilling the requirement for starting the manufacturing processes 
at the hybrid manufacturing plant (MP). The optimum shipment quantity from SP 1 to 
all three MPs is 706.25, 630.15, and 625.18, respectively. Similarly, from SP 2 and 3 to 
all three MPs have been obtained as 630.25, 630.21, and 656.51, and 563.70, 498.34, 
and 533.18, respectively. The highest shipment amount of raw materials has been allo- 
cated to MP 1 whereas the least amount of raw materials has been delivered to MP 2 
bearing in mind the fact that the outbound capacity of manufacturing plant receives the 
maximum raw materials and parts from the SPs and testing points (TPs). SP 3 also 
provides the maximum amount of raw materials to all three MPs and are obtained 
as 563.7, 488.34, and 533.18 bearing in mind the fact that outbound restrictions on 
manufacturing plants have been satisfied, and tested and approved parts/components 
are sent back to the manufacturing plant for further utilization. Newly built products 
are transferred to the distribution center (DC) so that the demand from customers (Cs) 
could be met. The optimal distribution scheme among different customers has been 
obtained. From DC 1 to all six Cs, the total shipment of products is found to be 
332.23, 400.85, 350.61, 297.21, 274.95, and 266.61, respectively. However, DC 1 
has a negligible contribution to meet the demand of C 2, 3, 4, and 5, with other types 
of products to avoid the maximum transportation cost and late expected delivery time. 
Similarly, the total quantities of each product distributed from DC 2 and 3 to all six Cs 
have been depicted, which ensures the minimum transportation costs along with the 
timely shipment of products. It has been observed that no product has been shipped 
from DC 2 to C 1, 2, and 3 due to the maximum chances for late delivery of the prod- 
ucts. Hence a minimum transportation cost and shipment time have been achieved 
without significantly affecting the demand constraint. Overall, DC 2 outsourced 
the maximum shipment of products to all six Cs and revealed a significant contribu- 
tion to fulfilling the demand. Since refurbished products are also acceptable in the 
market, approximately 13.32% of total used products are renovated and shipped to 
DCs for the fulfillment of further needs. 

The significant role of the collection center (CC) starts when end-of-use and end- 
of-life products come into existence. The potential accumulation framework for used 
products from the customer zone is much needed. The designed CLSC model inher- 
ently involves the CC, which is the first echelon of the reverse supply chain network. 
The exclusive collection of the end-of-use product from customers is found to be a 
significant percentage, that is, approximately 91.34% of the total fulfilled demand, 
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Table 15.4 Optimal quantities of raw materials and products shipped from different sources to 
various destinations. 


Types of raw material (m) 


Raw material storage 
center (a) Supplier point (5) 


Storage center 1 
Storage center 1 
Storage center 1 
Storage center 2 
Storage center 2 
Storage center 2 
Storage center 3 
Storage center 3 
Storage center 3 


1 
2 
3 
1 
2 
8 
1 
2 
3 


Manufacturing 
Supplier point (b) plant (c) 


Supplier point 1 
Supplier point 1 
Supplier point 1 
Supplier point 2 
Supplier point 2 
Supplier point 2 
Supplier point 3 
Supplier point 3 
Supplier point 3 


о l2— шошо F2 — 


Distribution 
Manufacturing plant (c) center (d) 


Manufacturing plant 1 
Manufacturing plant 1 
Manufacturing plant 1 
Manufacturing plant 2 
Manufacturing plant 2 
Manufacturing plant 2 
Manufacturing plant 3 
Manufacturing plant 3 
Manufacturing plant 3 


о он WNR WN н 


Distribution center (d) Customers (e) 1 2 3 
Distribution center 1 1 112.34 145.26 74.63 
Distribution center 1 2) 85.26 163.23 152.36 
Distribution center 1 3 152.36 — 198.35 
Distribution center 1 4 163.98 — 115.23 
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Table 15.4 Continued 


Types of products (/) 


Distribution center (d) Customers (e) 


Distribution center 1 
Distribution center 1 
Distribution center 2 
Distribution center 2 
Distribution center 2 
Distribution center 2 
Distribution center 2 
Distribution center 2 
Distribution center 3 
Distribution center 3 
Distribution center 3 
Distribution center 3 
Distribution center 3 
Distribution center 3 


С\ лБ оо F2 — QN UA & оо о — QN tA 


Types of products (/) 


Customers (e) Collection center (f) 1 2 3 
Customer 1 1 61.32 53.68 94.38 
Customer 1 2 85.23 78.56 145.80 
Customer 1 3 84.32 58.50 145.23 
Customer 2 1 52.31 16.78 61.83 
Customer 2 2) 47.50 51.32 134.62 
Customer 2 3 79.68 45.23 84.23 
Customer 3 1 52.63 89.45 79.56 
Customer 3 2 74.96 98.74 112.34 
Customer 3 3 47.89 114.90 78.46 
Customer 4 1 89.56 89.45 74.68 
Customer 4 2 76.34 94.68 52.60 
Customer 4 3 58.35 78.89 53.46 
Customer 5 1 61.23 106.83 45.3 
Customer 5 2 63.85 117.40 47.6 
Customer 5 3 86.34 127.63 76.85 
Customer 6 1 74.68 121.69 44.62 
Customer 6 2 85.90 153.45 57.67 
Customer 6 3 84.32 173.65 779.85 


Types of products (/) 


Refurbishing 
Collection center (f) center (g) 1 2 3 
Collection center 1 1 36.24 45.32 32.65 
Collection center 1 2 41.58 91825; 21.32 
Collection center 1 S 16.23 74.32 24.12 
Collection center 2 1 14.23 61.32 42.37 


748 


Florentin Smarandache (author and editor) 


Table 15.4 Continued 


Collection center 2 
Collection center 2 
Collection center 3 
Collection center 3 
Collection center 3 


Refurbishing 


Collection center (f) center (g) 


Collected Papers, VIII 


Types of products (/) 


Table 15.5 Optimal quantities of used products and parts shipped from different 
sources to various destinations. 


Refurbishing plant (2) 


Distribution center ( d) 


Types of products (l) 


Refurbishing plant 1 
Refurbishing plant 1 
Refurbishing plant 1 
Refurbishing plant 2 
Refurbishing plant 2 
Refurbishing plant 2 
Refurbishing plant 3 
Refurbishing plant 3 
Refurbishing plant 3 


Collection center (f) 


шо оын оо э к о мю н 


Disassembling center (Л) 


Collection center 1 
Collection center 1 
Collection center 1 
Collection center 2 
Collection center 2 
Collection center 2 
Collection center 3 
Collection center 3 
Collection center 3 


шо мю к оо мо ке WN к 


Disassembling 

center (Л) Testing center (7) 1 2 3 

Disassembling center 1 1 98.86 47.52 112.36 

Disassembling center 1 2 187.34 145.26 75.40 

Disassembling center 1 3 85.32 143.26 146.37 
Continued 
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Table 15.5 Continued 


Types of products (т) 


Disassembling 
center (Л) Testing center (7) 


Disassembling center 2 
Disassembling center 2 
Disassembling center 2 
Disassembling center 3 
Disassembling center 3 
Disassembling center 3 


Raw material storage 
Recycling center (7) facility (a) 


Recycling center 1 
Recycling center 1 
Recycling center 1 
Recycling center 2 
Recycling center 2 
Recycling center 2 
Recycling center 3 
Recycling center 3 
Recycling center 3 


о оношоо мн 


Testing center (7) Manufacturing plant (c) 


Testing center 1 
Testing center 1 
Testing center 1 
Testing center 2 
Testing center 2 
Testing center 2 
Testing center 3 
Testing center 3 
Testing center 3 


о о к чо о к WN н 


Testing center (i) Recycling facility (7) 1 2 3 
Testing center 1 1 34.53 45.05 48.35 
Testing center 1 2 54.27 35.64 53.42 
Testing center 1 3) 58.34 56.34 24.35 
Testing center 2 1 62.78 49.64 31.70 
Testing center 2 2 28.34 51.46 41.32 
Testing center 2 3 25.32 47.86 105.06 
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Table 15.5 Continued 
Types of recyclable parts (m) 


Testing center (i) Recycling facility (7) 1 2 


Testing center 3 1 78.35 48.36 
Testing center 3 2 48.32 42.36 
Testing center 3 3 51.43 118.36 


Testing center (7) Disposal facility (k) 


Testing center 1 
Testing center 1 
Testing center 1 
Testing center 2 
Testing center 2 
Testing center 2 
Testing center 3 
Testing center 3 
Testing center 3 


о М к оо Мо к оо l2 н 


which indicates the vast need for the reverse supply chain to tackle used products. The 
required service at different echelons in the reverse chain has been designed especially 
for socioenvironmental concerns. An optimal amount of used products has been col- 
lected by all three CCs from all six customer zones. The maximum amount of used 
products has been received by CC 3 from C 6 which is 337.82, and the least quantity 
190.70 by CC 3 from C 4 to ensure the least collection and transportation costs levied 
over each type of product. At CCs, complete inspection of the collected, used products 
has been performed and a decision taken to ship either to the disassembling center 
(DS) or refurbishing center (RC) to initiate the required services. The total amounts 
of used products transported from CC 1 to all three RCs are obtained as 114.21, 94.15, 
and 114.67, whereas the total shipment quantities from CC 2 and 3 to all three RCs 
have been allocated as 117.92, 167.07, and 138.11, and 125.44, 170.20, and 127.30, 
respectively. The maximum quantity of used products has been transported from CC 3 
to RC 2 whereas the minimum shipment quantity is found to be shipped from CC 1 to 
RC 2 because of the lowest transportation cost and availability of the required service 
for particular types of products. The quantity of used products is approximately 
88.21% of the total capacity of the RC, which ensures the significant need for such 
a functional echelon in CLSC. The disassembling center (DS) only receives those 
end-of-use products that require reliability tests of each part/component. At the 
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DS, used products are disassembled into different parts/components for the testing 
process where all necessary measures would be taken regarding the useful life of parts. 
From CC 1 to all three DSs, the total shipment amounts of used products have been 
obtained as 399.30, 362.88, and 401.82, which shows approximately 31.98% of the 
entire collection of used products. Likewise, the net amount of used products trans- 
ported from CC 2 and 3 to all three DSs are 329.71, 356.10, and 340.72, and 
365.17, 382.32, and 348.19, respectively. The shipment of end-of-use products at 
DS 2 and 3 are found to be 14.29% and 39.47% of the net used products collected 
at all three CCs, which shows that approximately 94% of the total raised used products 
have been completely dealt with at the CC and signify that the design of the reverse 
chain is much needed to avoid environmental issues. The total disassembled parts that 
have been shipped from DS 1 to all three TPs are found to be 258.74, 408, and 374.95, 
which comprise 31.3596 of the disassembled parts/components and ensures that trans- 
portation and inspection costs incurred over these parts would be minimal. Similarly, 
from DS 2 and З to all TPs the optimal amounts of pieces have been shipped, which are 
found to be 33.84%, and 29.27% of the total disassembled parts at DSs to minimize the 
total cost of inspection by ensuring the capacity restrictions at TPs, respectively. 

The testing point (TP) inevitably inspects the reliability or usefulness of parts/ com- 
ponents and provides the best decision to deal with tested parts. TPs are interconnected 
with three echelons: manufacturing plants, recycling centers, and disposal sites. The 
TP is also а promising source for the procurement of raw materials to hybrid 
manufacturing/remanufacturing plants. Approximately 9.8496 of the total require- 
ment for raw materials has been met by different TPs with the aid of dissembled parts 
of used products. However, the recycling point (RP) receives a significant amount of 
tested parts that ensures green practice with recyclable components. The net quantity 
of recyclable parts that have been transported from all three TPs to RP 1 is found to be 
127.93, 143.33, and 139.03, which is 93.66% of the total recyclable capacity of tested 
parts at RP 1. The maximum quantity of recyclable parts has been received by RP 3 
whereas the least amount of certified parts has been shipped to RP 2 bearing in mind 
the fact that transportation and recycling costs levied over each component are min- 
imal at these facilities. Finished recycled products have been sent back to raw material 
storage centers and recycled for the smooth running of the production processes. After 
the inspection procedure, the declared disposable parts have been shipped for disposal. 
The optimal quantity of disposable parts has been obtained with the satisfaction of 
disposal capacity constraints of each disposal facility center (DF). The obtained 
results showing that at some DFs, there is no amount of tested parts for disposal. How- 
ever, the total shipped amounts from all three TPs to DF 1 are found to be 30.77, 40.39, 
and 27.11, which is 47.32% of the full capacity of DF 1. Moreover, from all three TPs 
to DF 2 and 3, the net amounts of disposable parts that have been transported are found 
to be 30.49, 19.65, and 34.79, and 11.24, 48.02, and 38.70, respectively. At these DFs, 
approximately 53.57% and 69.38% shares of the total disposal capacity have been 
disposed of, which strictly ensures that there is still an abundant opportunity for 
incineration. 

Multiechelon CLSC design networks require potential capital investment to the 
flow of products throughout the supply chain processes. Processing cost, 
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transportation cost, and purchasing cost have been depicted as different objectives that 
inherently require capital. The obtained results of these three objectives show a 
remarkable contribution to the total capital investment. At each feasibility degree д 
and weight parameter a, the average share of processing cost has been obtained as 
approximately 83.39%, the total ordinary dividends of the transportation cost is found 
to be approximately 14.78% and that of the average purchasing cost is approximately 
1.83% of the total investment in the proposed CLSC network. The maximum shares 
have been exhausted by the processing charge with the fact that multiple different ech- 
elons have been associated with specific functional services to raw materials, new 
products, and used parts in the proposed CLSC network. Transportation costs hold 
a slightly smaller portion of the total investment, which shows the reduced to and 
fro movement of products among different echelons. Due to the interconnected sys- 
tematic facility centers, the optimal shipment strategy turns into fewer transportation 
costs. The purchasing of raw materials in bulk from raw material storage centers and 
used products from customers has comparatively very low in the total capital invest- 
ment. The expected whole delivery time and revenues from sales have also been 
included as conflicting potential objectives in the proposed CLSC model, which suf- 
ficiently reflects the effective exogenous solution results. The flow of new products in 
the forward chain and end-of-use products in reverse chain much depends on keen 
managerial insight and decision-making strategy. The potential performances of each 
echelon would be recognized in the context of allocation and required service to the 
different products and parts. The solution results have been presented only for a — 0.5 
and fj — 0.5, but more information could be extracted by obtaining the solution results 
at different values of a and д regarding the optimum allocation of products and parts, 
respectively. 


6.2 Sensitivity analyses 


Sensitivity analyses have been performed for all the objective functions by tuning the 
feasibility degree (f) and weight parameter (а) simultaneously. The feasibility degree 
(P) referred to the preference or acceptance level of decision makers. The higher value 
of (f) ensures the maximum satisfaction level of decision makers. The feasibility 
degree among parameters reflects the satisfaction level by offering different choices. 
Hence more substantial feasibility degree generally gives the worse solution of objec- 
tives. The weight parameter (а) provides the weight to either the membership function 
of all the objectives or the score functions of the intuitionistic fuzzy preference rela- 
tions among different objectives. Therefore, a higher value of (a) signifies a higher 
weight to either the corresponding membership functions or the score function of lin- 
guistic preference relations. The priority structure has been designed as the convex 
combination between the membership function of the objectives and the score func- 
tion of the linguistic preference relations. The weight parameter (a) is directly 
assigned to the membership functions of each goal whereas (1 —a) has been assigned 
to the score function of linguistic preference relations. The solution results of all the 
objective functions and preference relations are shown in Fig. 15.4. 
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Fig. 15.4 Graphical representation of obtained results. (A) First objective (Zi). (B) Second 
objective (Z5). (C) Third objective (Z3). (D) Fourth objective (Z4). (E) Fifth objective (25). 
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6.2.1 Sensitivity analyses of objective functions 


The first objective (41) is to minimize the total processing cost (TPC) supply chain. 
At fj = 0.1 and a = 0.9, the minimum (best) value of (41) has been attained, which is 
$39,387,662. As (a) decreases, the values of (Z,) either increase or remain the same 
for some (a). With an increase in the feasibility degree (p), a significant increment 
in the objective function (41) has been observed. The maximum (worst) value of 
objective (Z,) has been obtained as $39,388,338 at fj = 0.9 and a = 0.1. Hence it 
has been concluded that with the increase in feasibility degree (p) and the decrease 
in weight parameter (a), the value of objective (41) reaches its worst values. The 
different solution results of (21) ranging between $39,387,662 and $39,388,338 
are summarized in Table 15.6, and Fig. 15.4A shows the trending behavior of 
(21) at different feasibility degree (f) and weight parameters (a), respectively. Fur- 
thermore, the effects of feasibility degrees (J) are severe, as the marginal increment 
in the value of (41) rapidly approaches the worst solutions, whereas the effect of 
the weight parameter (a) on the objective (21) is almost negligible. The TPC has 
been obtained that solely occurred over four echelons in the forwarding chain. 
Hence, the obtained results for TPC are due to the high processing cost at the 
raw material storage center, supplier point, and manufacturing plants. Inbound 
capacity restrictions at these echelons are also a key factor for increment in TPC. 
The maximum numbers of raw materials and new products require different 
processing costs, which turn into more capital investment in the material and product 
processing purposes. 

The minimization of total transportation costs in the CLSC has been represented by 
the second objective (Z2). At f = 0.1 and a = 0.9, the minimum (best) value of trans- 
portation cost is $396,534. As a feasibility degree (p) increases, there is a significant 
marginal increment in the objective (Z2) that has been found. The values of (Z2) either 
increase or remain stable for different values of (a) with the decrease in the weight 
parameter (a). The maximum (worst) value of (Z2) has been attained as $396,879 
at В = 0.9 and a = 0.1, respectively. Thus it has emerged that with the increase in 
the feasibility degree (f) and the decrease in the weight parameter (a), the value of 
the objective (Z2) approaches its worst outcomes. The different solution results of 
(Z2) have been generated, which lie between $396,534 and $396,879, and are pres- 
ented in Table 15.7. The fluctuating behavior of (Z2) has also been shown in Fig. 
15.4B at a different feasibility degree (f) and weight parameter (a). The utmost 
influencing capability of the feasibility degree (f) has been reflected by the significant 
increase in the objective (Z5) and which lead (Z5) toward its worst values. The weight 
parameter (æ) has fewer effects on the objective (Z5) compared to the feasibility degree 
(8) among all the solution choices. Due to the low processing charges at each echelon 
in the reverse chain, the total TPC has been obtained much less compared to TPC in 
the forwarding chain. Each echelon in the reverse chain dealt with either end-of-use 
products or end-of-life products. To perform the different required services on such 
products would not necessarily result in higher costs, because of less complexity in 
dealing with used and returned products compared to the manufacturing of new parts 
and products. 
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Table 15.6 Total processing costs (Z,) at different feasibility degrees (fj) and weight parameters (a). 


Weight parameter (a) 


Feasibility 
degree (f) | 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 


0.1 39,387,662 | 39,387,664 | 39,387,666 | 39,387,668 | 39,387,670 | 39,387,672 | 39,387,674 | 39,387,676 | 39,387,678 
0.2 39,387,768 | 39,387,769 | 39,387,771 | 39,387,773 | 39,387,774 | 39,387,774 | 39,387,776 | 39,387,778 | 39,387,779 
0.3 39,387,834 | 39,387,834 | 39,387,835 | 39,387,836 | 39,387,836 | 39,387,836 | 39,387,838 | 39,387,838 | 39,387,839 
0.4 39,387,914 | 39,387,916 | 39,387,916 | 39,387,916 | 39,387,918 | 39,387,918 | 39,387,921 | 39,387,921 | 39,387,922 
0.5 39,387,994 | 39,387,996 | 39,387,996 | 39,387,996 | 39,387,997 | 39,387,997 | 39,387,998 | 39,387,998 | 39,387,999 
0.6 39,388,194 | 39,388,194 | 39,388,194 | 39,388,196 | 39,388,196 | 39,388,197 | 39,388,197 | 39,388,197 | 39,388,198 
0.7 39,388,234 | 39,388,234 | 39,388,236 | 39,388,238 | 39,388,239 | 39,388,241 | 39,388,241 | 39,388,243 | 39,388,244 
0.8 39,388,282 | 39,388,283 | 39,388,285 | 39,388,285 | 39,388,285 | 39,388,286 | 39,388,286 | 39,388,288 | 39,388,288 
0.9 39,388,331 | 39,388,331 | 39,388,334 | 39,388,336 | 39,388,336 | 39,388,336 | 39,388,337 | 39,388,338 | 39,388,338 
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Table 15.7 Total transportation costs (Z2) at different feasibility degrees (fj) and weight parameters (a). 


Weight parameter (a) 


Feasibility degree (f) 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 


0.1 396,534 396,535 396,535 396,534 396,535 396,537 396,538 396,538 396,539 
0.2 396,593 396,593 396,593 396,595 396,595 396,596 396,598 396,599 396,599 
0.3 396,642 396,642 396,642 396,643 396,644 396,644 396,646 396,648 396,649 
0.4 396,686 396,686 396,687 396,687 396,687 396,688 396,688 396,689 396,689 
0.5 396,723 396,724 396,724 396,724 396,725 396,725 396,725 396,726 396,728 
0.6 396,767 396,767 396,768 396,768 396,768 396,769 396,769 396,769 396,770 
0.7 396,798 396,798 396,798 396,799 396,799 396,802 396,802 396,805 396,805 
0.8 396,837 396,837 396,838 396,838 396,838 396,839 396,839 396,839 396,840 
0.9 396,873 396,874 396,874 396,874 396,875 396,876 396,876 396,877 396,879 
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The minimization of the total purchasing cost has been represented by the third 
objective (Z3). The minimum (best) value of the objective (Z3) has been obtained as 
$6,887,719 at 6 = 0.1 and a = 0.9. At f = 0.9 and a = 0.1, the maximum (worst) 
value of the total purchasing cost has been obtained, which is $6,887,980. As (a) 
decreases, the values of (Z3) either increase or remain inert for some (a). With an 
increase in the feasibility degree (3), the significant increment in the objective 
function (Z3) has been noticed. Thus it has emerged that with the increase in 
the feasibility degree (f) and the decrease in the weight parameter (a), the value 
of the objective (Z5) approaches its worst outcomes. The different solution results 
of (Z3) have been generated, which lie between $6,887,719 and $6,887,980 and are 
represented in Table 15.8. The declining performance of (Z3) has also been shown 
in Fig. 15.4C at different feasibility degrees (f) and weight parameters (a). 
Furthermore, the effect of the feasibility degree (p) is more influential, as the sig- 
nificant increase in the value of (Z3) rapidly approaches the worst solutions 
whereas the effect of the weight parameter (a) on the objective (Z3) is almost 
negligible. 

The fourth objective (Z4) is the minimization of total product delivery time to 
different customers/market zones. At f — 0.1 and a — 0.9, the minimum (best) value 
of the total products delivery time is 13,610,103 hours. As the feasibility degree (f) 
increases, a significant marginal increment in the objective (Z4) is observed. The 
values of (Z4) either increase or remain inactive for different values of (a) with 
the decrease in the weight parameter (a). The maximum (worst) value of (Z4) has 
been attained as 13,610,429 hours at д = 0.9 and а = 0.1, respectively. Thus it 
has been concluded that with the increase in the feasibility degree (f) and the 
decrease in the relative weight parameter (a), the value of the objective (Z4) 
approaches its worst results. The various solution outcomes of (Z4) have been gen- 
erated, which lie between 13,610,103 and 13,610,429 hours, and are presented in 
Table 15.9. The trending feature of (Z4) is also shown in Fig. 15.4D at different fea- 
sibility degrees (f) and weight parameters (a). The powerful performance of the 
feasibility degree (2) has been observed by the significant increase in the objective 
(Z4) and which leads (Z4) toward its worst values. The weight parameter (а) has 
fewer effects on the objective (Z4) compared to the feasibility degree (f) among 
all the solution sets. 

The maximization of revenues earned from the selling of new products has been 
represented by the fifth objective (245). The maximum (best) value of the objective 
(Zs) has been obtained as $11,179,402 at f = 0.1 and a = 0.9. At f = 0.9 anda = 
0.1, the minimum (worst) value of revenues has been obtained, which is 
$11,179,140. As (a) decreases, the values of (25) either decrease or remain stable 
for some (a). With an increase in the feasibility degree (p), the significant decrease 
in the objective function (Z5) has been found. Thus it has been elicited that with 
the increase in the feasibility degree (f) and the decrease in the weight parameter 
(а), the value of the objective (45) approaches its worst outcomes. The different solu- 
tion results of (Z5) ranging between $6,887,719 and $6,887,980, and are summarized 
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Table 15.8 Total purchasing costs (Z5) at different feasibility degrees (f) and weight parameters (a). 


Feasibility 
degree (f) 


Weight parameter (a) 


Collected Papers, VIII 


0.9 


0.8 


0.7 


0.6 


0.5 


0.4 


0.3 


0.2 


0.1 


0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 


6,887,719 
6,887,743 
6,887,795 
6,887,823 
6,887,847 
6,887,881 
6,887,916 
6,887,949 
6,887,976 


6,887,721 
6,887,743 
6,887,796 
6,887,823 
6,887,847 
6,887,881 
6,887,917 
6,887,951 
6,887,976 


6,887,723 
6,887,743 
6,887,797 
6,887,823 
6,887,848 
6,887,883 
6,887,917 
6,887,951 
6,887,976 


6,887,723 
6,887,744 
6,887,797 
6,887,825 
6,887,848 
6,887,883 
6,887,918 
6,887,952 
6,887,977 


6,887,724 
6,887,744 
6,887,797 
6,887,826 
6,887,848 
6,887,884 
6,887,918 
6,887,954 
6,887,978 
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6,887,724 
6,887,745 
6,887,798 
6,887,827 
6,887,848 
6,887,884 
6,887,919 
6,887,954 
6,887,978 


6,887,725 
6,887,745 
6,887,798 
6,887,827 
6,887,849 
6,887,885 
6,887,921 
6,887,955 
6,887,978 


6,887,725 
6,887,747 
6,887,799 
6,887,828 
6,887,849 
6,887,886 
6,887,921 
6,887,955 
6,887,979 


6,887,727 
6,887,748 
6,887,799 
6,887,829 
6,887,851 
6,887,887 
6,887,923 
6,887,956 
6,887,980 
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Table 15.9 Total expected product delivery times (Z4) at different feasibility degrees (3) and weight parameters (a). 


Feasibility degree (6) 


Weight parameter (a) 


Collected Papers, VIII 


0.9 


0.8 


0.7 


0.6 


0.5 


0.4 


0.3 


0.2 


0.1 


0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 


13,610,103 
13,610,162 
13,610,213 
13,610,237 
13,610,279 
13,610,308 
13,610,342 
13,610,381 
13,610,422 


13,610,103 
13,610,163 
13,610,213 
13,610,237 
13,610,279 
13,610,308 
13,610,342 
13,610,383 
13,610,422 


13,610,103 
13,610,163 
13,610,213 
13,610,238 
13,610,279 
13,610,309 
13,610,342 
13,610,385 
13,610,423 


13,610,106 
13,610,163 
13,610,215 
13,610,238 
13,610,279 
13,610,311 
13,610,342 
13,610,385 
13,610,424 
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13,610,106 
13,610,165 
13,610,215 
13,610,238 
13,610,280 
13,610,311 
13,610,345 
13,610,385 
13,610,424 


13,610,106 
13,610,166 
13,610,216 
13,610,239 
13,610,281 
13,610,311 
13,610,345 
13,610,386 
13,610,425 


13,610,107 
13,610,166 
13,610,216 
13,610,239 
13,610,283 
13,610,312 
13,610,346 
13,610,386 
13,610,425 


13,610,108 
13,610,167 
13,610,216 
13,610,239 
13,610,283 
13,610,313 
13,610,346 
13,610,388 
13,610,428 


13,610,108 
13,610,168 
13,610,218 
13,610,241 
13,610,285 
13,610,314 
13,610,348 
13,610,388 
13,610,429 
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Table 15.10 Total revenues (Z5) at different feasibility degrees (f) and weight parameters (a). 


Weight parameter (a) 


Feasibility 
degree (6) 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 


0.1 11,179,402 | 11,179,402 | 11,179,401 | 11,179,400 | 11,179,398 | 11,179,398 | 11,179,397 | 11,179,396 | 11,179,395 
0.2 11,179,383 | 11,179,383 | 11,179,383 | 11,179,383 | 11,179,381 | 11,179,381 | 11,179,380 | 11,179,380 | 11,179,379 
0.3 11,179,351 | 11,179,351 | 11,179,349 | 11,179,348 | 11,179,347 | 11,179,346 | 11,179,346 | 11,179,346 | 11,179,345 
0.4 11,179,316 | 11,179,316 | 11,179,316 | 11,179,314 | 11,179,313 | 11,179,313 | 11,179,311 | 11,179,310 | 11,179,309 
0.5 11,179,281 | 11,179,281 | 11,179,281 | 11,179,280 | 11,179,278 | 11,179,278 | 11,179,275 | 11,179,275 | 11,179,274 
0.6 11,179,243 | 11,179,243 | 11,179,243 | 11,179,241 | 11,179,241 | 11,179,240 | 11,179,239 | 11,179,237 | 11,179,236 
0.7 11,179,209 | 11,179,209 | 11,179,209 | 11,179,208 | 11,179,206 | 11,179,206 | 11,179,206 | 11,179,205 | 11,179,203 
0.8 11,179,168 | 11,179,168 | 11,179,167 | 11,179,165 | 11,179,165 | 11,179,165 | 11,179,163 | 11,179,162 | 11,179,161 
0.9 11,179,143 | 11,179,143 | 11,179,143 | 11,179,142 | 11,179,142 | 11,179,141 | 11,179,140 | 11,179,140 | 11,179,140 
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in Table 15.10, and Fig. 15.4E shows the inclining behavior of (45) at different fea- 
sibility degrees (f) and weight parameters (a), respectively. Furthermore, the effect of 
the feasibility degree (f) is more influential, as the significant increase in the value of 
(Zs) rapidly approaches the worst solutions whereas the weight parameter (a) affects 
the objective (Zs) almost trivially. 


6.2.2 Sensitivity analyses of intuitionistic fuzzy linguistic 
preference relations 


Imprecise importance relations have been represented by an intuitionistic fuzzy 
preference hierarchy for three different linguistic terms. The membership functions 
for importance relations R2(2,1), R,(4,3), R3(3,5), and R,(4,5) have been 
obtained and shown in Table 15.11 and Fig. 15.4F. With the increase in the fea- 
sibility degree (f) and the weight parameter (a), the preference membership func- 
tion for R3(2, 1) also increases and reaches its maximum, that is, 0.71 at f = 0.9 
and a = 0.9. Similarly, the preference membership functions for R; (4,3), R3(3, 5), 
and R 1(4,5) also reveal increasing behavior with the increase in the feasibility 
degree (f) and the weight parameter (о), and reaches their maximum attainment, 
that is, 0.64, 0.68, and 0.77 at 6 = 0.9 and a = 0.9, respectively. Moreover, the 
nonmembership functions for different linguistic preferences are summarized in 
Table 15.11 and are shown in Fig. 15.4G. The motive is to minimize the non- 
membership functions of each linguistic preference relation. Hence the minimum 
attainment degrees of nonmembership functions for R,(2, 1), Ri (4,3), R3(3,5), and 
В, (4,5) have been obtained as 0.29, 0.34, 0.26, and 0.21 at 6 = 0.9 and а = 0.9, 
respectively. The overall satisfaction degree of linguistic preference relations 
has been represented by the score function. The maximization of the score function 
ensures the maximum satisfaction degree for the intended preferences among 
different objectives and is shown in Fig. 15.4H. In Table 15.11, with the increase 
in value of f and a, the score function shows the enhancing trend. At f — 0.9 and a 
— 0.9, it approaches the maximum satisfactory degree, that is, 0.4256, 0.3557, 
0.4253, and 0.5637 for Ro(2,1), R,(4,3), R3(3,5), and (4,5), respectively. By 
tuning the parameters f and a, various sets of score functions for satisfaction 
level could be obtained effectively. Hence, intuitionistic fuzzy linguistic prefer- 
ence relations would be a good representative of priority structure among objec- 
tives according to the interest of decision maker(s). They would also be an 
effective and promising tool for assigning the preference when large numbers of 
objectives and goals have been dealt with simultaneously. The assignment of 
crisp weight (such as и% —0.1,02, ...,1|Y и = 1) to significant number objec- 
tives might be time-consuming and would involve more complexity to search 
for the best combination of crisp weight among different objectives or goals. 
Hence it would be tricky to assign the linguistic preferences among different objec- 
tives, which reduced the time and exempted from the best combination of crisp 
weight. 
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Table 15.11 Achievement degree of intuitionistic fuzzy linguistic preference relations at different feasibility degrees (f) and weight parameters (a). 


Feasibility 
degree 


Weight 
parameter 


Intuitionistic fuzzy preference relations 


Collected Papers, VIII 


Membership functions 


Nonmembership functions 


Score function achieved for 
intuitionistic fuzzy preference relations 


(0) 


a-a) 


Pa, 1) 


и 3) 


P s 5) 


S~ 
R2(2, 1) 


S~ 
Rı(4, 3) 


S~ 
R3(3, 5) 


S~ 
Ri (4, 5) 


0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 


0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 


0.63 
0.63 
0.64 
0.64 
0.64 
0.65 
0.65 
0.67 
0.71 


0.56 
0.56 
0.56 
0.56 
0.56 
0.58 
0.58 
0.61 
0.64 


0.63 
0.63 
0.63 
0.63 
0.63 
0.65 
0.65 
0.66 
0.68 
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0.2634 
0.2637 
0.2721 
0.2932 
0.2981 
0.3381 
0.3393 
0.3547 
0.4256 


0.1924 
0.1938 
0.1957 
0.2122 
0.2143 
0.2311 
0.2341 
0.2934 
0.3557 


0.3091 
0.3037 
0.3052 
0.3127 
0.3149 
0.3351 
0.3691 
0.3712 
0.4253 


0.4453 
0.4467 
0.4531 
0.4567 
0.4579 
0.5133 
0.5148 
0.5321 
0.5637 
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7. Conclusions 


In this study, an effective modeling and optimization framework for the CLSC design 
has been formulated as a mixed-integer neutrosophic fuzzy programming problem 
under uncertainty. The proposed CLSC designed model comprises multiproduct, 
multiechelon, and multiobjective scenarios for the optimum allocation of new and 
end-of-use products. In the forward chain, five functional echelons have been 
designed, whereas the reverse chain consists of six potential echelons to deal with 
end-of-use and end-of-life products. The testing center has been depicted in the CLSC 
model, which ensures the promising useful life of the product. Multiple-conflicting 
objectives with a well-defined set of constraints reveal typical complexity under a 
fuzzy environment. To deal with fuzzy parameters and constraints, a fuzzy robust 
ranking function technique depending on a feasibility degree has been suggested. 
Fuzzy inequality constraints have been converted into their crisp forms by using 
the ranking function, whereas fuzzy equality constraints have been transformed into 
two equivalent auxiliary crisp inequalities. Then the obtained fresh model has been 
solved by using a modified NFPA which consists of independent indeterminacy 
thoughts in decision-making processes. А novel linguistic importance scheme named 
intuitionistic fuzzy preference relations among different objectives has been investi- 
gated. With the aid of the linear preference membership and nonmembership function, 
the marginal achievement of each linguistic preference has been attained. The overall 
satisfaction level has been represented by the convex combination of membership 
functions of each objective and score function of intuitionistic fuzzy preference rela- 
tions. By tuning the feasibility degree and weight parameter, a different set of optimal 
solution results has been generated. A sensitivity analysis of the obtained results has 
been performed. Therefore, the presented CLSC modeling study under uncertainty 
may be helpful for practitioners and decision makers who are actively dedicated in 
the decision-making process of procurement, production, distribution, transportation, 
and management of end-of-use and end-of-life products in the CLSC network. 

The propounded CLSC study has some limitations that can be addressed in future 
research. The CLSC network has been designed for a single period, but modeling with 
multiple periods is much needed in real-life scenarios. Incorporation of the triple bot- 
tom lines concept, which means sustainable development of the CLSC model com- 
prising economic policies, environmental issues, and social concerns, would be a 
remarkable extension of the proposed model. Uncertainty among parameters due to 
randomness or other uncertain forms would be a significant enhancement of the dis- 
cussed CLSC model. Various metaheuristic approaches may be applied to solve the 
proposed model as a future research scope. 
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Abstract 


The notion of fuzzy sets initiated to overcome the uncertainty of an object. Fuzzy topological space, in- 
tuitionistic fuzzy sets in topological structure space, vagueness in topological structure space, rough sets in 
topological space, theory of hesitancy and neutrosophic topological space, etc. are the extension of fuzzy sets. 
Soft set is a family of parameters which is also a set. Fuzzy soft topological space, intuitionistic fuzzy soft and 
neutrosophic soft topological space are obtained by incorporating soft sets with various topological structures. 
This motivates to write a review and study on various soft set concepts. This paper shows the detailed review 
of soft topological spaces in various sets like fuzzy, Intuitionistic fuzzy set and neutrosophy. Eventually, 
we compared some of the existing tools in the literature for easy understanding and exhibited their advantages 
and limitations. 

Keywords: Soft sets, fuzzy soft topological space, intuitionistic fuzzy soft topological space, neutrosophic 
soft topological space. 


1 Introduction 


In the year 1999, Molodtsolt] proposed the concept of soft sets (SS). This concept developed to overcome 
the difficulty to fix membership for each case. SS is a family of parameterization of the universe of discourse. 
Parameters may be numbers, meaningful words, sentences, etc. Anyone could define the parameterization for 
their convenient. This technique is very useful to model the uncertainties. Also, Molodtsov defined some basic 
operations and presented some uses of SS, such as stability and operations research,-etc. 

The first definition of soft spaces was introduced by the authors Shabir and N and it is defined on the 
universe of discourse with a fixed set of parameters. Also they-proved that a soft topological space provides 
a parameterized family of topological spaces. The researche 504 are developed the concept of soft set 
theory. 

Fuzzy set (FS) was introduced by Zadeh’! in the year 1965, every element та? іп A has a membership 
value, where A is mapped from the universe of discourse to [0, 1]. Later Chand introduced the concept 
fuzzy topology in the literature, which satisfies the three axioms of top y and also Chang used the same 
notation in fuzzy topology as Zadeh used for ES. After few years, Low defined fuzzy topology which is 
different from definition by Chang. Maji-et a proposed the concept of fuzzy soft set (FSS) and defined 
some basic operations. Later, Tanay et Wt introduced fuzzy soft topological space (FSTS)and established 
the basic definitions of FSTS by incorporating the fuzzy topology and soft set. FSTS was applied in various 
ways say, game theory, analysis, etc. Fuzzy soft set in topological space further studied by Ro Dis The 
authors!0\22)30)36145|50)54 are successfully applied FSTS in real life. 

FS failed to address the rejection of an object in the set. So Manno proposed the theory where 
every object in a set has both acceptance and rejection with subject to the constraint that sum of acceptance 
and rejection should not exceed 1 and non-negative and that theory is called Intuitionistic fuzzy set theory. 
Intuitionistic fuzzy set A(a) is an generalization of fuzzy set where every element a in A is a subset of universal 
set have degree of membership and degree of non- membership and each function map from the universe of 
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discourse to the interval [0, 1]. Researchers developed the theory by generalising it and got new result through 
ехіепѕіоп 61516157159] Later, Maji et all introduced the notion of intuitionistic fuzzy soft set (IFSS). D. 
Coker initiated the concept of IFSTS and followed byk ETa developed the concept in decision making. 

Atanassov failed to address the problem when indeterminacy occurs in the object. To address the difficulty, 
Smarandachd 168] originated the concept called neutrosophic set. Every element in the neutrosophic set has 
truth, indeterminacy and falsity values respectively and which are maps from universe of discourse to [0, 1] 
with the constraint that truth, indeterminacy and falsity values should not exceed 3 and not less than zero 
under addition. Many complex problems in statistics, in graph theory when relationship between the object 
have acceptance, rejection and also indeterminacy, physics, image processing, networking and in decision 
making which can't be solved by existing classical methods. The generalisation of this notion also exist in the 
literature, namely neutrosophic soft topology, neutrosophic nano topology, neutrosophic nano ideals орогу 
neutrosophic support soft set 56] neutrosophic soft supra topological spaces in various sets, etc. Maji et al 
presented the concepts of neutrosophic soft set. мај successfully applied the concept of neutrosophic soft 
sets (NSS) in pattern recognition, reasoning etc. Thereafter, Ве initiated the concept of neutrosophic 
soft topological space (NSTS). The following author I9 Ps[66] are developed NSTS. In this work, soft sets in 
various topological spaces are studied in detail. Advantages and limitations of different soft topological spaces 
are presented. Eventually comparison table of classical soft topological space, FSTS, IFSTS, NSTS are also 
presented. 


2 Preliminaries 


This section is a collection of definitions initiated b 8316107172181 for the development of soft sets in 
various uncertainty sets. 


Definition 2.1. Fuzzy set A(a) of universal set X is defined by A = + (а, pa (a)) : a € X}, where ид represent 
the degree of membership and it is mapped from the universal set X to the unit interval [0, 1]. 


Definition 2.2. The pair (F, A) is called a FSS over X, where the mapping F : A — F(U), F(U) is the set of 
all fuzzy subsets of non-empty set X and A is a subset of the set of parameters E. 


Definition 2.3. Let the pair (X, т) be a FSTS and т be a family of FSS over X # 0. The pair (X, т) is said 
to be a FSTS if it satisfying the following conditions: (1) 0g, 1g € т. (ii) If fA,, fA, in т, then fA, ^ fa, in 
T. (ii) If (fA); in 7, for all i in J, then union of (д); in 7. Then т is called a topology of fuzzy soft sets on X. 


Definition 2.4. Let (X,7) be FSTS and f4 € F(X, E). The closure of fuzzy soft set f4 is intersection of all 
fuzzy soft closed supersets of f4. 


Definition 2.5. Let (X, т) be FSTS and f4 € F(X, E). The interior of fuzzy soft set fA is union of all fuzzy 
soft open subsets of f 4. 


Definition 2.6. Intuitionistic fuzzy set A(a) on the non-empty set X is defined by A = {(a, pa (a), ид(а)) : 
a € X), where ид denotes truth value and v4 denote the falsehood and the map of truth value and falsehood 
from the universal set X to the interval [0, 1] and satisfying the constraint that sum of truth and falsehood value 
18 lies between О and 1, for each a € X. 


Definition 2.7. Let X and E be the initial universe and set of all parameters respectively and A is a subset of 
the parameter set E. Let IF(U) be the set of all power set of X. If the mapping F from the set A to IF(U), then 
the pair (F, A) is said to be intuitionistic soft set over X. 


Definition 2.8. Neutrosophic set A (a) on the non-empty set X is defined by A = { (a, ua (a), a A(a), vA(a)) : 
a € X), where ид represent the degree of membership, сд represent the degree of indeterminacy and v4 
represent the degree of non-membership and the map of membership , indeterminacy and non-membership 
from the universal set X to the interval [0, 1] and with the constraint 0 € џд(а) + сд(а) + vala) € 3, for 
eacha € X. 


Definition 2.9. Let X be a non-empty set and the parameters set be E. The power set of X is denoted by P(X) 
and is defined as the collection of all neutrosophic set. The pair (F, Г) is called the NSS over X, where I is а 
subset of X and the map F from I to P(X). 


Definition 2.10. Let X and E are the non-empty set and set of parameters respectively and NSTS (X,7) isa 
subset of NSS (X, E) satisfying the following: 

(1) Null and universal soft set are the members of 7. (2) Finite intersection of member of any finite sub 
collection of 7 also in 7. (3) Arbitrary union of member of any sub collection of 7 also a member of 7. 
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3 Soft Topological Spaces in Various Sets 


3.1 Fuzzy soft set 


In 2008, Үад78 presented the concept of soft fuzzy set and this concept tested for the significance of existing 
soft fuzzy set. Lastly, FSS relations and soft fuzzy set relations are compared with some example. Cama 
modified the definition of FSS and studied the concept with some of its properties. Finally, fuzzy soft aggre- 
gation operator is defined for effective construction of decision process. 

Generalized FSS introduced by Majumdar“ in 2010. Some properties of generalized FSS and its applica- 
tions are presented by Manjumdar. Tanay first introduced the concept of FSTS to the literature. The authors 
also defined the notion of neighbourhood, family of neighborhood, interior and closure of FSS, Basis for FSTS 
and finally subspace of FSTS along with the some properties. Gunduz. C3! defined interior, closure of FSTS. 
Further, Gunduz introduced open and closed sets in respect of FSS and continuous mapping in FSS, homeo- 
morphism of FSTS. Characteristics of fuzzy soft topological structure also discussed. In 2011, Zhi Kong et 
al!®2! discussed FSS to present а real life problem with grey relation analysis theory. The result is verified with 
some cases. Mahanta“®! introduced and studied fuzzy soft point and its neighbourhood in a FSTS. Closure and 
interior of FSS are studied and investigated separation axioms and connectedness of FSTS. Abd El — Latif! 
developed and studied the concept of pre-connected, pre-separated, pre-soft subspace of FSTS. Generally, Pre 
- disconnectedness of FSTS is not traditional property proved by Abd El – Latif In 2012, УагоЇ Зі brought 
the notion of fuzzy soft continuity and projection mapping of FSTS. Simseklei*?l defined fuzzy soft open sets 
and fuzzy soft closed sets in FSTS and also fuzzy Q-neighbourhood of fuzzy soft points are defined. Roy 
et al defined the concept of accumulation point using Q-neighbourhood and also proved that separation 
axioms exists using Q-neighbourhood in FSS. 

Yang et all?! combined the concept of multi-fuzzy set and soft set to produce a new result called multi- 
fuzzy soft set. Also defined some theoretic operations say, union, intersection and complementary. Yang et 
аЛ developed an algorithm using multi-fuzzy soft set. Eventually using the proposed algorithm, decision 
making problem is analysed. Roy and Maji2! analysed the decision making problems using fuzzy soft sets. 
They construct an algorithm for selecting C]. from universe of discourse by considering maximum value 
among the score using score function. Cetkin™ established the concept of continuous mappings in FSTS and 
presented the idea of anti-chain and isomorphism to FSTS. 

In 2015, KandilZ7 introduced the concept of semi connected set, semi s-connected set, semi separated set in 
FSTS. Sabir Hussairi??ldefined the soft pre-open set, soft alpha-open set in FSS and studied soft neighbourhood 
at fuzzy soft points. Also introduced soft regular open set and studied further. Finally, the relationships 
between the above proposed concepts are presented. Pre-open, pre-closed set of FSTS introduced by Abd EI- 
Latif!Bl and studied some properties of pre-regular, pre-normal space of FSTS. Fuzzy a-connected set, fuzzy 
a-separated set, fuzzy a-S-connected set in FSTS established by A.M. Abd El-Latif 2! 

A. Kandil et а1#® defined fuzzy soft point based on equivalence classes in the year 2015 and described 
that Universal fuzzy soft set can be written as the union of disjoint connected component. G. Kalpana et al E3l 
introduced fuzzy soft r-open and fuzzy soft r-closed mappings, fuzzy soft r-closure, fuzzy soft r-interior, fuzzy 
soft r-continuous mapping through fuzzy soft set. Abd El-Latif?! initiated the notion of B-open soft sets and 
B-separation axioms in FSTS and established the properties of 5-сІоѕше and 6 — regular, G-normal space in 
FSTS. 


3.2 Intuitionistic Fuzzy Soft Set 


Here, we present the initialization, extensions and generalization of intuitionistic fuzzy soft set in topological 
structure. Yanal originated the concept of interval - valued IFSS, defined the set theoretic operations and 
finally decision making problem solved by adopting existing algorithm. Микћегјеб 9! proposed and studied a 
new type of sequence of intuitionistic fuzzy soft multi sets and some of its properties are investigated. Also 
the increasing, кеншн convergent sequences of intuitionistic fuzzy soft multi- topological spaces аге 
introduced by Mukherjee“ Finally, cluster intuitionistic fuzzy soft multi topological space and their properties 
are studied. In 2010, ха presented the concept of IFSS by merging K.Atanassov intuitionistic fuzzy set апа 
soft set. Developed some basic operations and applying this tool to target the type recognition problem. Jiang et 
al?! combined the two classical methods viz. soft set and interval-valued intuitionistic fuzzy set and produced 
a new result called interval-valued IFSS. Union, intersection and complement of interval-valued IFSS defined 
and established some basic properties. 

In 2012 Yin et al?! introduced further the concept of IFSS. In particular, theoretical operations such 
as union, intersection and complement, etc. are introduced. Mapping on IFSS introduced and their basic 
properties also presented. Li et alad proposed the novel notion called IFSTS in the year 2013. The author 
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also defined the interior, closure, base, relative complement and absolute IFSS and IFSTS. Some properties of 
IFSTS also presented. 

In 2013, Agarwal et а] developed the concept of generalized IFSS and this developed a generalized pa- 
rameter to pool the intuitionistic fuzzy numbers. The author has developed three different algorithms mainly 
for decision making. One is for in medical diagnosis to compare the intuitionistic fuzzy numbers and remain- 
ing for measure the similarity, if any in selecting the supplier. Kumud Borgohair?l studied IFSTS and defined 
intuitionistic fuzzy soft separation axioms, normal space and finally completely normal space of IFSTS. Os- 
manoglu et all introduced intuitionistic fuzzy soft finer and coarser topological space, Intuitionistic fuzzy 
soft discrete topology and intuitionistic fuzzy soft indiscrete topology. Further, soft points and complement of 
intuitionistic fuzzy soft points and separation axioms of the same introduced and their properties also studied. 
Cetkirl24 introduced the definition of closure intuitionistic supra fuzzy soft topological space. 

In 2014, Bayramov. Slintroduced the basic definitions of IFSTS namely, null and absolute IFSTS, interior 
and closure, associated closure of IFSTS. Some basic properties also investigated. Mukherjee! established 
the notion of intuitionistic fuzzy soft multi topological space for the parameterized family and also established 
the basic structure of intuitionistic fuzzy soft multi topological structure. 

Shuker Mahmood! studied and established soft b-closed, soft b-continuous mapping, soft b- closed dis- 
connectedness of IFSTS. In 2017, Yogalakshmi initiated the concept of various compactness of IFSTS, 
namely almost compact, nearly compact, etc and also studied intuitionistic soft fuzzy filter and intuitionistic 
soft fuzzy prime filter of IFSTS. 


3.3 Neutrosophic soft set 


This section contains the overview of various studies on NSS. In 2012, Мај defined the concept of NSS 
by combining soft set and neutrosophic set. Some basic operations of NSS, such as union, intersection and 
complement are defined and developed some properties of NSS. In the year 2013, Said Broumi presented 
the concept of generalized NSS with basic definitions and properties of generalized NSS. Delf defined the 
notion of relation on NSS. The composition of NSS is used to compose two different NSS. Deli examined the 
following concepts, namely equivalence relation, equivalence class and quotient of NSS. Deli also analyzed 
the decision making problem using NSS relation. Arockiarani2 defined a distance measure and score function 
to present a decision making problem using the existing tool called NSS. 

In 2017, Al-Quran introduced the notion of neutrosophic vague soft set which is an extended concept of 
classical soft set. Some basic operations and properties are defined and studied and at the end of the work, 
presented the decision making problem using the proposed concept to show the effectiveness. Parimala et a] 54) 
introduced an algorithm to analyze the medical diagnosis problem using interval-valued FSTS. In their work, 
some basic theoretic operations are also investigated. 

Berdl?! introduced the concept of NSTS. In the introduction paper, the authors are also defined interior, 
closure, base for NSTS, subspace of NSTS and regular NSTS. Finally some properties of NSTS and separation 
axioms with different characteristics are studied and investigated. 

In 2018 Berd introduced neutrosophic soft connected and compact topological space along with some 
properties. Finally the concept of continuous mapping on NSTS introduced and studied. Gunduz Aras et al 2l 
established the definition of NSS and introduced the neutrosophic soft point. Finally separation axioms and 
subspace of NSTS are studied in detail. Parimala et al proposed a new concept by incorporating NSS with 
hesitancy degree, which is exclusively for finding the residual of NSS. 


4 Advantages and Limitations 


Advantages and limitation of classical topological space and other topological spaces, such as FSTS, IFSTS, 
NSTS are presented here. 
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Types Advantages Limitations 
General topology It's a classical method and it is basic for | We could not apply the classical 
all other topological space. approach for uncertainties and for 
many real life fields. 
Fuzzy topology In fuzzy topology, every element has | Rejection part of membership does 
membership grade which lies between [0, | not exist in the fuzzy topology. 
1]. 
Intuitionistic fuzzy | Every element in the set has truth and | It's difficult to apply when some ele- 
topology falsehood value. ment have indeterminacy or indeter- 
minate form. 
Neutrosophic topol- | Every element in the non-empty set has | Residual part may lead to some ob- 
огу acceptance, rejection and indeterminacy | vious errors in the solution. 
value. So all variables in the universe of 
discourse have value between [0,1 ]. 
Fuzzy soft topology A non-empty set can be written as disjoint | Non-acceptance of an element in the 
union of parameters set. One can sepa- | parameter does not consider. 
rate the characteristic from the universal 
set and investigate according to the need 
of problem. 
Intuitionistic fuzzy | Every element in the parameterization has | Omitting the possibility of neutral- 
soft topology possibility of acceptance and possibility | ity. 
of non-acceptance value. 
Neutrosophic soft | Here we consider acceptance rate, non- | Accuracy may affect if the residual 
topology acceptance rate and neutrality rate of all | rate is high. 
elements in the parameter. 


The following table emphasize the comparison of various tools which we discussed in this overview. 


Sets Image Pre-Image Uncertainty | Truth False Indeterminacy 
Value of | value of | of parameter. 
Parame- | Parame- 
ter ter 
Classical sets | Universal | Integer Set. - - - - 
set 
Soft Topology | Initial Power set whose | - - - - 
Universe | ranges from 
closed interval O 
to 1 
Fuzzy | Soft | Initial Power set whose | Present Present - - 
Topology Universe | ranges from 
closed interval O 
to 1 
Intuitionistic Initial Power set whose | Present Present Present - 
Soft Topolog- | Universe | ranges from 
ical Space closed interval 0 
to 1 
Neutrosophic | Initial Power set whose | Present Present Present present 
soft topologi- | Universe | ranges from 
cal space closed interval 0 
to 1 


5 Conclusions 


Topological space has several applications in mathematics and in other fields like operations research, physics, 
data science, etc. But sometimes applying the concept of topology for real life application is difficult, because 
of uncertainties, inconsistent, incomplete information of the element. Fuzzy soft topological space introduced 
to overcome the difficulty in classical set which deals uncertainty of the object and intuitionistic fuzzy soft 
topological space established to solve some problem which encounter in fuzzy soft topology. Some cases, 


772 


Florentin Smarandache (author and editor) Collected Papers, VIII 


object has indeterminacy value, for those cases the previous tools can't be used. So Neutrosophic set has been 
introduced to deal the uncertainty, incomplete and inconsistent. This paper is thorough study of all these tools. 
Advantages and limitations of all existing tools are discussed. 
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Abstract 


In a previous paper in this journal (IJNS), it is mentioned about a possible approach of “curemony” as a middle way 
in order to reconcile Eastern and Western’s paradigms of medicine [1]. Although it is known in literature that there 
are some attempts to reconcile between Eastern and Western medicine paradigms, known as “integrative medicine,” 
here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), which is a proof of Meridian system, can be a 
bridge between those two medicine paradigms in neutrosophic sense. This can be considered as a Neutrosophic 
Logic way to bridge or reconcile the age-old debates over the Western and Eastern approach to medicine. It is also 
hoped that there will be further research in this direction, especially to clarify the distinction between Pasteur’s germ 
theory and Bechamp’s microzyma theory. More research is obviously recommended. Motivation of this paper: to 
prove that Neutrosophic Logic offers a reconciliation towards better dialogue between Western and Eastern medicine 
systems. Novelty aspect: it is discussed here how Bong Han Duct system offers a proven and observable way to 
Meridian system, which in turn it can be a good start to begin meaningful dialogue between Western and Eastern 
systems. 


Keywords: Pasteur, microzyma, Bechamp theory, meridian system, Bong Han Kim, Bong Han duct system, 


neutrosophic logic 


1 Introduction 
In the light of recent advancements on the use of Neutrosophic Logic in various branches of science and mathematics, 


this paper discuss possible application in medicine philosophy. See for instance [13-19]. 


This paper is inspired partly by the movie, Jewel in the Palace (Dae Jang Geum). One of these authors (VC) has a 
younger brother who likes to watch that movie. He already completed watching the entire series (more than 70 


episodes) more than three times. According to a good documentary on that movie [11]: 
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A history book courageous woman is reawakened in a hit TV dramatization. In 1392, the Joseon Dynasty 
appeared. The rulers of Joseon would lead the Korean landmass until the administration fell, to be supplanted 
by a Japanese provincial system, in 1910. АП things considered, Joseon's heritage suffers: It was one of the 
world's longest-running imperial administrations. In the "Joseon-Wangjo-Sillok" - "The Annals ofthe Joseon 
Dynasty;" the official record of the realm - a lady named "Daejanggeum" is referenced. She lived during the 
rule of King Jungjong (1506-1544), and the archives disclose to us that she had been a low-positioning court 
woman who picked up the ruler's trust and was elevated to the most noteworthy positioned woman in the 
kitchen, and furthermore to regal doctor. In one notice in the archives, the ruler states, "I have nearly 
recuperated from the sickness ofa couple of months. So I should offer honors to the individuals who put forth 
bunches of attempts to fix me. Give the imperial doctors and euinyeo (female associate) Daejanggeum 
blessings." 
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Janggeum's name appeared in " Joseon-Wangjo-Sillok" 


Figure 1. Jang Geum name was recorded in the "Joseon- Wan gjo-Sillok" - "The Annals of the Joseon 
Dynasty." After Kang Min Su [11] 


What is more interesting to these authors, is not only the depiction of royal palace at the time, but also the use of royal 


cuisine as medication, beside the use of acupuncture methods.[11] 
Now it seems obvious for Western scholars to pause at this point and ask: “What? Acupuncture? Are you joking?” 


This short review paper is discussing that approach: whether it is possible to reconcile both Eastern and Western 
medicine paradigms from the view point of Bong Han Kim's duct system (PVS) and its relation to Bechamp's 


microzyma. 
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As itis brought up in [1], it is notable by most medication experts, that Western way to deal with medication depends 
on "assaulting" an infection, individually. This is called germ hypothesis: one remedy for one ailment (Pasteur). On 
the contrary side, Eastern medication is situated specifically on old knowledge of restoring the parity (harmonious 
functions) of the body, at the end of the day: to blend our body and our live with nature. In spite of the fact that those 
two methodologies in medication and social insurance have caused such a large number of contentions and false 
impressions, really it is conceivable to do an exchange between them. From Neutrosophic Logic's point of view, a 
goal to the above clashing ideal models can be found in creating novel methodologies which acknowledge the two 
conventions in medication, or it is conceivable to call such a methodology: "curemony," for example by 
simultaneously relieving an infection and reestablishing harmony and returning concordance in one's body-mind-soul 


all in all. 


Now it is known that one of the objections by Western scholars about the Eastern medicine (based on meridian points) 
is the unobservability of meridian vascular/duct system. This makes meridian system neglected in almost all textbooks 
taught in Western medicine schools. Therefore, here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), 
which is a proof of Meridian system, can be a bridge between those two medicine paradigms in neutrosophic sense. 
This can be considered as a Neutrosophic Logic way to bridge or reconcile the age old debates over the Western and 


Eastern approach to medicine. 


It would be a lot easier to merge both the eastern (ancient) and the modern western curative system in terms of 
neutrosophy.These neutrosophic intermediates will help further to boost dialogues between those Western and Eastern 
system and their useful information. This neutrosophic intermediator is actually dealing with conscious of both non- 


matter and matter in terms of ancients and modern techniques. 


2. Intro duction to Bong Han duct system 


Nonetheless, in literature it is recorded that Bong Han Kim is a Professor in Biology in Korea. Around 1950-1960 he 
found the vessel which is a "duct" to known Eastern Meridian system, which is already known in acupuncture medicine 
system. Therefore it seems like a bridge between Western and Eastern medicine paradigms. As it is mentioned in 
previous paper [1], this paper will discuss how those paradigms can be reconciled in Neutrosophic Logic, using a 
degree of Western medicine and a degree of Eastern medicine, as the neutral part of neutrosophy. To us, Bong Han 


duct system is a good way to start a healthy and meaningful dialogue between those two paradigms in medicine. 
As Vitaly Vodanoy wrote, which can be rephrased as follows: 


*[n the 1960's Bong Han Kim found and described another vascular framework. He had the option to separate 
it unmistakably from vascular blood and lymph frameworks by the utilization of an assortment of techniques, 
which were accessible to him in the mid-twentieth century. He gave nitty gritty portrayal of the framework 
and made thorough graphs and photos in his distributions. He showed that this framework is made out of 
hubs and vessels, and it was answerable for tissue recovery. In any case, he didn't reveal in subtleties his 
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techniques. Thus, his outcomes are moderately dark from the vantage purpose of contemporary researchers. 
The stains that Kim utilized had been idealized and being used for over 100 years. In this manner, the names 
of the stains coordinated to the unequivocal conventions for the use with the specific cells or particles. 
Generally, it was not typically important to portray the strategy utilized except if it is altogether strayed from 
the first technique."[9] 
Although his method was almost forgotten until recently, it has been recovered again in the past decade. It is clear 
therefore, that Bonghan Kim's work, who essentially (and without being aware of the work previously done by 
Bechamp) discovered that what we call the 'Meridian System' (known as the Kyungrak System in the Korean tongue) 
which exists in the body as an actual third anatomical vascular system, comprised of ducts, ductules, corpuscles, and 
a unique type of fluid, the contents of which tie directly back to Bechamp's own discoveries (work is still being done 
today on the mapping out of this anatomical system, as it is far more extensive than the old Oriental texts gave it 


credit.) See [4]. 
Remark on terminology: 


“In a matter of seconds before the primary International Symposium on Primo Vascular System, which was 
held in Jecheon, Korea during September 17—18, 2010, Dr. Kwang-Sup Soh, recommended that it is critical 
to concur upon a solitary phrasing for the Bonghan framework. It was concurred that following terms would 
be embraced: Bong-Han System (BHS) - Primo Vascular System (PVS); Bonghan Duct (BHD)- Primo 
Vessel (PV); Bonghan Corpuscle (BHC)- Primo Node (PN); Bonghan Ductule - P-Subvessel; Bonghan 
Liquor-Primo Fluid (P-liquid); Sanalp-Microcell"[9]. 


Now in the next section, it will be discussed virus research, especially at their beginning. 


Hidden the introduction of virology is a conviction that infections are monomorphism, they are fixed species, 
unchangeable; that each neurotic kind produces (typically) just a single explicit illness; that microforms never emerge 
endogenously, i.e., have supreme source with the host. Thus the worldview prompts conviction called "germ 


hypothesis" of Pasteur: for example one remedy for one disease. [6-7] 


Bechamp recorded standard as the premise of another hypothesis about "infections." Briefly, this guideline holds that 
in every single living life form are organically indestructible anatomical components, which he called microzymas. 
They are freely living sorted out matures, equipped for creating compounds and fit for advancement into increasingly 
complex microforms, for example, microbes. Bechamp's proposition is that infection is a state of one's interior 
condition (landscape); that ailment (and its indications) are "conceived of us and in us"; and that malady isn't created 


by an assault of microentities yet considers forward their endogenous cause. [8] 


All things considered, it is realized that Pasteur duplicated whatever he discovered Bechamp thoughts would fit in his 


own hypothesis. Consequently, Bechamp was unmistakably increasingly unique researcher contrasted with Pasteur. 
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3. A re-interp reta tion of diseases and virus from Bechamp's theory 
This section begin by citing [4], which can be paraphrased as follows: 


"Through a cautious perception of the wonders of the thickening of the blood just as the procedure of 
maturation; and as a methods for all the more accurately deciphering the basic idea of these marvels; 
Bechamp straightforwardly saw that there exist a layers of subcellular, miniaturized scale natural living 
structures known as 'microzymas', a word which when interpreted signifies 'minor ages'. These structures 
were alluded to without anyone else and by other people (who came later, and mentioned a similar objective 
facts) as some type of 'atomic granulations' (more on this beneath). These microzyma are littler in size than 
some other known types of small scale natural life, and fill in as the base establishment for the development 
of every other type of such life." 

Moreover, on a more recent setting, see Andrew Kaufmann's report on WHO's early investigation of the corona 


virus, before it was declared globally as an epidemic.! 


According to Dr. Andrew Kaufman's report, a “virus” as observed is actually an exosome. That is not impossible. 
Even if you want to be more assertive. It's not just the PCR test that is inaccurate. So the so-called virus is indeed 


questionable. Because it relates to the germ theory of Pasteur, meaning each disease will need one type of medicine 


[1][2]. 


That's not right. Pasteur's theory draws a lot from the real expert at the time: Bechamp.[4] 


In essence, according to Bechamp, the source of the disease is most likely to be endogenous. Meaning from within 


the body when adjusting itself to the environment. 


What is interesting to ask here is what kind of the changes in the environment that triggers the emergence of 
symptoms such as excessive thirs? Actually, it is known as one of the symptoms known for electromagnetic 
radiation. Therefore, it is no surprise that there are some allegations by experts: severe radiation disturbances arise in 
Wuhan and Italy and also the USA because of they are the locations where the massive 5G network has begun to be 


installed (see also Firstenberg's report [5]). 


But this short paper is not intended to discuss more detailed about relation between 5G and covid-19, so this problem 


will be left to others to take up this matter and investigate further. 
4. Concluding rema rks 


This paper continued our previous article, where possible approach of “сигетопу” is discussed as a middle 
Neutrosophic way in order to reconcile Eastern and Western's paradigms of medicine [1]. Although it is known in 


literature, that there are some attempts to reconcile between Eastern and Western medicine paradigms, known as 
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"integrative medicine," here it is submitted a viewpoint that Bong Han duct system (PVS) which is a proof of meridian 


system, can be a neutrosophic bridge between those two medicine paradigms. 


Here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), which is a proof of Meridian system, can be a 
bridge between those two medicine paradigms in neutrosophic sense. This can be considered as a Neutrosophic Logic 


way to bridge or reconcile the age old debates over the Western and Eastern approach to medicine. 


It would be a lot easier to merge both the eastern (ancient) and the modern western curative system in terms of 
neutrosophy.These neutrosophic intermediates will help further to boost dialogues between those Western and Eastern 
system and their useful information. This neutrosophic intermediator is actually dealing with conscious of both non- 


matter and matter in terms of ancients and modern techniques. 


As mentioned in our previous paper [1], it is also discussed how those paradigms can be reconciled in Neutrosophic 
Logic. To us, Bong Han duct system (PVS) is a good way to start a healthy and meaningful dialogue between those 


two paradigms in medicine. 
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ABSTRACT We present a novel social choice theory based multi-criteria decision making method under 
neutrosophic environment and a new form of truth representation of neutrosophic theory called Distributed 
Indeterminacy Form (DIF). Our hybrid method consists of classical methods and an aggregation operator 
used in social choice theory. In addition to this, we also use DIF function to provide a more sensitive 
indeterminacy approach towards accuracy functions. We also consider reciprocal property for all individuals. 
This provides, as in intuitionistic fuzzy decision making theory, a consistent decision making for each 
individual. The solution approach presented in this paper in group decision making is treated under 
neutrosophic individual preference relations. These new approaches seem to be more consistent with natural 
human behaviour, hence should be more plausible and feasible. Moreover, the use of a similar approach to 
develop some deeper soft degrees of consensus is outlined. Finally, we give a Python implementation of our 
work in the Appendix section. 


INDEX TERMS Neutrosophic logic, group decision making, neutrosophic preference relations, distributed 


indeterminacy form, social choice theory, neutrosophic social choice theory. 


I. INTRODUCTION 

In most cases, it is intricate for decision-makers to accurately 
reveal a preference when solving multi-criteria decision- 
making (MCDM) problems with imprecise, vague or incom- 
plete information. Under these conditions, fuzzy sets (fs) [1], 
where the membership degree is represented by a real num- 
ber in [0, 1], are viewed as a strong mechanism method for 
solving MCDM problems [2], as well as reasoning approxi- 
mation and pattern recognition problems. However, fs cannot 
cope with particular situations where it is not easy to define 
the membership degree using a specific value. In order 
to obviate the absence of knowledge of non-membership 
degrees, Atanassov [3] introduced intuitionistic fuzzy sets 
(IFS), an extension of fs. IFS have been widely used in 
the solution of some significant MCDM problems [4]-[6], 
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including multigranulation [7]-[12], neural networks [13], 
[14], and medical diagnosis problems [15]. Smarandache [16] 
introduced neutrosophic logic and neutrosophic sets (NS) 
and Rivieccio [17] later raised concern about that an NS is 
a set where each element of the universe has a degree of 
truth, indeterminacy and falsity and it lies within ] 0, 1^ [, 
i.e. the non-standard unit interval. Clearly this is an extension 
of the standard interval [0, 1]. Furthermore, the uncertainty 
presented here, i.e. the indeterminacy factor, is dependent 
on the truth and falsity values, whereas the incorporated 
uncertainty is dependent on the degrees of belongingness and 
non-belongingness of IFS [18]. Recent studies show that 
neutrosophy can in fact be used in many applications. 
Ye [21]-[34], Lui and Wang [35], Lui et al. [36], Liu 
and Li [37], Liu and Shi [38], [39], Liu and Tang [40], 
Sahin and Liu [41], Chi and Liu [41], Biswas et al. [41], 
Biswas et al. [44]-[49], Monda and Pramanik [50]-[54], 
Peng et al. [55], Zhang et al. [56], [57], Peng et al. [58], 
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Zhang et al. [59], [60], Tian et al. [61], [62], Ji et al. [63]-[65 ]. 
Peng and Dai [66], Peng et al. [67], Peng and Liu [68], Peng 
and Dai [69], and Blin and Whinston [70] are some of the 
significant works on and introduced innovative methods on 
decision making under fuzzy and neutrosophic environments. 

In this study, we propose to distribute the indeterminacy 
on truth and falsity to be aligned with real life applications 
and to take into consideration such situations in which uncer- 
tainty in social choices have an effective role in truth and 
falsity. We determine a rational social choice solely by the 
preferences of individuals in a society. A rational choice is 
possible only if every individual in the society is rational. 
Social choice theory investigates solutions to the problem of 
making a collective decision on a fair and democratic ground. 
The main purpose and subject area of social choice theory 
is to study the decision making problem for collectives to 
make a collective decision in a democratic manner. Of course 
our main concern will be to devise a method to make a 
cumulative decision rather than judging how fair the decisions 
of individuals are. The collective decision will manifest itself 
in neutrosophic values that the individuals give assignments 
to the preferences. Every individual is assumed to be able 
to assign to every preference some neutrosophic compari- 
son value as pairs. We benefit from fuzzy and intuitionistic 
fuzzy social choice in solving the decision problems concern- 
ing neutrosophic social choice. Some well known works in 
fuzzy social choice and fuzzy decision making can be found 
in [70]-[75]. As for the intuitionistic fuzzy choice, we refer 
the reader to [76]-[78]. The advantage of our method is that 
we take care of Indeterminacy as well into neutrosophic social 
choice, while the previous methods involving fuzzy and intu- 
itionistic fuzzy into social choice ignored the indeterminacy ? 
which is not accurate. This paper is about not only a classical 
decision making paper but also has a paper that considers 
decision making, truth maker theory and a new accuracy 
function interpretation (DIF). Addition to these, on the other 
hand, social choice theory under neutrosophic environment 
is studied for the first time, so we cannot compare other 
existing methods to the method in our paper. The comparison 
method is to cite some papers related to decision making. 
Many of the computational social choice theories that have 
been studied are based on rational individuals and their con- 
sistent preferences. Knowing the fact that the consistency 
of these pairwise comparisons forms the main theme, such 
theories devise appropriate methods based on the winner of 
the consensus of the group or based on an ordering of the 
preferences with respect to a priority as a result of voting of 
each individual. In any social choice, the consensus winner 
is defined as the choice of the dominant individual or the 
collective decision of rational individuals. The goal is to 
determine the best preference picked by the group. For the 
fuzzy solutions of finding a consensus, we refer the reader 
to Kacprzyk et al. [79]. We introduce a mathematical model 
for determining a consensus winner as a result of a collective 
decision, and in case of otherwise, we present a model which 
orders the preferences with respect to their weights. We also 
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give an example in the last part of the paper to explain 
the model better. Compared with fuzzy and intuitionistic 
social choice theories, our model extends the social choice 
theory to neutrosophic based social choice theory in solving 
practical decision problems and present a richer language 
discourse. 


Il. FUNDAMENTAL DEFINITIONS 

In classical set (cs) theory, an element either belongs to a 
set or not. The membership of elements in a set is interpreted 
in binary terms according to a divalent case. In fuzzy set 
theory, introduced by Zadeh [1], a gradual assessment of the 
membership of elements in a set is permitted by a member- 
ship function which takes values in the real unit interval [0, 1]. 
In fuzzy set theory, classical divalent sets are usually called 
crisp sets. Fuzzy set theory is a generalization of the classical 
set theory. IFS are sets whose elements have degrees of 
membership and non-membership. IFS have been introduced 
by Atanassov [3] as an extension of the notion of fuzzy set, 
which itself extends the classical notion of a set. Neutrosophic 
set theory is a generalization of IFS, CS, FS, paraconsistent 
set, dialetheist set, paradoxist set, tautological set based on 
Neutrosophy [16]. An element x(T, I, F) belongs to the set 
in the following way: it is true in the set with a degree of 
t € [0, 1], indeterminate with a degree of i € [0, 1], and it is 
false with a degree of є [0, 1]. 

We will now give some definitions of the fundamental 
concepts related to our study. 

Definition 1 [1]: Given a universal set U and a generic 
element, denoted by x, a fuzzy set X in U is a set of ordered 
pairs defined as 

X = {(x, ux(x))|x e О}, where ux : U > [0,1] is 
called the membership function of A and их (x) is the degree 
of membership of the element x in X. 

Definition 2 [3]: An intuitionistic fuzzy set X over a uni- 
verse of discourse U is represented as 

X = {(x, их(х), vx (x))|x € О), where ux : U — [0, 1] 
and vy : U +> [0, 1] are called respectively the membership 
function of A and the non-membership function of A for x in 
X. The degree of non-membership of the element x in X is 
defined as ux (x) = 1 — vx(x). 

Definition 3 [16], [19]: Let U be a universe of discourse. 
A neutrosophic set is defined as 

N = (x, T(x), I(x), Е(х)): x € U}, 
which is identified by a truth-membership function Ty 
U +-+]0~,1*[, indeterminacy-membership function Iy : 
U ]07, 17[ and falsity-membership function Fy 
U ]07, 1*[. 

Definition 4 [16], [19]: Let U be a universe of discourse. 

A single valued neutrosophic set is defined as 

N = {(х, T(x), I(x), Е(х)): x € U}, 
which is identified by a truth-membership function Ty 
U = [0,1], indeterminacy-membership function Iy 
U +> [0,1] and falsity-membership function Fy : О +> 
[0, 1] with 0 < Ty (x) + IN (x) + Fy (x) < 3. A single-valued 
neutrosophic number (SVNN) is denoted by a = (T, I, F). 
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Definition 5 [20]: Let a be a single-valued neutrosophic 
number. An accuracy function Н of a single-valued neutro- 
sophic number is represented as follows. 

(a) = LHT — Ta) = Fall = 1) 
2 
where for all a, H(a) € [0, 1]. H is an order relation which 
gives an accuracy score of information of a. If H(a1) = 
H (a5), then a, = аз, that is, they have the same information. 
If H(a1) < H(ao), then a» is larger than ај. 


(1) 


Ш. ACCURACY FUNCTION AND DISTRIBUTED 
INDETERMINACY FORM 

For a neutrosophic value, the accuracy function H is cal- 
culated by the values T, J and F. However, in the process 
of making a decision, such independent values may not 
yield results consistent with the decision-making process on 
objects. Suppose, one has truth, falsity and indeterminacy 
values applied on a concept. We cannot speak about truth by 
ignoring indeterminacy. The reason is that we make a decision 
on the basis of including indeterminacy and the truth-maker 
gives the values by taking into account the indeterminacy. 
Sorensen [80]-[82] who published many papers on truth- 
maker theory, buries the theory of indeterminacy in the truth- 
maker theory. By a similar approach, we desire to calculate 
the the accuracy function dependent on T and F, taking 
the indeterminacy into consideration. The direct application 
of this idea to neutrosophic decision making helps us to 
approximate the outcomes with a better precision by distribut- 
ing the indeterminacy on neutrosophic values. Let H be an 
accuracy function. This time we reflect the indeterminacy 
value on the truth and falsity values in the following way: 
Let a = (Ta, la, Fa) be a single valued neutrosophic number 
with truth value Ти, indeterminacy value J,, and falsity value 
Ег. Distributed Indeterminacy Form (DIF) of a is defined 
as ашЕ = (Ta — Tala, 0, Fa — Fala). Here, we distribute 
indeterminacy effect on truth and falsity. In other words, 
we decrease the power of truth and falsity in proportion to 
the magnitude of indeterminacy. Our aim here is to determine 
how the value of truth and falsity is affected by the degree 
of growth of indeterminacy. Consider the following case for 
the accuracy function H. Despite that H(0.5,0.5,0.6) — 
0.475, we have that H (0.5, 0.6, 0.6) = 0.48. In other words, 
even though the precision should have been decreased when 
the indeterminacy increases, we observe the opposite here. 
This, at first might, may seem contradictory but the case will 
become clear in a moment. So DIF gives us a method to keep 
a neutrosophic number as small as possible in the ordering 
of the preferences in proportional to the increment of the 
indeterminacy value, provided that the truth or falsity values 
are fixed. 


A. SELF COMPARISON 
АП comparisons on the same alternative should be assigned 


a balanced value by rational individuals. The values 0.5, 
(0.5, 0.5), and (0.5, 0.5, 0.5) are assigned respectively for 
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self-comparison by individuals in fuzzy set, intuitionistic 
fuzzy set and neutrosophic set. Assigned self comparison of 
a neutrosophic value a is (0.5, 0.5, 0.5) and outcome of this 
number under H function is naturally H(a) — 0.5. The DIF 
of this value is аргғ = (0.25, 0, 0.25) and H (0.25, 0, 0.25) = 
0.375. This in turn gives us a result quite different from 
self-comparison. One of the most important reasons that we 
introduce the distributed indeterminacy concept is the effect 
of indeterminacy over the other two values, i.e truth and 
falsity. Moreover, we would like to see this effect as a rational 
assignment in the self-comparison process, so we would like 
to use the triplet (0.5, 0, 0.5) instead of (0, 5, 0.5, 0.5). As it 
can be seen, we pull the indeterminacy factor down to zero. 
Moreover, the DIF of (0.5, 0, 0.5) is equal to itself, that is 
(0.5, 0, 0.5). Furthermore, the image of (0.5, 0, 0.5) under the 
function H takes the value 0.5, which is just the appropriate 
value for the self-comparison process. 


IV. RECIPROCAL PROPERTY AND HESITATION FUNCTION 
In this section, we will the define reciprocal property and 
hesitation function for neutrosophy theory by reviewing 
the properties and the functions in fuzzy and intuitionistic 
theories. 


A. RECIPROCAL PROPERTY IN FUZZY THEORY 

Reference [83] A fuzzy preference relation R = (ri) on a 
finite set of alternatives X is a relation in X x X which is char- 
acterised by the membership function ug : X x X к— [0, 1]. 
Pairwise comparisons concentrate on two alternatives at a 
time which enable individuals when giving their preferences. 
If an individual prefers an alternative x; to another alternative 
xj, then she/he should not simultaneously prefers x; to xi. 
Then, the numerical representation of the comparison of two 
alternatives is denoted by a reciprocal preference relation R 
as follows: 


Fij 0 < 


гу = 0.5 = xj ^ Xi 


lij Xi > № 


Xj > Xi 


In fuzzy social choice theory, we also see binary crisp prefer- 
ence relations or [0, 1]-valued (fuzzy) preference relations. 
xij = 1 shows the absolute degree of preference for x; over 
xj. A definite preference for x; over x; is ry € (0.5, 1). 
Indifference between x; and x; is rj; = 0.5. Reciprocal 
[0, 1]-valued relations (R = (ri; Vij: 0O x rj < l,rj + 
rj = 1) are widely used in fuzzy set theory for representing 
preferences. 


B. RECIPROCAL PROPERTY AND HESITATION FUNCTION 
IN INTUITIONISTIC FUZZY THEORY 

[76] An intuitionistic fuzzy preference relation P on a finite 
set of alternatives X (xi, ..., Xn} is characterised by 
a membership function ир Xx X —— [0,1] and 
a non-membership function vp : X x X — such that 
0 < pp, xj) + ур(х, xj < 1, Yxi; x) € X x X. As in 
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the case for fuzzy preference relation, an intuitionistic fuzzy 
preference relation is represented by the matrix P — (pij) 
with ру =< pij, Vij >, Vi, j = 1,2,..., n. Obviously, when 
the hesitancy function is the null function we have that иу + 
vij = 1 (Vi, j), and the intuitionistic fuzzy preference relation 
P — (pij) is mathematically equivalent to the reciprocal fuzzy 
preference relation R = (rjj), with rj; = mij. An intuitionistic 
fuzzy preference relation is referred to as reciprocal when the 
following additional conditions are imposed: 


vj = 0.5, Viell,...,n) 
vi,j € (1,...,n]. 


(i) Mii 
(ii) Mij = vji, 
In intuitionistic fuzzy studies, the relations do not need to 
have reciprocity but must satisfy rj; < 1 — rj; due to intuition- 
istic index. In other words, for an IFS A, zrA(x) is determined 
by the following expression: лд(х) = 1 — ша(х) — va(x) is 
called the hesitancy degree of the element x € X to the set A, 
and z4(x) € [0, 1], Vx € X. 


C. RECIPROCAL PROPERTY AND HESITATION FUNCTION 
IN NEUTROSOPHY THEORY 

Let S (51,52, 53, ..., Sn} be a set of alternatives (or 
options) and m be a set of individuals. Each individual 
declares his or her own preferences over S which are repre- 
sented by an individual neutrosophic preference relation Rg 
such that 


Ng, : S x S — [0,1] x [0, 1] x [0,1] 


which is traditionally represented by a matrix Ry = [rj E 
k ky) org : 
Nn, (7; T^ 1,4,7 = L2, 3,., m Kk 2 1,2,3,..., m. 
k „k k 
(0.5, 0.5, 0.5) rb г гід 
rk (0.5, 0.5, 0.5) rk rk 
R= 
„k k k 
Den 139 (0.5, 0.5, 0.5) 133 
k k „k 
T41 T42 Ta (0.5, 0.5, 0.5) 


The matrix above shows that neutrosophic preferences of an 
individual k are among 51, 52, 53, 54. Also that Nr, (51, $1) = 
Мк, (52, 52) = Nr,(83, 53) = № (54, $4) = (0.5, 0.5, 0.5), 
Nr, (81, 52) = "s Nr, (53, 54) = m etc. We require that 
there is no larger outcome when an alternative is compared to 
itself. Almost all studies in the literature on decision making 
assign no value or assign zero degree to their underlying 
discourse for self-comparisons. We follow a entirely compu- 
tational approach here. On the other hand though, zeros given 
in other previous studies may lead us have a false perception 
to compare any s;. For a neutrosophic preference function 
mu, if ти(5;, 53) = 0, then s; is definitely larger than sj. 
If we had a rational individual, mu(s;, si) would have been 
0.5, since if we do self-comparison, an alternative can not 
have any advantage over itself. We use the H function in 
Definition 2.5 for preciseness and to act as a neutrosophic 
index of SVNNs. If i j, then we take Nmg,(s;, sj) to 
be (0.5, 0.5, 0.5) without DIF, and (0.5, 0, 0.5) with DIF. 
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So, we have the following matrix: 


(0.5,0,0.5) 5 n pr 
my 405,005) “rh ^ 
Ry = 
55 Poo 035,00.) r% 
P 23 rk (0.5, 0, 0.5) 


The function H (called neutrosophic index or neutrosophic 
hesitation function) assigns each aj neutrosophic value to a 
number in [0, 1]. 

We have that 


1+ T(aij) - (aij — Т(ау)) — F(a) — I(aij)) 


H (aij) = 2 


(2) 


Now, we have a new matrix ЕЙ = [H(r5) = Hk (Nn, (si, sj))]. 


where ijj = 1,2,3,...,m К = 1,2,3,..., m. More 
explicitly, 
H (0.5, 0, 0.5) Hoy) н) не) 
RH Hob) H((0.5, 0, 0.5)) "oko Hoo 
k не) HOK) H(05005) но) 
Hof ) H(r* HEK H((0.5, 0, 0.5)) 


4 42) 43) 

We find it more appropriate to use the notion of hesi- 
tation in order to have consistency between the choosers 
(individuals) and their preference. Here, we benefit from 
the IFS. In utilizing IFS, we provide a hybrid account of 
the neutrosophic accuracy function by hesitation. We adopt 
intuitionistic index in our study since we use the function 
H as a solid index throughout the paper. Not every Н“ (rij) 
needs to be reciprocal, i.e. H k (rj) £Zl1—H k (rji) but should 
be quasi-reciprocal. That is, H (ri) <1-Н (ri), for each 
i,j = 1,...,n. If k is not quasi-reciprocal, we call k an 
irrational individual. If i = j, then we just (аке Nrx (aj, aj) = 
(0.5, 0.5, 0.5) since H((0.5, 0.5, 0.5)) 0.5 irrespective 
of DIF. Furthermore, when we consider DIF, the neutro- 
sophic value of the assignment made by a rational individual 
on the same preference is (0.5,0,0.5) from now on, and 
Н ((0.5, 0, 0.5)) = 0.5 as desired. 


(0.5,0,0.5) — DIF(rk,) DIF (rt) DIF (rk) 
DIF(rk,) — (0.5,0,0.5) DIF (rk) DIF(rk,) 
DIF (R,) = 
DIF (г) DIF(rk,) — (05,0.0.5) ғ.) 
DIFGE) DIFGE) DIF(rk,) (0.5.0,0.5) 


Ri : preference matrix of the ith individual, 

DIF(Rj) : DIF of preference matrix of the ith individual, 

RH : range of preference matrix of the ith individual under 
H function, 

n (ij) : represents the element at the row i and column j 
of RË for individual k, 

hk ij) distribution of the kth individual's votes for 
each pairwise comparison of alternative's value is determined 
through 0.5 derived from RH , 
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ЦА] : the matrix obtained by each element of hk (ij), 
[[Hj]] : matrix of the group vote, 
Ax : the degree for preference k assigned by the group, 
аќ, : majority determination value for preference k of the 
group (the element at the row i and column j of [ГАА ]]), 

Н h : majority determination value for preference k of the 
group under H function, 


1, r#@ > 0.5 


hk (ij) = 
(0 0, otherwise 


Ну; : average majority determination value of the group 
under H function, 

H» : consensus winner determination matrix, 

C(sj) : social aggregation function for the alternative 
(preference) si, 

Example 6: Suppose that there are three experts ту, то, 
тз and four facilities s1, 52, 53, s4 in the same business 
industry. We assume that all experts are rational and so 
we assume all neutrosophic values satisfy quasi-reciprocal 
property. We also take the self-comparison value to be 
(0.5, 0, 0.5). Each expert assigns some neutrosophic opinion 
value by comparing the facilities in pairs as follows: 

Rm; is the set of assigned values (preferences) by m; to pairs 
in the facilities where 1 < i < 3. 


Rin, 
= {(s1, 51) = (0.5, 0, 0.5), (s1, 52) = (0.45, 0.24, 0.27), 
(51, 53) = (0.31, 0.14, 0.66), (51, 54) = (0.8, 0.3, 0), 
(52, 51) = (0.1, 0.45, 0.52), (52, ә) = (0.5, 0, 0.5), 
(52, 53) = (0.48, 0.26, 0.37), (s2, 54) = (0.2, 0.7, 0.8), 


(53, 51) = (0.61, 0.43, 0.71), (53, 52) = (0.31, 0, 0.71), 
($3, 53) = (0.5, 0, 0.5), (83, s4) = (0.76, 0.23, 0.27), 
(s4, 51) = (0.1, 0.6, 0.9), (s4, 52) = (0.81, 0.55, 0.33), 
(54, 53) = (0.11, 0.32, 0.59), (s4, s4) = (0.5, 0, 0.5)} 

Rm 

= {(s1, 51) = (0.5, 0, 0.5), (s1, 52) = (0.2, 0.4, 0.7), 
(s1, 53) = (0.21, 0.55, 0.95), (s1, s4) = (0.4, 0.5, 0.3), 


(s2, 51) = (0.29, 0.53, 0.38), (0.29, 0.53, 0.38), 


(s2, 52) = (0.5, 0, 0.5), (s2, 53) = (0.62, 0.45, 0.16), 
(s2, 54) = (0.2, 0.7, 0.8), (83, 51) = (0.72, 0.15, 0.18), 
(53, 52) = (0.11, 0.13, 0.79), (83, 53) = (0.5, 0, 0.5), 
(53, 54) = (0.51, 0.45, 0.53), (s4, 51) — (0.15, 0.35, 0.23), 
(s4, $2) = (0.81, 0.55, 0.33), (s4, 53) — (0.17, 0.57, 0.36), 
(sa, 54) = (0.5, 0, 0.5)) 

Rm 

= {(s1, 51) = (0.5, 0, 0.5), (51, 52) = (0.3, 0.45, 0.7), 

(s1, 53) = (0.1, 0.85, 0.78), (51, 54) = (0.4, 0.5, 0.3), 
(s2, 51) = (0.36, 0.51, 0.39), (s2, 52) = (0.5, 0, 0.5), 


(s2, 53) = (0.62, 0.45, 0.16), (s2, s4) = (0.1, 0.8, 0.21), 
(53, 51) = (0.92, 0.1, 0.16), (53, $2) = (0.11, 0.13, 0.79), 
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(53, 53) = (0.5, 0, 0.5), (53, 4) = (0.23, 0.45, 0.74), 
(54, 51) = (0.15, 0.35, 0.23), (s4, 52) = (0.6, 0.2, 0.1), 
(54, 53) = (0.57, 0.57, 0.36), (s4, 54) = (0.5, 0, 0.5)} 

Rng 

= ((51, 51) = (0.5, 0, 0.5), (s1, 52) = (0.2, 0.4, 0.7), 

(s1, 53) = (0.25, 0.87, 0.38), (s1, 54) = (0.4, 0.5, 0.3), 
(s2, 51) = (0.29, 0.53, 0.38), (s2, 52) = (0.5, 0, 0.5), 
(52, 53) = (0.62, 0.45, 0.16), (s2, 54) — (0.34, 0.66, 0.21), 
(53, 51) = (0.73, 0.87, 0.56), (53, 52) = (0.14, 0.19, 0.79), 
(53, 53) = (0.5, 0, 0.5), (53, 4) = (0.21, 0.45, 0.66), 
(54, 51) = (0.16, 0.35, 0.23), (s4, 52) = (0.6, 0.4, 0.8), 
(s4, 53) = (0.68, 0.57, 0.36), (s4, 54) = (0.5, 0, 0.5)} 


We now represent each Rm; in matrix form and then calculate 
their distributed indeterminacy forms DIF (Rin;). 


Г (0.5,0,0.5) (0.45, 0.24, 0.27) (0.31, 0.14, 0.66) (0.8, 0.3, 0) 

R (0.1,0.45,0.52) (0.5, 0,0.5) (0.48, 0.26. 0.37) (02,07,08) 
тү = | (0.61,0.43,0.71) (0.31,0,0.71) _ (0.5,0,0.5) — (0.76,0.23, 0.27) 
(0.1, 0.6,0.9) (0.81, 0.55, 0.33) (0.11, 0.32, 0.59) (0.5, 0, 0.5) 


Г (0.5,0.5,0.5) — (0.342, 0,0. 02052) (0.2666,0,0.5676) (0.56, 0, 0) 

DIF(Ry,) = | ,k0:055: 0, 0.286) (0.5,0,0.5) (0.3552, 0, 0.2738) — (0.06, 0, 0.24) 
(Ктр) = | 0.3477, 0,0.4047) (0.31.0, 0.71) (0.5,0,0.5) _ (0.5852. 0, 0.2079) 

(0.04, 0,0.36) (0.3645, 0, 0.1485) (0.0748, 0, 0.4012) (0.5.0, 0.5) 


0.5) (0.2,0.4,0.7) (0.21, 0.55,0.95) (0.4, 0.5, 0.3) 
0.38) (0.5,0,0.5) (0.62, 0.45,0.16) (0.2, 0.7, 0.8) 
0.18) (0.11, 0.13,0.79)  (0.5,0,0.5) (0.51, 0.45, 0.53) 
0.23) (0.81, 0.55, 0.33) (0.17, 0.57, 0.36) (0.5, 0, 0.5) 


5, 0.5, 0.5) (0.12, 0,0.42) (0.0945, 0, 0.4275) (0.2,0,0.15) 1 
Dirk, y — | 91363 0.0.1786) (0.5, 0, 0.5) (0.341, 0,0.088) (0.06, 0, 0.24) 

(Rm) = | (0.612, 0,0.153) (0.0957, 0, 0.6873) (0.5,0,0.5) (0.2805, 0, 0.2915) 
| (0.0975, 0, 0.1495) (0.3645, 0, 0.1485) (0.0731, 0, 0.1548) (0.5, 0, 0.5) 


[ (0.5, 0, 0.5), (0.3, 0.45, 0.7), (0.76, 0.35, 0.38), (0.4, 0.5, 0.3) | 


20; 
" (0.29, 0.53, 
тә = | (0.72,0.15, 
0.35, 

0. 


| (0.15, 


" (0.36, 0.51, 0.39), (0.5, 0, 0.5), (0.62, 0.45, 0.16), (0.46, 0.46, 0.21) 
тз = | (0.92, 0.86. 0. 35), (0.11, 0.13, 0.79), (0.5, 0, 0.5), (0.23, 0.45, 0.74) 
|. (0.15, 0.35, 0.23), (0.6, 0.4, 0.8), (0.57, 0.57, 0.36), (0.5, 0, 0.5) 


[ (0.5, 0,0.5) (0.165, 0,0.385)  (0.494,0,0.247) — (02,0,0.15) 7 
бв) — | 0:1764,0,0.1911) (0.5, 0, 0.5) (0.341, 0,0.088) (0.2484, 0, 0.1134) 
(Rm3) = | (0.1288, 0, 0.049) (0.0957, 0, 0.6873) ` (0.5, 0, 0.5 (0.1265, 0, 0.407) 


‚0, 0.5) 
| (0.0975, 0,0.1495) (0.36,0.0.48) — (0.2451,0,0.1548) — (0.5.0, 0.5) 
(0.5, 0, 0.5), (0.2. 0.4, 0.7), (051, 0.35, 0.38), (0.4, 0-5, 0.3) | 


38), (0.5, 0, 0.5), (0.62, 0.45, 0.16), (0.34, 0.66, 0.21) 
56), (0.14, 0.19, 0.79), (0.5, 0, 0.5), (0.21, 0.45, 0.66) 


ИЕ ‚0. 
m4 = (0:73, 0. 
35, 0.23), (0.6, 0.4, 0.8), (0.68, 0.57, 0.36), (0.5, 0, 0.5) 
0. 
0. 


555 


0.5, 0, 0.5) (0.12,0,0.42) — (0.3315,0,0247) (0.2,0,0.15) 1 
DIF(R (0.1363,0,0.1786) (0.5, 0, 0.5) (0.341, 0,0.088) (0.1156, 0, 0.0714) 
тд) = | (0.0949, 0, 0.0728) (0.1134, 0, 0.6399) ^ (0.5,0,0.5) (0.1155, 0, 0.363) 
(0.104, 0,0.1495) — (0.36,0,0.48) (0.2924. 0, 0.1548) (0.5, 0, 0.5) 


Now we apply the H function to DIF(R;) and then obtain RH : 


0.5 0.5684 0.3495 0.78 
gHo- 0.3844 0.5 0.5407 0.41 
m  |0.4715 0.3 0.5 0.6886 
0.34 0.608 0.3368 0.5 
h”! (ij) ZR. 1, PC) > 0. 5 
0, otherwise 
0 1 0 | 
0 0 1 0 
Пл" = 0 0 0 I 
0 1 0 0 
0.5 0.35 0.3335 0.525 
gHo- 0.4788 0.5 0.6265 0.41 
m  ]0.7295 0.2041 0.5 0.4945 
0.474 0.474 0.4591 0.5 
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учуу = [I MD > 05 
0, otherwise 
0 0 0 1 
0 0 1 0 
Еа. чуу 0 
P M 0 0 
E Е 0.6234 0.525 
ЕН — 0. n 0.6265 0.5675 
тз 0.5399 0. 2i 0.5 0.35975 
0.474 0.4399 0.54515 0.5 
h” (ij) = 1, гй, D > 0. 5 
0, otherwise 
0 0 1 1 
0 0 1 1 
a de дул) 
s b 1 0 
| E 0.5422 0.525 
RE — 0. i 0.6265 0.5221 
"4^ | 0.511 0. Eo 0.5 0.3762 
0.477 0.439 0.5688 0.5 
h” (ij) = 1, mu > 0.5 
0, otherwise 
0 0 1 1 
0 0 1 1 
ШЗ =] 9 0 o 
0 0 1 0 


The next step is to collect and compare the preferences. 
To do this, we add the columns of [[H;j]] and divide it to 
number of the alternatives. 


such that 1 < k < m 


1 m k : В 
Нуу Е] m 2s а, l FJ 
0, i=j 
such that i,j = 1,2,...n and k = 1,2,...,m 
y —2+@2+аз+а _1+0+0+0_1 
uM 4 = ri E. 
Hr = 5” Hr = 1, Hj, = 0, Hj, = 1, Hg, = > 
3 1 
Hr = 2, Hg, = 0, Hg = ‚Нл = 0, Hry = 2, 
1 
Наз = 5 
1 1 
= жэ „= 1 
4 2 
1 
0 — 1 3 
Ну = 
3 1 
ud 0 = d 
4 2 
0 1 1 
4 2 


We now define the notion of a consensus winner. 
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Definition 7 [74]: s; € W is called a consensus winner if 
and only if Vs; Æ s; : rij > 0.5, where rjj; € Hz. 
In our example above, there is no winner because there 
are multiple numbers greater than 0.5. If there is a con- 
sensus winner, it must be unique and the set W must 
be a singleton since the reciprocal property must hold. 
Of course, it is easy to define that o-consensus winner 
for different o-values. So we define a social aggrega- 
tion average function C to calculate the order of s; in 
the group to the extent that individuals are not against 
option sj. 


1 
Со) = —1 2 rij, (3) 
izj 
where i,j = 1,2, ...,m 
7 
C(s1) = 12 C(s2) = =, C(s3) = p C4) = 


So, C(s1) > C(s2) > C(s3) > C(sa). 


V. CONCLUSION 

The main aim of this paper is to bring into attention the 
interplay between neutrosophy and social choice theory. 
Within the framework of this intention, we have taken inher- 
itance from studies on fuzzy and intuitionistic fuzzy social 
choice theory and developed the neutrosophic based social 
choice theory. First we defined the DIF, which was used in 
Sorensen's truth-maker theory to distribute the indeterminacy 
on truth and falsity values for certain neutrosophic calcula- 
tions. We believe that the notion of DIF gives a new insight, 
breath and different perspectives for neutrosophic studies. 
Through DIF, we emphasize hesitation and reciprocal char- 
acteristics in self-comparisons and other pairwise compar- 
isons to define a consistent decision maker. We determine a 
consensus winner if exists. In case of otherwise, we obtain 
orders of the given alternatives by defining a social aggre- 
gation average function. Finally we give in the Appendix, 
a Python implementation of an algorithm computing the 
output in the order of = seconds, where n is the input 
size (the number of matrices), when executed in a mid-end 
computer. 


A. FURTHER RESEARCH DIRECTIONS 
Some future researches to extend and diversify this work may 
include the following ideas: 

e studying the quantifiers most, at most, etc [86], 

e considering interval valued neutrosophic sets [87], 

e considering bipolar valued neutrosophic sets [88], 

e introducing different forms of DIF depending on under- 
lying models, 

e presenting several forms of aggregation operators [89], 

e applications on plithogenic sets [90]. 

e applications on Maclaurin symmetric mean, g-rung 
orthopair 2-tuple linguistic aggregation and continuous 
interval-valued Pythagorean operators [91]- [93]. 
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def RationalityChecker(R): 
columnR-len(R) 


idn=0 


xowR=len (R[0]) 


for i in range(0,rowR-1): 


if Rlil]li] != (0.5, 0, 0.5): 
print '(,',i,i,") is not (0.5, 0, 0.5), so, s ",i, ' is not rational agent’ 
idn=1 


APPENDIX 
A Python implementation [84], [85] of the group decision 
making method with distributed indeterminacy form under 


for i in range (0, rowR) : 


for j in range (0, rowR) : 


neutrosophic environment is as follows: if i tej: 

t1=R[i] [j] [0] 
from _ future _ import division il=R[i}] [j] [1] 
from collections import defaultdict f1=R[i] [j] [2] 


import math Al-AccuracyIntedeteminacyDistubition (t1, il, £1) 
import sys 
t2=R[j] [i] [0] 


i2=R[j] [i] [1] 


в1=[ [ (0.5,0,0.5),(0.45,0.24,0.27), (0.31,0.14,0.66) , (0.8,0.3,0)], f2=R[j] [i] [2] 
[(0.1,0.45,0.52) , (0.5,0,0.5), (0.48,0.26,0.37) , (0.2,0.7,0.8)], 
[(0.61,0.43,0.71) , (0.31,0,0.71) , (0.5,0,0.5) , (0.76,0.23,0.27)], A2-AccuracyIntedeteminacyDistubition (t2,i2,f2) 


[(0.1,0.6,0.9) , (0.81,0.55,0.33) , (0.11,0.32,0.59) , (0.5,0,0.5)]] 


if Al > 1-A2 : # Al-must be less than-or-equal to 1-A2 


іап=1 
R2-[ [ (0.5,0,0.5),(0.2,0.4,0.7), (0.21,0.55,0.95) , (0.4,0.5,0.3)], 
[(0.29,0.53,0.38) , (0.5,0,0.5), (0.62,0.45,0.16) , (0.2,0.7,0.8)], print R[i] [j], ' and ', R[j] [i], ' does not satisfy hesitation 
[(0.72,0.15,0.18) , (0.11,0.13,0.79) , (0.5,0,0.5) , (0.51,0.45,0.53)], property’ 
[(0.15,0.35,0.23) , (0.81,0.55,0.33) , (0.17,0.57,0.36) , (0.5,0,0.5)] ] 
return idn 
R3-[ [ (0.5,0,0.5),(0.3,0.45,0.7), (0.1,0.85,0.78) , (0.4,0.5,0.3)], 
[(0.36,0.51,0.39) , (0.5,0,0.5), (0.62,0.45,0.16) , (0.1,0.8,0.21)], def RHcreation(K): 
[(0.92,0.1,0.16) , (0.11,0.13,0.79) , (0.5,0,0.5) , (0.23,0.45,0.74)], 
[(0.15,0.35,0.23) , (0.6,0.2,0.1) , (0.57,0.57,0.36) , (0.5,0,0.5)] ] global RHtogether 
RHtogether- defaultdict () 
for i in K.keys(): 
R4-[ [ (0.5,0,0.5),(0.2,0.4,0.7), (0.25,0.87,0.38) , (0.4,0.5,0.3)], 
[(0.29,0.53,0.38) , (0.5,0,0.5), (0.62,0.45,0.16) , (0.34,0.66,0.21)], columnAll-len(K[i]) 
[(0.73,0.87,0.56) , (0.14,0.19,0.79) , (0.5,0,0.5) , (0.21,0.45,0.66)], 
[(0.16,0.35,0.23) , (0.6,0.4,0.8) , (0.68,0.57,0.36) , (0.5,0,0.5)] ] rowAlll-len(K[i][01) 
rowAll2-len (K[i][0]) 
AllTogether- ('R1': [[ (0.5,0,0.5), (0.45,0.24,0.27), (0.31,0.14,0.66) , (0.8,0.3,0)], for j in range(0,rowA111): 
[(0.1,0.45,0.52) , (0.5,0,0.5), (0.48,0.26,0.37), (0.2,0.7,0.8)], 
[(0.61,0.43,0.71) , (0.31,0,0.71) , (0.5,0,0.5) , (0.76,0.23,0.27)], 
[(0.1,0.6,0.9) , (0.81,0.55,0.33) , (0.21,0.32,0.59) , (0.5,0,0.5)]], for k in range (0,rowAll2): 
'R2': [[ (0.5,0,0.5),(0.2,0.4,0.7), (0.21,0.55,0.95) , (0.4,0.5,0.3)], 
[(0.29,0.53,0.38) , (0.5,0,0.5), (0.62,0.45,0.16) , (0.83,0.46,0.21)], tl=K[i] [j] [k] [0] 
[(0.72,0.15,0.18) , (0.11,0.13,0.79) , (0.5,0,0.5) , (0.51,0.45,0.53)], il=K[i] [j] [k] [1] 
[(0.15,0.35,0.23) , (0.6,0.4,0.8) , (0.47,0.57,0.36) , (0.5,0,0.5)]], fl-K[i] [j] [k] [2] 
'R3': [[ (0.5,0,0.5),(0.3,0.45,0.7), (0.76,0.35,0.38) , (0.4,0.5,0.3)], A-AccuracylIntedeteminacyDistubition(t1,il,f1) 
[(0.36,0.51,0.39) , (0.5,0,0.5), (0.62,0.45,0.16) , (0.46,0.46,0.21)], 
[(0.92,0.86,0.35) , (0.11,0.13,0.79) , (0.5,0,0.5) , (0.23,0.45,0.74)], 
[(0.15,0.35,0.23) , (0.6,0.4,0.8) , (0.57,0.57,0.36) , (0.5,0,0.5)]], if i not in RHtogether.keys(): 
'R4': [[ (0.5,0,0.5), (0.2,0.4,0.7), (0.51,0.35,0.38) , (0.4,0.5,0.3)], RHtogether[i]-[A] 
[(0.29,0.53,0.38) , (0.5,0,0.5), (0.62,0.45,0.16) , (0.34,0.66,0.21)], 
[(0.73,0.87,0.56) , (0.14,0.19,0.79) , (0.5,0,0.5) , (0.21,0.45,0.66)], else: 
[(0.16,0.35,0.23) , (0.6,0.4,0.8) , (0.68,0.57,0.36) , (0.5,0,0.5)]]} RHtogether[i].extend([A]) 
number= int (math.sqrt (len (RHtogether [i] ))) 
def AccuracyFunction(T,I,F): m=0 
new_list=[] 
HV= (1+ T - I«(1-T)-F« (1-1)) /2 while m«len(RHtogether[i]): 
return HV new list.append( RHtogether[i][m:m * number]) 
m*- number 
def DIF(T,1,F): RHtogether[i]-new list 


Tl=math. fabs (T-I+T) 
Fl=math. fabs (F-I«F) 
return RHtogether 
DIFi-' ('*str(Tl)*','*str(0)*','*str(Fl)*')" 
return DIFi 


def OneZero(K): 


global H 
def AccuracyIntedeteminacyDistubition(T,I,F): H-defaultdict () 
Tl=math. fabs (T-I*T) for i in K.keys(): 
Fl=math. fabs (F-I+F) columnAllin=len (К[1]) 
ID=AccuracyFunction (T1, I,F1) rowAll=len (K[i] [0]) 
return ID for j in range(0,columnAllin): 
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for k in range (0,rowAll): 
if K[il[j][k]20.5: 
if i not in H: 

B[il-[1] 

else: 

H[i] .append (1) 

else: 
if i not in H: 

H[i]=[0] 

else: 

H[i] .append (0) 
number= int (math. sqrt (len(H[i]))) 
m=0 
new_list=[] 
while m«len(H[i]): 

new list.append( H[i] [m:m + number] 


m+= number 
H[i]-new list 
return H 


def H pi ij(K): 
global Hpij 
Нріј= defaultdict () 


columnAllin112=len (Н) 


for i in range(0,columnAllinll2): 


Topi j-0 


for j in range (0,columnAllinl12): 


Topij=0 
for k in H.keys(): 
if i 1= j: 
Topij = Topij + H[k] [i] [j] 


else: 


Topij=0 


aij=str(i+1)+str(j+1) 


TopijAvarage= Topij/len (H 


if aij not in Hpij.keys(): 
TopijAvarage- Topij/len(H 
Hpij[aij]-TopijAvarage 
else: 
Hpij[aij]-TopijAvarage 


return Hpij 


def Alternative Ordinary (Hpij): 
global ORD 


ORD- defaultdict () 


Number Of Alternatives-int (math.sqrt (len (Hpij))) 
for i in range (1,Number Of Alternatives*1): 


istr=str (i) 


Top=0 


for k in Hpij.keys(): 
if istr==k[1]: 
Top-Top*Hpij[k] 
TopJavarage- Top/Number Of Alternatives 
if istr not in ORD.keys(): 
istA-'Alternative '*istr 
ORD[istA]-TopJavarage 
else: 
ORD[istA]-TopJavarage 


return ORD 


def GroupDecisionWithID (m): 
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for i in AllTogether.keys(): 


if RationalityChecker (AllTogether[i])--1: 


print 'inconsistent agent' 


Stepl-RHcreation (m) 


Step2-OneZero (Stepl) 


Step3-H pi ij(Step2) 


Step4-Alternative Ordinary (Step3) 


return Step4 
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ABSTRACT 


Presently, interval-valued neutrosophic set theory has become an important 
research topic. It is widely used in various pure as well as applied fields. This 
chapter will provide some essential scopes to study  interval-valued 
neutrosophic subgroup. Here the notion of interval-valued triple T-norm has 
been introduced, and based on that, interval-valued neutrosophic subgroup has 
been defined. Furthermore, some homomorphic characteristics of this notion 
have been studied. Additionally, based on interval-valued triple T-norm, 
interval-valued neutrosophic normal subgroup has been introduced and 
some of its homomorphic characteristics have been analyzed. 
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1. INTRODUCTION 


In our real physical world, many uncertainties are involved. To tackle these 
ambiguities, crisp set (CS) theory is not always enough. As a result, researchers 
needed more capable set theories. Consequently, different set theories have emerged, 
for instance, fuzzy set (FS) (Zadeh, Fuzzy sets, 1965), intuitionistic fuzzy set (IFS) 
(Atanassov, 1986), neutrosophic set (NS) (Smarandache, 1999), plithogenic set (PS) 
(Smarandache, 2018), etc. FS theory is capable of handling real-life uncertainties 
very well. Still, in some ambiguous situations, researchers need sets that are more 
general i.e. IFSs or sometimes even more general sets like NSs or PSs, etc. Presently, 
NS theory has grabbed quite lot attentions of different researchers from various 
fields. Presently, NS theory has become an important and fruitful research field. 
Furthermore, Smarandache has also developed neutrosophic measure and probability 
(Smarandache, 2013), calculus (Smarandache & Khalid, 2015), psychology 
(Smarandache, 2018), etc. At present, NS theory is used in different applied fields, 
for instance, in pattern recognition problem (Vlachos & Sergiadis, 2007), image 
segmentation (Guo & Cheng, 2009), decision making problem (Majumdar, 2015; 


Table 1. Some applications of IVNS in various fields 


Author & Year Applications of IVNS in various fields 


Introduced the concept of n-valued IVNS and mentioned how it can be applied in 


(Broumi et. al., 2015) medical diagnosing. 


Presented the definition of parameterized soft set in IVNS environment and its 


(Broumi et. al., 2014) application in DMPs. 


Defined Hamming and Euclidean distances between two IVNSs and introduced 


Do 2014) similarity measures in IVNSs with an application in DMP. 


Introduced a correlation coefficient (improved) of single-valued NSs and extended 
(Ye, 2014) it to a correlation coefficient between IVNSs. Further, applied it in multiple 
attribute DMPs. 


(Zhang et. al., 2014) Proposed a technique based on IVNS to solve multi-criteria DMPs. 


Proposed an aggregation operation rules (improved) for IVNS and extended the 


(Aiwu ét. al., 2015) generalized weighted aggregation operator. 


(Zhang et. al., 2016) Illustrated a novel outranking method for multi-criteria DMPs with IVNSs. 


Extended the notion of neutrosophic graph-based multi-criteria decision-making 


(Broumi etal, 2010) approach in interval-valued neutrosophic graph theory. 


(Deli, 2017) Proposed the concept of the soft IVNS and investigated its application in DMP. 


(Yuan et. al., 2019) Applied IVNSs in image segmentation. 


(Thong et. al., 2019) Proposed dynamic IVNS for dynamic DMP. 
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Abdel-Basset et. al., 2017; Abdel-Basset et. al., 2019), mobile-edge computing 
(Abdel-Basset et. al., 2019), neutrosophic forecasting (Abdel-Basset et. al., 2019), 
supply chain management (Abdel-Basset et. al., 2019; Abdel-Basset et. al., 2019), 
supplier selection problems (Abdel-Basset et. al., 2018; Abdel-Basset et. al., 2018), 
goal programming problem (Abdel-Bassetet. al., 2016), multi-objective programming 
problem (Hezam et. al., 2015), medical diagnosis (Kumar et. al., 2015; Deli et. 
al., 2015), shortest path problem (Kumar, et al., 2019; Kumar et. al., 2018; Kumar 
et. al., 2020), transportation problem (Kumar et. al., 2019) etc. Again, gradually 
some other set theories, like, interval-valued FS (IVFS) (Zadeh, 1975), interval- 
valued IFS (IVIFS) (Atanassov, 1999) and interval-valued NS (IVNS) (Wang et. 
al., 2005), etc. have evolved. These notions are generalizations of CS, FS, IFS, and 
NSs. Presently; these set theories are extensively applied in different fields, mainly 
in decision-making problems (DMP). In the following Table 1 some applications 
of IVNSs have been discussed. 

Based on FS, Rosenfeld introduced the notion of fuzzy subgroup (FSG) 
(Rosenfeld, 1971). Gradually, various mathematicians have developed intuitionistic 
fuzzy subgroup (IFSG) (Biswas, 1989), neutrosophic subgroup (NSG) (Cetkin 
& Aygün, 2015), etc. Furthermore, they have studied effects of homomorphism 
on them. Some researchers have analyzed their normal forms also. Furthermore, 
the notions of interval-valued fuzzy subgroup (IVFSG) (Biswas, 1994), interval- 
valued intuitionistic fuzzy subgroup (IVIFSG) (Aygüno£lu et. al., 2012), etc. have 
been defined. In addition, different researchers have studied their normal forms, 
homomorphic image, homomorphic pre-image, etc. Still, the concept of the interval- 
valued neutrosophic subgroup is undefined. Also, different algebraic aspects of 
IVNSGs are needed to be studied. 

This Chapter has been arranged as follows: In Segment 2, literature surveys of 
FS, IFS, INS, FSG, IFSG, and NSG are given. In Segment 3, the notions of IVFS, 
IVIFS, IVFSG, IVIFSG, etc. have been mentioned. In Segment 4, interval-valued 
triple T-norm (IVTTN), IVNSG, normal form of IVNSG, etc. are introduced and 
the effects of homomorphism on these notions are mentioned. Finally, in segment 
5, the conclusion has been provided and some scopes of future researches are 
given. 


2. LITERATURE SURVEY 


In this segment, some essential notions, like, FS, IFS, NS, FSG, IFSG, NSG, 
level set, level subgroup, etc., are discussed and also, some of their basic 
fundamental properties are given. All these notions play vital roles in the 
development of IVNSG. 
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Definition 2.1 (Zadeh, 1965) Let J=[0,1]. A FS o of a CS M is a mapping from M 
to J i.e o: MJ. 

Definition 2.2 (Atanassov, 1986) A IFS y of a CS M is denoted as y= {(k, t (Kk), 
ї ®)): КЄМ}, where both t, and f are FSs of R and Yk € M t, and f, satisfy 
the criteria 1 > tf k) + E k) > 0. 

Definition 2.3 (Smarandache, 1999) A NS n of a CS M is denoted as n= 
{(s, t (S), S). (8)); s € М}, where Fol pty: M-—]0,1*[are the respective degree 
of falsity, indeterminacy, and truth and of any element k € R. Here Vs € M, 
Íp 1, and t, satisfy the criteria 3+ > f KO) +i „(8) +t (2 20. 

Definition 2.4 (Zadeh, 1965) Let a be a FS of M. Then Vi Є J the sets а= {k € M: 
a(k) > t) are called level subsets of a. 


2.1. Fuzzy Subgroup, Intuitionistic Fuzzy 
Subgroup and Neutrosophic Subgroup 


Definition 2.5 (Rosenfeld, 1971) A FS о of a crisp group M is called a FSG of R 
iff Vk, s& M, conditions given below are fulfilled: 


1. (к) > min{a(k),a(s)} 
2. a(s!)za(s) 


Here a(s!) = a(s) and a(s) < a(e) (eis the neutral element of M). Also, in the above 
definition if only condition (1) is satisfied by a then we call it a fuzzy subgroupoid. 


Theorem 2.1 (Rosenfeld, 1971) ais a FSG of Miff Vk, s E Ra(ks') > min{a(k),a(s)}. 
Definition 2.6 (Das, 1981) Suppose о is a FSG of a group M. Then Yt € J the level 
subgroups of a are a, where a(e) > t. 
Definition 2.7 (Biswas, 1989)An IFS ү= ((k, (К). (K)): k € M} of a crisp set M 
is called an IFSG of M iff Vk, s € M 
1. t (К>!) > min(t (К), t (5)} 
2. fs) < max(f (E), f (s)) 


The collection of all IFSG of M will be denoted as IFSG(M). 


Definition 2.8 (Cetkin & Aygün, 2015) Let M be a group and 6 be a NS of M. ô is 
called a NSG of M iff the conditions given below are fulfilled: 
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1. (kes) > min(8(0,8(s)), ie. (es) > min(r (К), (5) }, ies) > 
min{i,(k),i,(s)} and f,(k-s) < max{f,O,f,(s)} 
2. (s!) > 85) Le. t(s") > t(s), i (5) > i,(s) and / (у!) < fis) 


The collection of all NSG will be denoted as NSG(R). Here notice that 1. and i, 
are following Definition 2.5 i.e. both of them are actually FSGs of R. 


Example 2.1 (Cetkin & Aygün, 2015) Suppose M- (1, -1, i, -i} and б isa NS of M, 
where 5= {(1, 0.6, 0.5, 0.4), (-1, 0.7, 0.4, 0.3), (i, 0.8, 0.4, 0.2), (-i, 0.8, 0.4, 
0.2)). Notice that 6 € NSG(M). 

Theorem 2.2 (Cetkin & Aygün, 2015) Let M be a group and 6 be a NS of M. Then 
6 € NSG(M) iff Vk, sEM (6-5!) > min{8(k), ӧ(5) }. 

Theorem 2.3 (Cetkin & Aygün, 2015) 6 € NSG(M) iff Vp € [0,1] the p-level sets 
(4), (is), and p-lower-level set (7,) , are CSGs of M. 

Definition 2.9 (Cetkin & Aygün, 2015) Let M be a group and б be a NS of M. Here 
б is called a neutrosophic normal subgroup (NNSG) of M iff Vk, s&M 6(k-s-k') 
< O(s) Le. t.(k-s-k') € t,(s), i,(k-s-k") € i,(s) and f.(k-s-k") > f(s). 


The collection of all NNSGs of M will be denoted as NNSG(M). 


Definition 2.10 (Anthony & Sherwood, 1979) A FS a of Mis said to have supremum 
property if for any aco Jk, єа' such that a(k,)=supa(k). 
kea' 


Theorem 2.4 (Anthony & Sherwood, 1979) Suppose a is a fuzzy subgroupoid of M 
based on a continuous TN Т and / be a homomorphism on M, then the image 
(supremum image) of a is a fuzzy subgroupoid on /(M) based on T. 

Theorem 2.5 (Rosenfeld, 1971) Homomorphic image or pre-image of any FSG 
having supremum property is a FSG. 

Theorem 2.6 (Sharma, 2011) Let M, and M, are two crisp groups. Also, suppose / 
is а homomorphism of M, into M, then preimage of an IFSG y of M, i.e. Г'(ү) 
is an IFSG of M.. 

Theorem 2.7 (Sharma, 2011) Let / be a surjective homomorphism of a group M, to 
another group M,, then the image of an IFSG y of M, i.e. /(ү) is an IFSG of M,. 

Theorem 2.8 (Cetkin & Aygün, 2015) Homomorphic image or pre-image of any 
NSG is a NSG. 

Theorem 2.9 (Cetkin & Aygün, 2015) Let € NNSG(M) and / be ahomomorphism 
on M. Then the homomorphic pre-image of 6 i.e. (5) € NNSG(M). 

Theorem 2.10 (Cetkin & Aygün, 2015) Let 6 € NNSG(M) and / be a surjective 
homomorphism on M. Then the homomorphic image of 6 i.e. ((0)€E NNSG(M). 
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Table 2. Significance and influences of some authors in FSG, IFSG, and NSG 


Author and Year Different contributions in FSG, IFSG, and NSG 
(Rosenfeld, 1971) Introduced FSG. 
(Das, 1981) Introduced level subgroup. 


(Anthony & Sherwood, 1979) | Introduced FSG using general T-norm. 


(Anthony & Sherwood, 1982) | Introduced subgroup generated and function generated FSG. 


(Sherwood, 1983) Studied product of FSGs. 


(Mukherjee & Bhattacharya, 


Introduced fuzzy normal subgroups and cosets. 


1984) 

(Biswas, 1989) Introduced IFSG. 

(Eroglu, 1989) Studied homomorphic image of FSG. 

(Hur et. al., 2003) Investigated some properties of IFSGs and inutionistic fuzzy subrings. 
(Hur et. al., 2004) Defined normal version of IFSG and intuitionistic fuzzy cosets. 
(Sharma, 2011) Studied homomorphism of IFSG. 


(Cetkin & Aygiin, 2015) 


properties by introducing homomorphism. 


Introduced NSG and NNSG and studied some of their fundamental 


In the following Table 2, some sources have been mentioned which have some 


major contributions in the fields of FSG, IFSG, and NSG. 


2.2. AList of Abbreviations 


CS signifies "crisp set". 

FS signifies "fuzzy set". 

IFS signifies “intuitionistic fuzzy set". 

NS signifies “neutrosophic set’. 

FSG signifies “fuzzy subgroup”. 

IFSG signifies “intuitionistic fuzzy subgroup”. 
NSG signifies “neutrosophic subgroup”. 

TN signifies "T-norm". 

TC signifies “Т-сопогт”. 

IVTN signifies “interval-valued T-norm". 

IVTC signifies “interval-valued T-conorm". 
IVDTN signifies "interval-valued double T-norm". 
IVTTN signifies “interval-valued triple T-norm". 
ТУЕ signifies “interval-valued fuzzy set". 

IVIFS signifies “interval-valued intuitionistic fuzzy set". 
IVNS signifies “interval-valued neutrosophic set". 
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IVFSG signifies “interval-valued fuzzy subgroup". 

IVIFSG signifies “interval-valued intuitionistic fuzzy subgroup”. 

IVNSG signifies “interval-valued neutrosophic subgroup". 

IVIFNSG signifies “interval-valued intuitionistic fuzzy normal subgroup". 
IVNNSG signifies “interval-valued neutrosophic normal subgroup". 


2.3. Motivation of the Work 


So far, IVFSG and IVIFSG have grabbed a lot of attention and hence, as a result, 
as a result, it has yielded a lot of promising research fields. Some researchers have 
introduced functions in the environments of IVFSG and IVIFSG. Furthermore, they 
have introduced homomorphism in IVFSG and IVIFSG environments and studied 
some of their fundamental algebraic properties. IVNSG is relatively new and may 
become fruitful research field in near future. Also, the notion of IVNNSG is needed 
to be introduced. Furthermore, functions are needed to be introduced in the interval- 
valued neutrosophic environment and some homomorphic characteristics of IVNSG 
and IVNNSG are needed to be introduced. In this chapter, the subsequent research 
gaps are discussed: 


Still, the notion of IVNSG is undefined. 

Homomorphic image and preimage of IVNSG are needed to be studied. 
Still, the notion of IVNNSG is undefined. 

Also, some homomorphic characteristics of IVNNSG are needed to be analyzed. 


Therefore, this inspires us to introduce and develop these notions of IVNSG and 
IVNNSG and analyze some of their algebraic characteristics. 


2.4. Contribution of the Work 


On the basis of the above gaps, the purpose of this chapter is to give some important 
definitions, examples and, theories in the field of IVNSG. Also, function has been 
introduced in interval-valued neutrosophic environment and some homomorphic 
properties of IVNSG and IVNNSG are discussed properly. The following are some 
goals that are planned and accomplished during this research work: 


To define IVNSG and study its algebraic properties. 

To define IVNNSG and study its algebraic properties. 

To introduce a function in interval-valued neutrosophic environment. 

To study some properties of homomorphic images and preimages of IVNSG 
and IVNNSG. 


221 


800 


Florentin Smarandache (author and editor) Collected Papers, VIII 


3. DESCRIPTION OF THE WORK 
3.1. Research Problem 


Until now, several researchers have studied different fundamental properties and 
algebraic structures of FSG, IFSG, as well as NSG. Again, some researchers have 
introduced IVFSG, IVIFSG and analyzed their fundamental properties. It is known 
that homomorphism preserves algebraic structures of any entity. Therefore, it is 
an essential tool to study some fundamental algebraic properties. Hence, several 
researchers have introduced and studied homomorphism in the environments 
of FSG, IFSG, NSG, IVFSG, IVIFSG, etc. In addition, some researchers have 
introduced the normal forms of FSG, IFSG, NSG, IVFSG, IVIFSG and studied 
their homomorphic properties. Until now, the notion of IVNSG is undefined and 
unexplored. Also, the normal form of IVNSG is undefined. Hence, these notions are 
yet to be introduced. Furthermore, the effects of homomorphism on these notions 
i.e. fundamental properties of homomorphic images and preimages of these notions 
are needed to be analyzed. 

In this chapter, these essential notions of IVNSG and its normal form have been 
introduced and analyzed with proper examples. In the following subsection, some 
important notions have been discussed, which were introduced earlier. 


3.1.1. Preliminaries 
In this segment, the notions of interval number, IVFS, IVIFS, IVFSG, IVDTN, 
IVIFSG,IVTTN, etc. have been discussed. These notions are essential for introducing 


IVNSG. 


Definition 3.1 Let J=[0,1]. An interval number of J is denoted as g =[g ,g*], 
where 0€g xg'xl. 
The set of all the interval numbers of J will be denoted as p(J) where 
pV)={g =[e g]: g Sg gg ЄЛ. 
Again, Vg € J, g=[g, g] € pV) i.e. interval numbers аге more general than 
ordinary numbers. 


Let Vi, и, -[u; ,u; ] eJ. Then supremum and infimum of z, are defined as: 


sup(z ) -[Vu; , Vu; ] and inf, ) = [^u; ^и]. 


Also, let 
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Z=lg .g Je pV) and u 2[u ,u']e pt), 


then the subsequent are true: 

l. gsu iffg <wandgt < ut. 
2. 
3. 


iff g=uwand gt=u". 
iff g < wand gt'u*. 


GQ] GQ) 


u 
«u 
Definition 3.2 (Zadeh, 1975) Let M be crisp set, then the mapping р: M  p(J) 
is called an IVFS of M. 
A set of all IVFS of M is denoted as IVFS(M). For each р є IVFS(M), 
uU (k) € p(k) for all ke M. Here, р (k) and р' (к) are fuzzy sets of р. Also, 
Let (g,u,)€ p(J)xp(J), where g,-[g;,g;] and и, = [u; ,u;] with gf -u; <1, 
for all i. Then supremum and infimum (g,,u;) are defined as: 
(1) AG, u)- (^g. Vin) -(^g As Ми, Уи ]) 
(2) V(,u)-(Vg.A^u)-(Ivg Vg Ли. Au; D 
Again, for all 


(g,,35),(2,.4,) € p(J)x p(J). 
with 
(81,1) = (legi 104,4: 1), (85.2) = (Гео lly). 


the subsequent are true: 


1. (g,,u,) < (2,.u,) iff g, < Z, and u, 2u,, 
2. (5.1) = (E, i) iff g, = Z, and ii, =, 
3. (81,1) < (82:13) iff Z, < g,,u, 2 u, and g, + g,,u, и). 

Definition 3.3 (Atanassov, 1999) Let M be a crisp set, then a mapping 
7:M > p(J)x p(J) definedas 7(k) = (7; (k), f; (K)), with 7 (К) + f; (k) <1, for 
all КЄМ is called an IVIFS of M. 

In the above definition, both г, (к) and f(k) are IVFSs of M. A set of all 
IVIFSs of M will be denoted as IVFS(M). 

Definition 3.4 (Mondal & Samanta, 2001) Suppose M, and M, are two crisp sets 
and l: M >M, be a function. Let 7, e IVIFS(M,) and 7, e IVIFS(M,). Then 
VkeM, the image of 7, i.e. /(7,) is denoted as (7, Xs) = (107, Xs). 7, )(5)) and 
Vs€M, the preimage of 7, i.e. | (7,) is denoted as / (7, )(к) = 7, (((k)). where 


802 


Florentin Smarandache (author and editor) Collected Papers, VIII 


IG) =L М GIO ^. FIO] 


E 


= [0007 KOLE WLU; XG):10)6)1] 
and 


LU G,0)- [tC OM G5 00 0509.17 0001] 
= [tz 10). 2; (OLA, UA). 7; ЧОО] 


Definition 3.5 (Gupta & Qi, 1991) A function T: JJ is called a TN iff V&,s,1€J, 

conditions given below are fulfilled: 

(1) Tk, 1) 2k 

(2) Т(К, s) = T(s, k) 

(3.) T(k s) € T(t, s)ifk <t 

(4) Tk, T(s, 0)) = Т(Т(К, s), t) 

Notice that, T is an idempotent TN iff T is minimum TN or T = ^. 

Definition 3.6 (Klement et. al., 2013) Suppose T is a TN, then the function 
T: p(J)x p(J)  p(J) defined as T(g,u) -[T(g ,u ,T(g',u')] is called an 
IVTN. 

Notice that, 7 is idempotent if T is idempotent. 

Definition 3.7 (Gupta & Qi, 1991) A function S: JJ is called a TC iff Vk,s,t € J, 

subsequent conditions are fulfilled: 

(1) S(k,0)=k 

(2.) S(k,s)2S(s,k) 

(3. S(ks) < Sits) ifk <t 

(4.) S(k,Ss,t))S(S(K, s),t) 

Note that, 5 is an idempotent TC iff S is maximum TC or S=v. 

Definition 3.8 (Klement et. al, 2013) Let S be а TC, then the mapping 
S: p(J)x p(J) > p(J) defined as S(g,u) -[S(g ,u ),S(g',u')] is called an 
IVTC. 

Note that, $ is idempotent if S is idempotent. 

Definition 3.9 (Aygüno$lu et. al., 2012) Suppose T is an IVTN and 5 is an IVTC. 
Then a mapping Z:(p(J)xp(J) —p(J)xp(J) denoted as 
Tg, i), (g,,u,))- (T (8,. ,). S (й|,И,)) is called an IVDTN. 

Note that, T is idempotent if both T and S are idempotent. 
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Definition 3.10 (Aygüno£lu et. al., 2012) Let M be a crisp group. An IVIFS 
y =t(s,6,(s), f, (S):s €M} of M is called an IVIFSG of M with respect to 
IVDTN 7 if the conditions given below are fullfilled: 

l. ¥(k-s)=T(¥(k),7(s)), Vk,seM, 
2. j(s))2y(s)VseM. 
Where condition (1.) implies that, 


E (ks) 2 TEOG), Jks) € 805,09. f, G) 


and condition (2.) implies that, (s) > £(s), f, (s?) € f,(s). 
The set of all IVIFSG of a group M based on IVDTN 7 will be mentioned as 
IVIFSG (M,T). 

Theorem 3.1 (Aygiinoglu et. al., 2012) Suppose M is a group and 7 €IVIFS(M). 
Then 7 e IVIFSG(M,T) iff Vk,s € M. y(k:s ) > T(9(k),y (s). 

Theorem 3.2 (Aygüno$lu et. al., 2012) Let M, and M, be two crisp groups with /: 
M,—M, be a homomorphism and 7 be a continuous IVDTN. If 
7 € IVIFSG (M, 7), then /(ў) e IVIFSG(M,, T). 

Theorem 3.3 (Aygünoglu et. al., 2012) Suppose M, and M, are two crisp groups 
and / be a homomorphism from M, into M,. If ӯ €eIVIFSG(M,,T), then 
I (f) eIVIFSG(M,,T). 

Definition3.11 (Aygüno£luet.al., 2012) Let Mbeacrisp groupand ӯ є IVIFSG (M,T) . 
Then 7 is called an IVIFNSG of M with respect to IVDTN T if Vk,seM, 
Ws) y(s-Kk). _ 

The set of all IVIFNSG of a crisp group M with respect to T will be denoted 
as IVIFNSG (МТ). 

Theorem 3.4 (Aygüno£lu et. al., 2012) Suppose M, and M, are two crisp groups 
and / be a homomorphism from M, into M,. If ӯ e IVIFNSG(M,,T), then 
I^ (f) eIVIFNSG (M,, T). 

Theorem 3.5 (Aygünoglu et. al., 2012) Let M, and M, be two crisp groups and / be 
a surjective homomorphism from M, into М,. If 7 € IVIFNSG(M,,7), then 
(f) € IVIFNSG(M,,. T). 


In the following Table 3, some sources have been mentioned which have some 
major contributions in the fields of IVFS, IVIFS, IVFSG and IVIFSG. 
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Table 3. Some important contributions in the fields ofIVFS, IVIFS,.IVFSG, and IVIFSG 


Author and Year 


Different contributions in IVFS, IVIFS, IVFSG and IVIFSG 


(Zadeh, 1975) 


Introduced IVFS 


(Biswas, 1994) 


Defined IVFSG which is of Rosenfeld's nature. 


(Guijun & Xiaoping, 1996) 


Introduced IVSGs induced by triangular norms. 


(Atanassov, 1999) 


Introduced IVIFS. 


(Mondal & Samanta, 1999) 


Defined topology of IVFSs is and studied some of its properties. 


(Davvaz, Interval-valued 
fuzzy subhypergroups, 1999) 


Introduced the concepts of interval-valued fuzzy subhypergroup of a 
hypergroup. 


(Li & Wang, 2000) 


Introduced the notion of S,-IVFSG. 


(Mondal & Samanta, 2001) 


Defined topology of IVIFSs is and studied some of its properties. 


(Davvaz, 2001) 


Extended the notion of fuzzy ideal of a near-ring by introducing interval- 
valued L-fuzzy ideal of a near-ring. 


(Jun & Kim, 2002) 


Introduced interval-valued fuzzy R-subgroups in near rings. 


(Aygiinoglu et. al., 2012) 


Defined IVDTN and using that introduced IVIFSG. 


In the following section, the notion of IVNSG has been defined, which is based 
on IVTTN. Also, some essential homomorphic properties of IVNSG has been 
investigated. Furthermore, the normal form of IVNSG has been defined and its 
homomorphic characteristics have been studied. 


4. PROPOSED NOTION OF INTERVAL- 
VALUED NEUTROSOPHIC SUBGROUP 


Definition 4.1 Suppose Т and 7 are two IVTNs and F Бе an IVTC. The function 


Т:(р(Ј)хр(Ј)х py > p(J)x pL) x p(J) 


denoted as 


Ts ms 5) = (T (8, 8,),1 (4, u,), FŒ, 6) 


is called an IVTTN. 
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Definition 4.2 Suppose M is a crisp group. An IVNS 6 = ((s, 1, (5), 1; (5), /; (s)):s eM} 
of M is called an IVNSG of M with respect to IVTTN 7 if the conditions 
given below are fulfilled: 

1. &(k-s)>T(6(k),6(s)), Vk,s eM, 
2. 6(s')>6(s), Vs EM. 
Now, by condition (1.) 


7, (k-s) > T(E 00,7, G1, (es) > 1G 00,1, (8), Es) < FF), f, (5)) 


and by condition (2.) (s`) > %(s),i;(s')2i;(s) and f; (s) € f,(s). 
The set of all IVNSG of a group M with respect to an IVTTN 7 will be denoted 
as IVNSG(M,T). 

Example 4.1 Let R={e,k,s,ks} be the Klein’s four group. Let 


5 = ((e,[0.1,0.3],[0.2, 0.4], [0.1, 0.4), (k,[0.1, 0.3], [0.2, 0.3],[0.2, 0.4]), 
(s,[0.1,0.2],[0.2,0.4], [0.2,0.5]), (ks,[0.1,0.2],[0.2,0.3],[0.2,0.5] 


be a IVNS of M. Also, let in IVTTN Т, the corresponding IVTNs T and I 
consist of minimum TN and corresponding IVTC F consists of maximum 
TC. In Table 4 all possible compositions of elementsinó andtheircorresponding 
interval-valued memberships are mentioned. 
Clearly, from Table 4, 5 satisfies condition (1) of Definition 4.2. Again, each 
element belonging to 6 is its own inverse. Hence, 6 satisfies condition (ii) of 
Definition 4.2. So, à eIVNSG (M,T). 

Theorem 4.1 Let M be a group and ó є IVNSG(M,T). Then Vs € M 
1. &(s')=6(s) and 
2.  ó(e)2ó(s) where e is the neutral element of M. 


1. From Definition 4.2, we have ò(s™) > (s), Vs eM. Again, for any s € 
М, (х) = (081) ) 2 8(s*).So, ó(s') -ó(s). 
2. Foranyk€R, ó(e) 2ó(s-s?) 2 T(ó(s,ó(s )) = T(6(s),0(s)) = б(5). 
Theorem 4.2 Suppose M is а crisp group and 6 e IVNS(M). Then 6 є IVNSG(M,T) 
iff Vk,s € M, ó(k-s ) 2 T6 (k), č (s). 
Theorem 4.3 Suppose M is a crisp group and 6,,6, ceIVNSG(M,T). Then 
8,0, eIVNSG(M,T). 
Proof: Let 6,0, c IVNSG (M,T) . To prove à, 16, e IVNSG (M,T), it is needed to 
show that 
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Table 4. All possible compositions of elements in à and their interval-valued 
memberships 


&(е-е) = 1, (е) > T (0.1, (е)), 
Тее) = 700) Т0, (0.5 (0), 7у(е-е) = 7,00) < FG, (7,0) 


T (e-k) = 1, (k) =[0.1,0.3] > [0.1,0.3] = T ([0.1,0.3],[0.1,0.3]) = T (1, (e), t; (©), 
eck i,(e-k) =i, (k) =[0.2,0.3] 2 [0.2,0.3] = 7((0.2,0.4],[0.2,0.3]) = T (15 (e), i; (A), 
Tyle- k) = f, (X) =[0.2,0.4] < [0.2,0.4] = F((0.1,0.4],[0.2,0.4]) = FF, (е), 7,00) 


T (e-s) = Т, (s) =[0.1,0.2] > [0.1,0.2] = 7([0.1,0.3],[0.1,0.2]) = TŒ (e), 1; (5)), 
ees i, (e-s) = i, (s) =[0.2,0.4] 2 [0.2,0.4] = 7 ((0.2,0.4],[0.2,0.4]) = T (1, (e), 1; (s), 
f (e: 5) = f(s) =[0.2,0.5] < [0.2,0.5] = F([0.1,0.4].[0.2,0.5]) = Ff (е), f; (5)) 


T (e: ks) =F, (ks) =[0.1,0.2] > [0.1,0.2] = 7([0.1,0.3],[0.1,0.2]) = T (7; (е), (ks), 
eeks 7, (e - ks) = i, (Ks) = [0.2,0.3] 2 [0.2,0.3] = 7 (0.2,0.4],[0.2,0.3]) = 7 (i, (е), i, (ks)), 
f; (e: ks) = У, (ks) = [0.2,0.5] < [0.2,0.5] = F([0.1,0.4],[0.2,0.5]) = FC; (е), f; (ks) 


T, (а-а) = t, (e) =[0.1,0.3] > [0.1,0.3] = T([0.1,0.3],[0.1,0.3]) = T (7, (a), 1; (а), 
aea=e i,(a-a) =i, (e) =[0.2,0.4] 2 [0.2,0.3] = T ([0.2,0.3],[0.2,0.3]) = T (1; (a), i, (a)), 
f,(a-a) = f,(e) =[0.1,0.4] <[0.2,0.4] = F([0.1,0.4],[0.2,0.4]) = F(F, (а), 7, (а)) 


T, (a-b) =7, (b- a) =[0.1,0.2] > [0.1,0.2] = T ([0.1,0.3],[0.1,0.2]) = T (7; (a),7; (b), 
aeb=bea i; (a-b) = i, (b- a) =[0.2,0.4] > [0.2,0.3] = T (0.2,0.3],[0.2,0.3]) = 7 (1; (a), 1, (P), 
f, (a: b) = f,(b-a) =[0.1,0.4] < [0.2,0.4] = F([0.1,0.4],[0.2,0.4]) = FF, (a), f, (b) 


2[ 
2[ 


T, (a- ab) = f; (b) =[0.1,0.2] > [0.1,0.2] = T ((0.1,0.3],[0.1,0.2]) = T (7; (a), 7; (ab)), 
asab=absa=b | ü(a:ab) = i, (b) =[0.2,0.4] = [0.2,0.3] = T ([0.2,0.3],[0.2,0.3]) = T (7, (a), f, (аЬ), 
f; (a-ab) = f, (b) =[0.2,0.5] < [0.2,0.5] = F([0.2,0.4],[0.2,0.5]) = F( f, (a), f, (ab)) 


T (b-b) = 7. (е) =[0.1,0.3] > [0.1,0.2] = T([0.1,0.2],[0.1,0.2]) = T (7 (b), 7; (D), 
beb=e T, (b-b) =i, (e) =[0.2,0.4] = [0.2,0.4] = 7 ((0.2,0.4],[0.2,0.4]) = 1 (3; (P),7, (b), 
f; (b: b) = f, (е) =[0.1,0.4] < [0.2,0.5] = F([0.2,0.5],[0.2,0.5]) = F( f (b). /; (b)) 


[ 
[ 


T, (b- ab) =7, (a) =[0.1,0.3] = [0.1,0.2] = T (0.1,0.2],[0.1,0.2]) = T (7; (P). 7; (ab), 
beab=abeb=a_ | i(b:ab)- ij (а) =[0.2,0.3] > [0.2,0.3] = T ([0.2,0.4],[0.2,0.3]) = T (7, (b), 7 (ab), 
f; (b- ab) = f; (a) =[0.2,0.4] < [0.2,0.5] = F([0.2,0.5],[0.2,0.5]) = F( f, (b), 7; (ab)) 


T, (ab - ab) = 1; (e) =[0.1,0.3] = [0.1,0.3] = T ([0.1,0.2],[0.1,0.2]) = T (7; (ab), 7, (ab)), 
abeab=e T, (ab - ab) = 7, (e) =[0.2,0.4] > [0.2,0.3] = T ([0.2,0.3],[0.2,0.3]) = I (1; (ab), 7, (ab)), 
f, (ab: ab) = f(e) =[0.1,0.4] < [0.2,0.5] = F([0.2,0.5],[0.2,0.5]) = F(f; (ab), 7; (ab) 
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G ^ is (к ` 57) 2 TG ^ fs. Mk), (t; ^ fs. Xs). б; ^ is Хк Y 4) 21 (О; ^ Б, Mk), is ^ is Xq)) 


and 


(fs v fs MES ) S F(Us v fs XA) Gs v fs X8). 
As 6,,6, eIVNSG(M,T), by Theorem 4.2, 

à, (k 57) 2 T(5,(k),6,(s)) and 8, (s) > T(5,(4),5,(s)). 
Which implies, 

f (57) TE (0,15 (5)),Ь, (е5) 2 105 (Msi (в), f (5) < FFs (®), fs (8) 
and 

& (cs) 2 T (Е),1„ (0); Ges) 2 105 00,15 6), 7 G5) € РО, OF, (5)). 


So, 


f (kes ) t Ges ) TE (0.1 (MATE, 0.15 (5)) > GAG Mees ZTE AT; 0. (5 ^5 X). 


Similarly, the following can be proved: 


G ^, 57) 2 T(S AF MOG, ^1, 15) 


and 


Us v f, s) S F(U, v f; OS, v 7, Xs). 


Hence, ò à, eIVNSG(M,T). 
Theorem 4.4 Suppose M be a group and ó e IVNS(M). Then 6 є IVNSG(M,T) iff 


for every [g,,u,], [5и] апа [g,,u,] € p(J) with и +и,+и, < 1, 
Os атаа Маар © P) 9ге ъгез. ешр 15 а crisp subgroup of M. 
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Proof: Suppose 6 є s T) and К,зє SNO m Ъз из dd 
[g,,u,] and [g,, и„] € p(J) with u,+u,t+u, < 1. Then we have 


‚ for arbitrary [g,,u,], 


t; (К) > [61,41], (0) > [2,,и,], f; (K) < [g,.u,] and t; (s) > [gu]. i (5) 2 [2,.u,], f; (5) S[g,.u.] 
Now, by Theorem 4.2, we have 


Šlk- s) > T(Ó (k),8(s)) 
= T( 0.1; (®), f; 0). 05 (5), ® (5), 5 (5))) 
= (T (15 0,1; (5)), Т (45 (®), i (5)), ЁС)» Q0. f (5))) 
> (T (fg, l, [8,11 ]), T @в› „и, ],.[а›,и„ D, F (Lgs ns Lgs us D) 
= ([g,,%;], [25.45 [23.15 ]) 


So, from k.s* 'eà, (еза, ваар“ Hence, Ban uds aM, a, 19 а Crisp subgroup of 
M. 

Conversely, let 4k,,s,¢M such that 6(k,-s,')ZT(6(k)),6(s))) i.e 
fg, 5, ) Т, (ko), 5 (50)) ог i, (ky «5, ) # T G (ko), i (5,)) or 


fs 5, ) £ FU), £5 G)- 
Without losing any generality, let 7; (ko s, ) Z T (t; (k,),t;(s,)), then 


ty (К, SS) <Т(1; (ko) i (S) or t (ko ur) <T (ko) t (s) . 


Let us assume 7, (ky s, ) «T (t; (ko) 5 (s). 
Again, letz(k)-[n.4],.5 (s) =[п,,,]. If [g.u]- T(In.t] [nt], then 
Ко Sy € боа аге tg sp for any [g,, u], [8, u] € pV). Again, 


t (К) a [n,,,] 2 T ([n,.t,],[0,.£, ]) E [2,.] and t (ky) = [75.15] 2 T ([n,.t,], [7.1 ]) = [2,4]. 
Now, by choosing [g,, u,] and [g,, u,], satisfying the conditions 


i (ky) 2 [g,.u,], i; (kọ) 2 [g;.u,], f; (ko) S[g3,4;] and f; (ko) < [83,0], 


it can be proved that, k,, s;! € à, which contradicts the fact that 


(i [25 n Eg s] ? 


ô is a crisp subgroup of M. 


(Гат ш], [82,4 LEg3 3) 
Similarly, forthecasesof 7; (ky -s;') # (3, (ky oi (s) OF f, ko «s, ) # FU, o), f (50) 
the same conclusion as above can be drawn. 
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4.1. Homomorphism on Interval-valued Neutrosophic Subgroup 


In Definition 3.4, image and inverse image of IVNSs under any function has been 
introduced. Extending Definition 3.4 in neutrosophic environment, the following 
Definition 4.3 can be given: 


Definition 4.3 Suppose M and M, are two crisp sets and /: M, — M, be a function. 
Let ô, e IVNS(M,) and ô, € IVIFS(M,). Then Vke&M, and Vs€M,, the image 
of ó, i.e. /(0,) is denoted as 1(6,)(s) = (Qt; JOSÉ )(5)) and the preimage of 
5, i.e. I (0,) is denoted as1 (6, (k) = 6,(/(k)), where 


бу) =[ V, GIO М. GIO» A 000] 


(s) (s) 


= [U IE OL EOLO UGG OMA X81] 
and 


губу) = [tI (5 0. EO E OME X001. GOL X001] 
= [ts UO). (0). [iz (09). UD) Df; (0). f; COD 


Theorem 4.5 Let M, and M, be two crisp groups with /: M, M, be ahomomorphism 
and Т beacontinuousIVTIN. If 6 eIVNSG (M,, T) „then /(8) eIVNSG (M,,T) : 
Proof: Let for some k,,k,EM,, U(k,)=s, and l(k,)=s,. Then 


KG, 5; ) = TENS, 5; AG Ms, i: ) 4 UG Y 2) 
= (У 0) VY РОР) 6 Sa) 


E 
1(p)=5, 555! l(p)ss, 


> (f, (ki 57,1, (5), fs 67) 
Here, 
T ( ky ) 2 T (5 (k), T 065) i; 0 5) 2 1050). 1, 05). f, (ke) РЕС, (К), fS 0). 
Again, foreach k ,k,EM with ДК )=5 and/(k,)=s,, the following can be obtained: 


0з 57) 2 TG V. 0р), У f) e TUG MSIE), 
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1G; Xs:5)21C v iO» v i (p) = 1(101,)65,).10,)6,)) 


Ї( р)=5| )=5› 


апа 


UA MSS FCA f os ^. Л) = РОС) 107068). 
Hence, /(8)s, 5; ) > 7(1(5)(5,),105)(5,)). 


Theorem 4.6 Suppose M, and M, are two crisp groups and / be a homomorphism 
from M, into M,. If 8' є ТУЅМО(М,, 7), then [| (") eIVNSG(M,.T). 
Proof: Let 5' eIVNSG(M,,T) and k,seM,. Then 


DENES) =; cs!) 
= T. (09-1) > FF (109), 5 0G) 
“TUGT GO) 


In a similar way, the followings can be proven: 
LU EAs) 2 10 G0). E) and Гу s) S FEO T 0 G))- 


So, I (6"k-s ) 2 T (Sk), I (9s). 


Corollary 4.1 Suppose M, and M, are two crisp groups and l: M,—M, be an 
isomorphism. If 6 eIVNSG (M,,T) , then [^ (((8)) = б. 

Corollary 4.2 Let M be a crisp group and |: М-М be an isomorphism. If 
$ eIVNSG(M,T), then /(6)=6 iff 1^ (8)- ӧ. 


4.2. Interval-Valued Neutrosophic Normal Subgroup 


Definition 4.3 Let M be a crisp group and 6 eIVNSG(M,T). Then 6 is called an 
IVNNSG of M with respect to IVTTN Т if Vk,s € M, 5(k-s)=6(s-k). 
The set of all IVNNSG of a crisp group U with respect to Т will be denoted 
as IVNNSG (U,T). 

Theorem 4.7 Let M be a group and óà,ó,cIVNNSG(M,T). Then 
8, 0, eIVNNSG (М,Т). 

Proof: Let 9,6, €IVNNSG(M,T). Then Vk, seM, ó(k:s)-ó(s-k) and 
5, (k-s)=6,(s-k). So, 
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£s) = TAs k), Eo) EG, Fs) m fes) 
and 

f, (k-s)=% G-, 5 G5) (5-0), 7, (с) f (8-0). 
Hence, 


(8, NÒ X s) (1, s) (Ё-5), F505, e) 
= (f (Кв) ^t, (ess) i; (es) (k-s), 7, TOMA (k-s)) 
= (1, GE) ^ (5-0), 0, GO) AT, (5), fs CK) v fy, CS) 
= @ (8 Dah as GR) fas (80) = (6,98, (5-4) 


So, 6, 16, eIVNNSG(M,T). 
Proposition 4.1 Suppose M is a crisp group and ò eIVNSG (M,T). Then Vk,s € M, 
the subsequent conditions are identical: 
l. ó(s-k-s?)2ó(K) 
2. 8(s-k-s')=6(k) 
3. 8 eIVNNSG(M,T) 
Proof: (1) > (2): Let s € M. As ó(s-k-s ^ )2 6(k), it can be shown that 


B(s k-s )2 E(k) i; (s-k-s )2 ij (k) and f,(s-k-s')< f(k). 


Now, replacing s with s, z.(s -k-s)= (s -k«(s ) )2 E(k). 

So, t, (k)2 t; (s (s-k-s ):s)2 t; s-k-s )2 i(k) ke. (5-5 )=1,(К). 

In a similar way, i,(s-k:s ^ )-i,(k) and f,(s-k-s"')=f,(k). So, Vk,s Є M, 

5(s-k-s')=8(k). 

(2) => (3): In (2), replacing k with k-s (3) can be obtained easily. 

(3) > (D: Let s € M. As, ó eIVNNSG(M,T),6(k-s)=6(s-k) . Replacing 

kwith-s 'thefollowingcanbeobtained: 6 (s - k s!) 26 (k «s s) = ó(K) 2 Ó(K). 

Theorem 4.8 Let M be a group and 6 є IVNS(M). Then ó eIVNNSG(M,T) iff for 


every [gu], [g,.u,] and [g..u,] &p(J) with utu, +u, S 1, (бт „е, маз.) Ф) 


Öle, ази Деу) 15 а Crisp normal subgroup of M. 
Proof: This can be proved using Theorem 4.4. 
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Theorem 4.9 Let M bea group and 5 cIVNNSG (M,T) withrespectto an idempotent 
IVTTN 7. Let M b= ik eM : 5(k)=6(e)}, (e is the neutral element of M). 
Then the crisp set M |. is a normal subgroup of M. 

Proof: Let 5 eIVNNSG(M,T) and k,s €M |; . So, 8(k) -ó(e) -ó(s). 

Now, (k-s) 2 T(6 (k),9 (s)) = T(6(e),9 (е) = ё (e) . Again, 5(e) > Š (k -s™™) and 
hence ó(k-s)2ó(e). So, k-s” €M|, ie. M|; isa subgroup of M. 

Again, let k eM|. and seM. Since, $ eIVNNSG(M,T) it can be shown that 
5(s-k-s'!)=6(k)=6(e). Hence, s-k.s^ ЄМ |. i.e. М |; is a normal subgroup 
of M. 

Note that, Theorem 4.9 is true only when 7 is an idempotent IVTTN. The 
following (Example 4.2) is a counterexample which will justify current claim. 

Example 4.2 Let M={1,i,-1,-i}be a cyclic group and 


& ={(1,[0.8, 0.8],[0.5, 0.5],[0.2, 0.2]), (-1, [0.7, 0.7], [0.5, 0.5], [0.3, 0.3]), 
(i, [0.8,0.8],[0.5,0.5],[0.2,0.2]), (~i, [0.8,0.8], [0.5,0.5], [0.2,0.2] 


Also, let the corresponding IVTTN 7 is formed by product TNs i.e. T(k,s)— 
kes, I(k,s)=kes and product TC i.e. F(k,s)=k+s-kes. Then, б eIVNNSG(M,T). 
However, M |, = (1,i,—i) is not a subgroup of M and hence M |. is not a normal 
subgroup of M. 


4.2.1. Homomorphism on Interval-Valued 
Neutrosophic Normal Subgroup 


Theorem 4.10 Let M, and M, be two crisp groups and / be ahomomorphism from 
M, into M,. If ó' eIVNNSG(M,,T) , then /'(5') eIVNNSG(M,.T). 

Proof: Let 5' e IVNNSG(M,,T) , then óà' eIVNSG(M,,T) and hence from Theorem 
4.6, 1^ (0) e IVNSG(M,, T) .So, only the normality of ó' is needed to be proved. 
Let k,sEM T then 


I (8'YKk-s) = 8 Q(k-s)) = 8'Q(k)-ICs)) 
-'(I(s)-I(K)AS ӧ' e IVNNSG(M,,T)] 
= 5'(I(s-k)) =I (5'\(s-k) 
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So, I (8) eIVNNSG(M,,T). 

Theorem 4.11 Suppose M, and M, be two crisp groups and / be a surjective 
homomorphism from M, into M,. If 6 €eIVNNSG(M,,T), then 
(5) e IVNNSG(M,, T) . 

Proof: Let 5 € IVNNSG(M,,T) „Шеп ó e IVNSG(M,,T) and hence by Theorem 4.5, 
(5) e IVNSG(M,,T) . So, only the normality of ó' is needed to be proved. 
Now, Vk,s € М,, as lis a surjective homomorphism, P (Kk) ф, Г\(5)!ф and 
L'(k-s-k!)!. So, Vis € M, IẸXkskh= V GO) and 


rel’ (k sd 
= М GO). 


Г\(5) 
Let n € (К), q € l'(s) and т! € I'(k"). Now as 6 eIVNNSG(M,,T), the 


followings can be drawn: 


t; (nq: n )21, (д), ij (nq: n^ )2 i, (q) and f; (n:q-n )€ f; (q).. 


Since, / is a homomorphism, /(n-q-n*) = I(n)sl(q)el(n') = k-s-k' and hence, 
nq: n! € PE (Ks-Kk?). So, 
It; k-s-k 0) = "d GO) 
rel (k-s-k~) 


2 V Gagn’) 
nel (к), qel (s) п el (k ) 
> MU (4) =1(@;)(5) 
Hence, Vk,s € М„ I(r,)(k-s-k ') 2 1(f; (s) and similarly, 
I(i Kk s-k) > 1, AS), Uf, sk!) SF, X) - 


So, I(8)(k-s-k ^) > 1(5)(s) andhence,by Proposition4.1, (0) e IVNNSG(M,, T). 


Corollary 4.3 Let M, and M, be two crisp groups and /: M, —M, be an isomorphism. 
If 8 €eIVNNSG(M,,T) , then [^ (I(8)) = б. 

Corollary 4.4 Let M be a crisp group and /: М-М be an isomorphism on M. If 
$ e IVNNSG(M,, T) , then 1(5)=6 iff 1^ (6)- à. 
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5. CONCLUSION 


The notion of an IVNSG is nothing but generalization of FSG, IFSG, NSG, IVFSG 
and IVIFSG. It is known that, to study some fundamental algebraic characteristics 
of any entity one needs to understand functions, which preserve their algebraic 
characteristics i.e. one needs to study the effects of homomorphism on them. 
Hence, in this chapter, IVTTN has been introduced and based on that IVNSG has 
been introduced. Also, some effects of homomorphism on it have been studied. 
Furthermore, based on IVTTN, IVNNSG has been defined and some of its 
homomorphic characteristics have been studied. In future, one can introduce soft 
set theory in IVNSG and further generalize it. 
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1. Introduction 


The concept of fuzzy sets was introduced by Zadeh [1]. The 
study of fuzzy topological spaces was initiated by Chang 
[2]. The notion of intuitionistic fuzzy sets was introduced 
by Atanassov [3]. The notion of intuitionistic L-topological 
spaces was introduced by Atanassov and Stoeva [4] by 
extending L-topology to intuitionistic L-fuzzy setting. The 
notion of the intuitionistic fuzzy topological space was 
introduced by Coker [5]. The concept of generalized fuzzy 
closed set was presented by Balasubramanian and Sun- 
daram [6]. Smarandache extended the intuitionistic fuzzy 
sets to neutrosophic sets [7]. After the introduction of the 
neutrosophic set concept [8, 9] in 2019 by Smarandache 
and Shumrani on the nonstandard analysis, the nonstan- 
dard neutrosophic topology was developed. In recent years, 
neutrosophic algebraic structures have been investigated. 
Neutrosophy has laid the foundation for a whole family of 
new mathematical theories, generalizing both their classical 
and fuzzy counterparts, such as a neutrosophic theory in 
any field, see [10, 11]. Recently, there were introduced 
neutrosophic mapping and neutrosophic connectedness. 
The concept of the neutrosophic metric space presented by 
[12] Al-Omeri et al. is a generalization of the intuitionistic 
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fuzzy metric space due to Veeramani and George [13]. In 
2019 and 2020, Smarandache generalized the classical 
Algebraic Structures to NeutroAlgebraic Structures (or 
NeutroAlgebras) whose operations and axioms are partially 
true, partially indeterminate, and partially false as exten- 
sions of Partial Algebra and to AntiAlgebraic Structures (or 
AntiAlgebras) whose operations and axioms are totally 
false. And in general, he extended any classical structure, in 
no matter what field of knowledge, to a NeutroStructure 
and an AntiStructure, see [14, 15]. In 2007, Huang and 
Zhang [16] introduced the concept of cone metric space 
and proved some fixed point theorems for contractive 
mappings. Recently, Oner et al. [17] introduced the concept 
of the fuzzy cone metric space that generalized the cor- 
responding notions of the fuzzy metric space by George 
and Veeramani [13] and proved the fuzzy cone Banach 
contraction theorem. In 2010, Vetro et al. [18] extended the 
notion of (Ф, Y)-weak contraction to fuzzy metric spaces 
and proved some common fixed point theorems for four 
mappings in fuzzy metric spaces by using the idea of an 
altering distance function. Gupta et al. and Wasfi et al. 
[19, 20] introduced the notions of E. A and common E. A 
on the modified intuitionistic generalized fuzzy metric 
space. They extended the notions of the common limit 
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range property and E. A property for coupled maps on 
modified intuitionistic fuzzy metric spaces. This paper is 
devoted to the study of extending and generalizing the 
(Ф, V)-weak contraction to the neutrosophic cone metric 
space and prove some results. In Section 2, we will recall 
some materials which will be used throughout this paper. 
In Section 3, we give definitions and present the cone 
neutrosophic metric space and explain a number of 
properties. In Section 4, the results obtained from theorems 
and theoretical application of the neutrosophic fixed point 
are also presented. The last section contains the conclusions 
of the paper. 


2. Preliminaries 


Definition 1 (see [21]). Let X be a non-empty fixed set. A 
neutrosophic set (briefly, NS) R is an object having the form 
R= {<t, ër (t) on (D, ng (0): t € >}, where Ep (t), ор (t), and 
1р (f) which represent the degree of membership function 
(namely, &,(t)), the degree of indeterminacy (namely, 
čr (0)), and the degree of nonmembership (namely, 77, (t)), 
respectively, of each element t € T to the set R. 

A neutrosophic set H = {<t, £y (t), он (t), ny (05: t €T] 
can be identified to an ordered triple (£r (t), он (t), Ny (t)) 
in [07, 1*] ор T. 


Remark 1 (see [21]). By using symbol H = ft, £y (t), он (t), 
Ny (t)} for the NS, H = [(t £g (t), он (Dou (05: t € TH. 


Definition 2 (see [13]). Let Н = (£y (t), он (t), Ny (t)) bea 
NS on Г. The complement of H (briefly, C(H)) may be 
defined as three kinds of complements: 

(1) C(H) = {47,1 - £g (0,1 ин (5: t €T] 

(2) CH) = {Kr пн (0,1 - он (2), 5н (0): t e T] 

(3) C(H) = (е, н (t), өн (2), ён (0): t € T] 

We have the following NSs (see [21]), which will be used 
in the sequel: 


(1) ly = {<t,1,0,0)>: t € T] or 
(2) ly = {t,1,0,1): t € Г}, 
(3) ly = (1, L0): t € Г}, 
(4) ly = (51, L1): t € T]. 
(1) Oy = (4650, 1,1): t € T} or 
(2) On = {¢t,0,0, 1): t € TH, 
(3) Oy = {<t,0,0,0): t € I], 
(4) Oy = (450, 1,0): t € T]. 


Definition 3 (see [21]). Let {H;: je J} be an arbitrary family 
of NSs in T. Then, 


(1) ПН; may be defined as follows: 
(i) NH; = €t, Ad eni (D, ^ ош (t); V. "lui tt)? 
(ii) NH; = <t, ^ ёш (Ө, V он; (t). V nu; (0)? 
IEA IEA IEA 
(2) UH, may be defined as follows: 
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(i) UH; = Ф, Y бш (Ds V. eui (D), A Тш)» 
(ii) UH; = (t, Y ён: (0), ^ Oui (D), A Nai E) 


Definition 4 (see [21]). For any r + Ø, let neutrosophic sets R 
and Г be in the form R= [r,£g(r ор (r) ng (r)) and 
Г = [r£ (r), or (r), yr (r)}. The two possible definitions of 
RcTare as follows: 


(1) RCT e &y(r)z& (r) or(r) = er (7), and yp (7) 
< (r) 

(2) RET e» és (к) < čr (r) on (т) 2 op (r), and Hp (7) 
> my (7) 


Definition 5 (see [22]). A neutrosophic topology (NT for 
short) and a nonempty set Г is a family E of neutrosophic 
subsets in T satisfying the following axioms: 


(1) 05,15 €E 
(2) В, ПВ, є & for any B, B; є E 
(3) UB; є E, V{B; |i € I] c& 


The elements of & are called open neutrosophic sets. The 
pair (Г, E) is called a neutrosophic topological space, and 
any neutrosophic set in € is known as the neutrosophic open 
set (NOS) in T. A neutrosophic set B is closed if its com- 
plement is neutrosophic-open, denoted Бу C(B). 
Throughout this paper, we suppose that all cone metrics have 
nonempty interior. 

For any NTSR in (LE) [23], 
CI (R*) = [(А)] and Int(R°) = [CI (R)]. 


we have 


Definition 6. A subset u of X is said to be a cone in the 
following cases: 


(1) If both s € u and -s € u, then s = ф 

(2) If Sr € S; s,r>0, and u,v € u, then su+rv eu 

(3) u is closed, nonempty, and u + {¢} 

For a given cone, partial ordering (<) on X via и is 
defined by ux v iff v- u € u. u< v will stand for uxv and 
и « v, while u#v will stand for v- u € Int(y). 

If 3 a constant К> 0 such that for all Z«uxv,wvex 
implies ||u| < K||v|, and the least positive number K satis- 


fying this property is called the normal constant of P, where 
P is the normal. 


Definition 7. Let T be a nonempty set and sz 1 be a given 
real number. A function d: T x Г-У is said to be a cone 
metric on T if the following conditions hold: 

(1) d(m,,m,) = d (m,,m,) for all m,,m, €T 

(2) 0x d (m,, m;) for all m,,m, €T 

(3) 

d(m,,m3)<s(d(m,,m,) + d(m,,m,))Vm,,m,,m, €T 

(4) d(m,,m,) = 0 iff m, = m, 

The pair (I,d) is called a cone metric space (shortly, 
CMS). 
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Definition 8. A t-norm is continuous for any binary oper- 
ation x: [0,1] x [0,1] — [0,1] if x verifies the following 
statements: 

(1) * is continuous 

(2) * is commutative and associative 

(3) nin, € nyxn, whenever n, <и; and n, € n, for all 

ni n nz € [0,1] 
(4) п,ж1 = n, for all n, € [0,1] 


Definition 9. Let (Т, d) be a CMS. Then, for any d, > 0 and 
d, 7 0, di, d, € X, 34% 0, and d € X such that d «d, and 
d « d,. 


Example 1. nxn, = max[n;,n;] and nxn = nny. 


Example 2. nOn, = max{n,,n,} and m,On, = min{n,+ 
Ny, 1]. 


Definition 10. A t-conorm of a binary operation ©: [0,1] x 
[0,1] — [0,1] is continuous if © verifies the following 
statements: 


(1) © is continuous 

(2) © is associative and commutative 

(3) а,©а» < qq, whenever 4 <q; and q, <q, for all 
qv d» 93> d4 € [0,1] 

(4) q191 = q; for all а, € [0,1] 


Definition 11 (see [12]). (T, y, ф, ж, ©) is said to be a neu- 
trosophic cone metric space if u is NCMS of ХУ, T is an 
arbitrary set, © is a N-continuous f-conorm, ж is a 
N-continuous t-norm, and у, ф are neutrosophic sets on 
I?xInt(u), which satisfy the following statements: 
Уу, £j, € € T and n,m є Int (yu) (that is, п > 0, and m > 0): 


(1) y (&,, £5, €, m) > 05 Ve; e, £3 ET 

(2) w(e,€,€3,m) = 1 iff e =e, =e; 

(3) w(&,&,&4, m) = у(р{е, =, з}, т), where 
permutation 

(4) y (E1 €2,€3,M) XW (е, єз, n) € Y (e, €3,m + п) 

(5) y (Ei &5€3,.): Int(y) — 07, 1*| is neutrosophic- 
continuous 


is 


Р 


Definition 12 (see [12]). Let (T, y, ф, ж, ©) be a NCMS. For 
m> 0p the open ball Г(х, s,m) with center =; and radius 
se (0,1) is defined by (=, т) = {e, € Г: y(ej, e, m) 
>1-—m, $(€,,€,m) < 5}. 


Example 3. Let 2Z=R*. Then, p= {(p;; P» ps): 

Pio ро P520] £X is a normal сопе, and P = 1 is a normal 
constant. Let sxt = st, Г = R, and y: I? x int(y) — [0,1], 
defined by y (e, £5, £3; t) = (1/e le el+lez— esl+les— e ID) 
Vej €&€ € Г and t> Ø. 
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Definition 13 (see [12]). An (Г, у, ф, ж, O) neutrosophic 
cone metric is called complete neutrosophic if any sequence 
which is Cauchy in МСМ (T, y, ф) is convergent. 


Definition 14 (see [12]). (T, v, ф, ж, ©) is said to be a neu- 
trosophic CMS if u is a neutrosophic cone metric (shortly, 
NCMS) of E, where T is an arbitrary set, x is a neutrosophic 
continuous t-norm, © is a neutrosophic continuous t- 
conorm, and y,$ are neutrosophic sets on I? x Int (и), 
which satisfy the following statements: Мё|,&›‚,&; ЄГ and 
m,n € Int(u) (that is, п> 0, and m» 04): 
(1) v(&,&5, £4, M) = 1 iff & = £, = е; 
(2) v (&,, €, єз, M) XW (£5, єз, n) € Y (e, €, n + m) 
(3) w(e,&,€3,m) = у(р{е, e; e], т), where p is 
permutation 
(4) y (£1, E2, 6&5, m) + (6,65, 6) < lg 
(5) v (€p £2 83,.): Int(y) — 07, 1*| is neutrosophic- 
continuous 
(6) $(&,, £5, 3, MOG (є›, 4,1) 2 $ (e, 8, m +N) 
(7) ф(єү,є›,єз„.): (и) 07, 1*| is neutrosophic- 
continuous 
(8) 6 (6,6, Єз, M) < 0 
(9) $(&,, £j, &, m) = 0, if and only if £j = £, = & 
(10) $(&,, 6), £3, m) > 0, Ve, 8,83 E T 
(11) $(€,€,€3,m) = ó(plei, e e], m), where p is 
permutation 


Then, (y, $) is called a neutrosophic cone metric on Г. 

The functions y (&|, е, m) and $ (s, €, m) are defined by 
the degree of non-nearness between e, and e; with respect to 
m, respectively. 


Definition 15 (see [12]). Let (Г, у, ф,ж, ©) be a NCMS, 
e, €T, and {e,,,} be a sequence in Г. Then, {e,,} is said to be 
convergent to ғ; if for all m» 0, and all s € (0, 1), there 
exists ny € N such that y(e,,6,,m)»1— s $ (ey, e, m) ss 
for any n2ny. We defined that lim =€ Or 
£j, —9 & às и — 00. 


n—5oot1n 


Definition 16. A function Ф: [0, оо) —9 [0, 00) is an al- 
tering distance if Ф (и) is monotone increasing and con- 
tinuous, and Ф (и) = 0 iff n = Ø. 


Definition 17. Let (Т, 4) be a metric space and let X = R*. 
Defined p; Ou, = min(u, + р, 1} and иу жи; = uius for any 
ші € [0,1], and let Г and y be fuzzy sets on I? x int (u) 
represented by y (£4, €,€3, 4) = (kt"/kt" + Z D ж (e, е, €3)) 


and ф@ф(,,&›,єз›и) = (D * (=, ә, €3)/mt" + Z D * (є, е), 
£4)). 
3. Main Result 


Definition 18. Let (Т, у, ф, ж, O) be a neutrosophic cone 
metric space (CMS) and 7, #: Г — Г be two mappings. 
Mapping # is said to be neutrosophic (Ф, Y)-weak con- 
traction if there exists a function V: [0, оо) —9 [0, оо) with 
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VY (s) > 0 and V (s) = 0 for s» 0 and an alternating distance 
function such that 


1 


1 


Collected Papers, VIII 


Y. 


o EA Е) i v) : EE 


&)T (em) 9 А 


CAO J) 


Y(T (6). (e), T (ез), m) - ý 


D ($ (X (61), X (Ex), H (es), m)) < e ($(7 (e1); F (82) (63), m)) - Y (6(7 (8). F (e). 7 (e), m)). 


hold for all ё|,є›, ёз € y and each m > 04. If 7 is the identity 
map, then # is called a neutrosophic (Ф, Y)-weak con- 
traction mapping. 


Definition 19. Let (T,y,$, x, O) be a neutrosophic cone 
metric space and 7, X: T — T be two mappings. Point v is 
said to be a coincidence point іп y of 7 and # if 
e, = 9 (v) = X (v). 


Definition 20. Let (7;] and {#H;} be two finite families of 
self-mappings on y. They are called pairwise commuting if 
(0 7,7; = 7,7, where i, j € {1,2,...,n} 
(2) HH | = H Ki where i, j € {1,2,...,m} 
OTH =H; Ti i € {1,2,...,n} 
јє {1,2,...,т} 


where and 


1 


(1) 


Theorem 1. Let (Г, y, ф, ж, ©) be a neutrosophic cone metric 
space and X: Г — Г be a neutrosophic (Ф, WV)-weak con- 
traction with respect to T: T — T. If X (V) C9 (y) and 
T (y) or X (y) is a complete subset of y, then 9 and X have 
a unique common fixed point in y provided that V is a 
continuous function. 


Proof. Lett, € y be an arbitrary point. Let point f, € y such 
that Z (ty) = F (t,). This can be done since X (y) CT (y). 
Continuing this process, we obtain a sequence [t,] € y such 
that s, = 27 (t,) = F (t,,,). We assume that s, + s,,, for all 
n € N; otherwise, 7 and # have a coincidence point. Now, 
we get 


“(д 


Sip Sp 5 


nm) 3 1 (cric 


| у) 


£u); Ж (taa) m) 2% 


1 


оу 


(tar) 7) 


5 


1 
Y 1 
(КОЧУУ ун ) 
(2) 
EO) : 1 
i Y (Sn-1> OR m) $ 
Y | 1 
V (55-15 55-15 Sw m) А 
< Ф : 1 
Е W(S, Sip Sw m) dà 
1 1 1 
which suppose that 7 mapping is nondecreasing; hence, Ф Vim) -ly |SP Yn) =1y ) = Vim -1,] 
V (54, 5, Snapp M) > V(S4 p 5, 4 Sp MVn EN. Hence, (3) 


V (5, 15 Sn- Sp M) is an increasing sequence of positive real 
numbers in (0,1]. Let V (m) = lim, (s, 5,5, S» m). 
We prove that V (m) = 1 Vm > 0g. If not, there exists m > 04 
such that V (m) « ly. Then, from the above inequality on 
taking n — оо, we obtain 


which is a contradiction. Therefore, y (Sp Sp Snp M) — 1 
as n — оо. Now, for each К> 0, by Definition 18, we get 
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m in which considering that the 7 mapping is nondecreasing, 

V (s, › Sip Spo m) 2 v(s.s, Sw Sn+1> *) «(s Sep Sep sun) then $ (5,5, Cane m) < Diss $5555 m)vn є № Thus, 

Ов Ss т) is a decreasing sequence of positive real 

* "(sisi Saez numbers in [0,1). Let U (m) = lim, ,59(s, 4,5, S m). 

We show that U (m) = 0, for all m > 0,. If this is not the 

(4) case, there exists m> 0, such that О (m) > 0,. Then, it 

follows from (5), Бу taking m— oo, that 

€ (U (m)) <®(U(m)) — ¥(U(m)), which is a contraction. 

Therefore, $(s,,5,,5,,,, 0) — 0g as n — оо. Now, for 
c ($(s,, 3p 2) E Ф(ф (x (t sd Ж (t,), H (t, ),m)) each К> 0, by Definition 14 (9), we have 


5 Ф(ф T ( ta) I 7 (t л), T (tu) m)) Y (Sw Sw» Suelo m) * ф (Sm Sip Silo m) < ly, (6 
-Y(T (t). T (tn) 9 (t). m)) lim [w(s, Sw Smo M) + $ (Sw Sn Sno M)] < 1g- 


( 
( 
<O (Q (Sn-1> Sn- Sw mM 
| бер Sm) It follows that lim, 4,9 (Sw Sw Sni m) = Og. Hence, s, 
<Ф(( 


It follows that lim, ,4V(s,,5,,5,,, m) > lels--- 1 
= ]. At the same time, we have 


(9 (5-5-5 m) is а Cauchy sequence. If 7 (y) is complete, then there exists 
OQ (6 (5, 1,5, 455, тт). k € 9 (y) such that s, — k as n — co. The same holds ^ 
(5) Ж (y) is complete with ke X (y). Let k € y and J (k) = 
Now, we shall show that k is a coincidence point of 7 к 
Ж. In fact, we have taken 


1 1 
(eur do 7 7) ] СЛ wim 7 9 


1 
у) у) s 


1 
- RI су s) 


for every m > 04; in which by letting n — co, Therefore, 9 (k) = X (k) = p. Now, we shall prove that 
lim, soo (Z (9, Z (k), T (t1) m) TF (p) = p. If it is not so, then we have 
-lim, co (X (09, X (9, X (£,), m) 
= y (A (k), X (k), T (К), m) 
=l 


(8) 


1 1 
Ф -1,)=0 = 
(erar s) (corani 7) 


1 
(у р у) 


< 


1 
"(amar 9 (p, 8 (E), m) z) 


(9) 


1 
Ф 
< (veas 


(р), pm) _ i) 


1 
-¥ 
(ome 


(фырт) t) 
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which is a contradiction. By inequalities (4) and (5) we prove 
the uniqueness. The desired equality is obtained. о 


Example 4. Let (Т, у, ф, ж, ©) be a complete neutrosophic 
cone metric space, Г = {(1/n): n є NJUO,, © be а maxi- 
mum norm, and ж be a minimum norm. Let y,¢ be 
defined by 
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m 


жыгат геш 55595 
V (£1 £2 e, m) = 
0, if m = 0%» 
(10) 
lt + 5| +|5+т| +|к +1] . 
, ifm»0,, 
m+ (It + s| +|5 + r| |r + t) ? 
$ (6 €» & m) = 
0, ifm= Og. 
Also, define (Ф, Y): [0, 00) — [0, оо) by T (t) = (t/2), and X (t) = (t/4). Obviously, Z (T) c F (T), 
Ф (т) = (m/2) and Ҹ(т) = (m/8) for al m>p, and V is a continuous function. Then, we have 


1 
occ 
Jes +]5 + reg t 
16m 


,2It + sl Is rl tir + t) 


1 


gm » (za 


16m 
А of 


From the above inequality and the fact that ф = 1, — y, 
we conclude that the conditions (1) and (2) in Definition 2.18 
are satisfied. Thus, # is a neutrosophic (Ф — V)-weak 
contraction with respect to 7. 


y (2E (t), H (s), 2 (r), т) 


Corollary 1. Let (Г, y, ф, ж, ©) bea neutrosophic cone metric 
space and #: Г — Г be a neutrosophic (Ф, ¥)-weak con- 
traction. If V is continuous, then X has a unique fixed point. 


Corollary 2. Let (Г, y, ¢, ж, ©) bea neutrosophic cone metric 
space. Then, X: TOT is a mapping satisfying 
»! 


1 
°( t) <70( 
(12) 


1 
w(tsr,m) | 


y (AE (t), Æ (s), Æ (т), т) 
Ф(ф(2 (t), X (s), X (r),m) < рф (P(t, sr, m)). 
for each t,s,r € Г, т> 0,, апа рє (0,1). 
Theorem 2. Let (Г, y, ф, ж, ©) be a neutrosophic cone metric 
space and F „Ж, be two finite self-mappings on Г with 7 = 


TiTa... TIn апа H=H,.H,...H,, such that 
іє {1,2,...,и} and je{1,2,...,m}. Suppose # be a 
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ут А) 


T (s), T (7), т) ^? 


(11) 


v) 


generalized neutrosophic (Ф, ¥)-weak contraction which is 
given with respect to T. If T (Г) and X (D) € 9 (D) or X (T) 
is a complete subset of T, then X ;, 7 ; have a common fixed 
point in which Г is unique, provided a description of V isa 
continuous function and the families 7 2, commute 
pairwise. 


Proof. By Theorem 1, we obtain that 7 and # have a 
common fixed point that is unique, say p. In order to prove 
that p remains as a fixed point of all self-mappings, let 


HH (p) = (HHn... HXP) 
=(H\H,...H,,,)H,H ;(p) 
= (#,Ж„...Ж„_)Ж ,Ж„(р) 


= CV IE (HK... Ha) (р) 
= Ж,Ж,(Ж,Ж,...Ж„)(р) 
= #,Ж(р) 

= (р). 


(13) 
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Since the other conditions are similarly proved, we can 
show that #У>,„(р=У,Ж(р)=9,(р)). ZJZ7i(p- 
TT (p)=T(p), and TH (p)- 4,7 (р) = 4 ;(p), 
which imply that Vi, j, 27; (p), and Int; (p) are other fixed 
points of mapping {J , 2}. For the uniqueness of 7 апа X 
of self-mappings, we get p = ZZ; (p) = Z;(p), which shows 
that p is a common fixed pointof 7 jand 27, Vi, j . 0 


Example 5. Let (T, y, ф, ж, O) be a complete neutrosophic 
cone metric space К= R', and I = [0,co0) Define 
Ф -Y:[0,00) — [0,00) by  $(m)- (7/2), Y (m) = 
(m/4), for all m> ф and two families of self mappings 7 ; 
and 2; where i, j € {1,2,...,n} by 


0, ifm = 0,, 
90-1 | 
Vie if m» 0,, 
(14) 
0, if m » 0,, 
H (x) = 
, ifm=0,. 
x Vinl2 Ф 
Then, we have 
Ф l 1 
v(Z(t.Z(s.Z(rm ^ 
Ap 1 1 
v(Z(t,g(s,g(r,m ^ 
3(25|:° + 5°] + £5|s6 + т°| + sS[r +1°|) (15) 


2mt6s6r$ 


zi? + |Р + r?) | e| 
> 


Е 2mt?s?r? 
» 


-of 


From the above and the idea of ¢ = 1 — y, we get that 
statements (i) and (ii) hold. All statements of Theorem 2 


hold; therefore, 7 ; and #; have uniqueness. 


1 
ү (# (0, # (5), # (n,m) 


4. Conclusion 


In this paper, the definition of the neutrosophic cone metric 
space is introduced and studied. Based on this definition, we 
also stated and proved some fixed p oint theorems on the 
neutrosophic CMS. We provided a description of the ex- 
ample and investigated some properties in Section 3. We 
established and extended the definition ofthe (Ф, V)-weak 
contraction in the intuitionistic generalized fuzzy cone 
metric space. 
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(2020). A Direct Data-Cluster Analysis Method Based on Neutrosophic Set Implication. Computers, 
Materials & Continua 65(2): 1203-1220 


Abstract: Raw data are classified using clustering techniques in a reasonable manner to 
create disjoint clusters. A lot of clustering algorithms based on specific parameters have 
been proposed to access a high volume of datasets. This paper focuses on cluster analysis 
based on neutrosophic set implication, i.e., a k-means algorithm with a threshold- 
based clustering technique. This algorithm addresses the shortcomings of the k-means 
clustering algorithm by overcoming the limitations of the threshold-based clustering 
algorithm. To evaluate the validity of the proposed method, several validity measures and 
validity indices are applied to the Iris dataset (from the University of California, Irvine, 
Machine Learning Repository) along with k-means and threshold-based clustering 
algorithms. The proposed method results in more segregated datasets with compacted 
clusters, thus achieving higher validity indices. The method also eliminates the 
limitations of threshold-based clustering algorithm and validates measures and respective 
indices along with k-means and threshold-based clustering algorithms. 


Keywords: Data clustering, data mining, neutrosophic set, k-means, validity measures, 
cluster-based classification, hierarchical clustering. 


1 Introduction 


Today, data repositories have become the most favored systems. To name a few, we have 
relational databases, data mining, and temporal and transactional databases. However, 
due to the high volume of data in these repositories, the prediction level at the same time 
has become too complex and tough. Today’s scenarios also indicate the diversity of these 
data (for example, from scientific to medical, geographic to demographic, and 
financials to marketing). Therefore, the diversity of the data and the extensive volume 
of those data resulted in the emergence of the field of data mining in recent 
years [Hautamaki, Cherednichenko and Kárkkàinen et al. (2005)]. Secondly, grouping 
data objects and converting them into unknown classes (called clustering) has become a 
strong tool and a favorite choice in recent years. In clustering, similar data objects are 
grouped together, and dissimilar data objects are put into other groups. These are called 
unsupervised classification. In unsupervised classification, analysis is done on dissimilar 
data objects or raw information, and then, the relationships among them are discovered 
without any external interference. 
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Several clustering methods exist in the literature, and they are broadly classified into 
hierarchical-based clustering algorithms and partitioning-based clustering algorithms 
[Reddy and Vinzamuri (2019); Rodriguez, Comin, Casanova et al. (2019)]. Some other 
types of clustering (probabilistic clustering, fuzzy-based clustering, density- and grid- 
based clustering) are also found in the literature [Aggarwal (2019); Nerurkar, Shirke, 
Chandane et al. (2018); Sánchez-Rebollo, Puente, Palacios et al. (2019); Zhang, He, Jin et 
al. (2020)]. 


In this work, we discuss a method geared towards the threshold value concept in a cluster- 
analysis method based on neutrosophic set implication (NSI). Although the use of this 
method is still in its infancy, we feature the advantages of the proposed method over a k- 
means algorithm. Neutrosophic systems use confidence, dependency, and falsehood (c, d, 
f) to make uncertainty more certain; in other words, it decreases complexity. A 
neutrosophic system is a paraconsistency approach because (per the falsehood theory of 
neutrosophic sets) no event, task, or signal can be perfectly consistent until the job is 
done [Jha, Son, Kumar et al. (2019)]. We intend to enhance the neutrosophic set in a 
detailed paraconsistent plan to apply to clustering in various algorithms. Our contribution 
is to make this approach result-oriented via correlating  neutrosophic sets, i.e., 
confidence and dependency, justifying falsehood. 


The rest of the paper is organized as follows. Section 2 presents related work and the 
advantages of NSI over a k-means algorithm. Section 3 discusses basic theory and 
definitions. Applications of two neutrosophic products (the neutrosophic triangle 
product and the neutrosophic square product) are described in Section 4. Section 5 
discusses the direct neutrosophic cluster analysis method. The performance evaluation of 
the threshold and k-means-based methods are presented in Section 6. Finally, Section 7 
concludes the paper. 


2 Related work 


Supervised and unsupervised learning are two fundamental categories of data analysis 
techniques. A supervised data analysis method includes training in the patterns for inferring 
a function from labeled training data; an unsupervised data analysis method includes 
unlabeled data. The unsupervised data analysis method uses an object function to optimize 
the maximum and minimum similarity among similar and dissimilar objects, 
respectively. The biggest challenge observed in previous work shows that data 
clustering is more complicated and challenging than data classification, because it falls 
under unsupervised learning. The main goal of data clustering is to group similar objects 
into one group. 


Recent works published in data clustering indicates that most of the researchers use k- 
means clustering, hierarchical clustering, and similar techniques. Specially, Hu et al. [Hu, 
Nurbol, Liu et al. (2010); Sanchez-Rebollo, Puente, Palacios et al. (2019)] have published 
work in which it can be clearly seen that clustering is difficult because it itself is an 
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unsupervised learning problem. Most of the times, we use a dataset and are asked to infer 
structure within it, in this case, the latent clusters or categories in the data. The problem is 
the classification problems. Though, deep artificial neural networks are very good at 
classification, but clustering is still a very open problem. For clustering, we lack this critical 
information. This is why data clustering is more complicated and challenging when 
unsupervised learning is considered. Authors believe that the best example to illustrate this 
1s to predict whether or not a patient has a common disease based on a list of symptoms. 


Many researchers Boley et al. [Boley, Gini, Gross et al. (1999); Arthur and Vassilvitskii 
(2007); Cheung (2003); Fahim, Salem, Torkey et al. (2006); Khan and Ahmad (2017)] 
proposed partitioning-based methodologies, such as k-means, edge-based strategies and 
variants. The k-means strategy is perhaps the most widely used clustering algorithm, being 
an iterative process that divides a given dataset into k disjoint groups. Jain [Jain (2010)] 
presented a study that indicated the importance of the widely accepted k-means technique. 
Many researchers have proposed variations of partitioning algorithms to improve the 
efficiency of clustering algorithms [Celebi, Kingravi and Vela (2013); Erisoglu, Calis and 
Sakallioglu (2011); Reddy and Jana (2012)]. Finding the optimal solution from a k-means 
algorithm is NP-hard, even when the number of clusters is small [Aloise, Deshpande, 
Hansen et al. (2009)]. Therefore, a k-means algorithm finds the local minimum as 
approximate optimal solutions. 


Nayini et al. [Nayini, Geravand and Maroosi (2018)] overcame k-means weaknesses by 
using a threshold-based clustering method. This work also proposed a partitioning-based 
method to automatically generate clusters by accepting a constant threshold value as an 
input. Authors used similarity and threshold measures for clustering to help users to 
identify the number of clusters. They identified outlier data, and decreased the negative 
impact on clustering. The time complexity of this algorithm is O(nk), which is better than 
k-means [Mittal, Sharma and Singh (2014)]. In this algorithm, instead of providing initial 
centroids, only one centroid is taken, which is one of the data objects. Afterwards, the 
formation of a new cluster depends upon the distance between the existing centroid and the 
next randomly selected data objects. 


Even in the same dataset, clustering algorithms' results can differ from one another, 
particularly the results from the k-means and edge-based system techniques. Halkidi et al. 
[Halkidi, Batistakis and Vazirgiannis (2000)] proposed quality scheme assessment and 
clustering validation techniques [ Halkidi, Batistakis and Vazirgiannis (2001)]. Clustering 
algorithms produce different partitions for different values of the input parameters. The 
scheme selects best clustering schemes to find the best number of clusters for a specific 
dataset based on the defined quality index. The quality index validates and assures good 
candidate estimation based on separation and compactness, two components contained in 
a quality index. 

An index called the Davies-Bouldin index (DBI) was proposed [Davies and Bouldin 
(1979)] for cluster validation. This validity index is, in fact, a ratio of separation to 
compactness. In this internal evaluation scheme, the validation is done by evaluating 
quantities and features inherent in the dataset. 


Yeoh et al. [Yeoh, Caraffini and Homapour (2019)] proposed a unique optimized stream 
(OpStream) clustering algorithm using three variants of OpStream. These variants were 
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taken from different optimization algorithms, and the best variant was chosen to analyze 
robustness and resiliency. Uluçay et al. [Uluçay and Sahin (2019)] proposed an algebraic 
structure of neutrosophic multisets that allows membership sequences. These sequences 
have a set of real values between 0 and 1. Their proposed neutrosophic multigroup works 
with the neutrosophic multiset theory, set theory, and group theory. Various methods and 
applications of a k means algorithm for clustering have been worked out recently. Wang et 
al. [Wang, Gittens and Mahoney (2019)] identifies and extracts a varied collection of 
cluster structures than the linear k-means clustering algorithm. However, kernel k-means 
clustering is computationally expensive when the non-linear feature map is high- 
dimensional and there are many input points. On the other hand, Jha et al. [ Jha, Kumar, 
Son et al. (2019)] uses a different clustering technique to resolve stock market prediction. 
They have used a rigorous machine learning approaches in hand to hand with clustering of 
the high volume of data. 

This paper studied the applications of hierarchical (ward, single, average, centroid and 
complete linkages) and k-means clustering techniques in air pollution studies of almost 40 
years data. 


3 Neutrosophic basics and definitions 


In this section, we proceed with fundamental definitions of neutrosophic theory that include 
truth (T), indeterminacy (1) and falsehood (F). The degree of T, I, and F are evaluated with 
their respective membership functions. The respective derivations are explained below. 


3.1 Definitions in the neutrosophic set 
Let 5 be a space for objects with generic elements, s є S . A neutrosophic set (NS), № in 
5, is characterized by a truth membership function, о, , an indeterminacy membership 


function, у, , and a falsehood membership function, r,. Here Qy (s) SU. (s) , and 


О, (s ) are real standard or non-standard subsets of [0,17] such that Oy, In, Fy : S > 
[0,17]. Tab. 1 shows the acronyms and nomenclatures used in the definitions. 


Table 1: Nomenclatures and acronyms 


Nomenclature Definition Nomenclature Definition 

acronyms acronyms 

S Space of objects OpStream Optimized Stream 

clustering 

N Neutrosophic set T Truth 

On Truth membership function I Indeterminacy 

JT Indeterminacy membership F Falsehood 
function 

Е, Falsehood membership NS Neutrosophic sets 
function 
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Nomenclature Definition Nomenclature Definition 
acronyms acronyms 
Q ( 5) Singleton subinterval or subsets Square product 
N 
of S 
Q ( 5) Singleton subinterval or subsets <a Triangular product 
N 
of S 
Е ( 5) Singleton subinterval or subsets Ф Lukasiewicz 
N of S implication operator 
NSI Neutrosophic set implication CIN Intuitionistic 
neutrosophic 
implication 
CNR Complex neutrosophic CNS Complex neutrosophic 
Relations sets 


A singleton set, which is also called as a unit set, contains exactly one element. For example, 
the set {null} is a singleton containing the element null. The term is also used for a 1-tuple, 
a sequence with one member. A singleton interval is an interval of one such elements. 


Assume that functions О, (s) 5 О, (s) , and PF, (s) are singleton subintervals or 


subsets of the real standard, such that with 
О, (s) :5 ә [0,1],1, (5) 5 [0,1], Fy (s) :5 >E [0.1] . Then, a simplification of 
neutrosophic set N is denoted by 


N 2 (5,0, (5). 1, (s). F, (5)):5 є S| 


with 0 € О, (s) tI, (s) + ЕЁ, (5) € 3. It is a simplified neutrosophic set, i.e., a subclass 


of the neutrosophic set. This subclass of the neutrosophic set covers the notions of the 
interval neutrosophic set and the single-valued neutrosophic set [Haibin, Florentin, 
Yanging et al. (2010); Ye (2014)]. 


3.2 Operations in the neutrosophic set 
Assume that S and | $5 are — two neutrosophic sets, where 


№= (50 (s)in(s);m(s))seS) and N, = (5;0,(5);1, (5); 5(8))15е5}. 
Then 


а. N, с N, if and only if Q, (s) < 0, (5);1, (5) eJ (s) F, (s) >F, (s), 
b. № = (s; Е (s); (s):Q, (s) [se Sj, 
c. N, AN, = (ox min(T G9; О, (х); max t, (s); 1, (8) max {F (8); Ё, (5)}) |5 € S}, 


d. N, UN, = (s;maxtQ (5); О, (s); min (4, (s); 1, (s); mint (5); F, (5)})| 5 e S} 
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3.3 Definition of states of a set 
Former and latter 


Let us assume that y(i =1,2) are two ordinary subsets with an ordinary relation: 


Rc V,xV,. Then, for any q, f €V,, Rf = (4 |qRf} is called a former set, and qR = {q | gRf} 


is called the latter set. 


3.4 Definition of neutrosophic algebraic products 
Triangle product and square product 


Let us assume that у, (j =1,2,3) are ordinary subsets R c V; xV, and R, с V,xV;, such that 
triangle product R, < R, C V; xV, of /, and V, can be defined as follows: 


eV, 4V,g GeV, cV g, for any (e,g)eV,xV, (1) 


Correspondingly, R a p 8 Square product, can be defined as follows: 
1 2 


eV, n V,g &eV, -V,g,for any (e.g )eV; х/, (2) 


where eV, cV,g if and only if eV, CV,g and eV, DV ,g. 


3.5 Definition of neutrosophic implication operators 

If ; is a binary operation on [0,1]. and if a (0, 0, 0)=a(0, 0, 1) = a(0, 1, 1) 
=a(1, 1, 0)=0(1, 0, 1) -a(L 1, 1) 21 and a(1, 0, 0)=0 

In this case, z is called a neutrosophic implication operator. 

For any a,b,c e [0, " a(a, b, c) is a neutrosophic implication operator. If we extend the 


Lukasiewicz implication operator to the neutrosophic implication operator, then 
Ф(а, Ь, c) = min(1-a +Ь+с, 1, 1). 


3.6 Definition of generalized neutrosophic products 

Let us extend the Lukasiewicz implication operator to a neutrosophic valued environment. 

If we consider membership degrees О, and Q, of u and v only, for any two 
u у 


neutrosophic valued environments, y=(Q,, 1,, F,) and v-(Q, L, E) , then 
min {1 -0,+0,, 1, 1} is unable to reflect the dominance of the neutrosophic environment, 
and therefore, we consider the indeterminacy and non-membership 7 asd. and F,,F, as 
well. Now, we define neutrosophic Lukasiewicz implication operator Ф(д, v) based on the 


neutrosophic valued environmental components and the Lukasiewicz implication operator. 
The membership degree, the degree of indeterminacy, and the non-membership degree of 
®(u, v) are expressed as follows: 
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min{1, min{1-Q,+Q,, 1-Z, +Z, 1-F,+F,}} 
-min[l, 1-0,+0,, 1- I, +1,, 1-F,+F,} 
and 


max [0, min[1- (1-9, « Q,).1-(11, 1, ).1-(1- F, F,)]] 


(3) 
= max {0, min {Q, cs Ore Mie um -F,\} 
respectively; i.e., 
min {1, 1-7, +T,, 1-1,+1,, 1-F,+F,}, 
Ф(и, и) = (4) 


max {0, min{Q, –0,,1,-1,,Е,-Е,}} 
Let us prove that the value of Ф(џ, v) satisfies the conditions of the neutrosophic valued 


environment. In fact, from Eq. (4), we have 


min{l, 1-0,+0,, I- I, 4 Z,, I- F, +F,} 20 

max [0, min{Q, - „1,-1Е,-Е,)\>0 (5) 

and since 

max [0, min{Q,-Q,,1,-1,,F,-F,}\ = às 
1 —minfl, max {1-Q,+Q,,1-1,+1,,1-F,+F,}} 

and 

min, max {1-0,+0,,1-1,+1,,1-Е, КЕ} Е 
> шіп (1, 1-0,+0,, 1-1,+1,, 1-Е, & F,] 

then 

I- minll, max(1- Q, « Q,.1-1, +1,,1-F, +F,}| т 


*min[L1-Q, *Q,,1- 7,  1,1- F, & F,] «3 
This shows that the value of @(y, v) derived through Eq. (6) is a neutrosophic environment. 


Along with the neutrosophic Lukasiewicz implication, the square product, and the 
traditional triangle product, we introduce the neutrosophic triangle product and the 
neutrosophic square product as follows. 


3.7 Definitions of neutrosophic relations 


Neutrosophic relations are based on the conventional arithmetic, algebraic and geometric 
theories which are used in dealing various real time engineering problems. Neutrosophic 
relations also relate various neutrosophic sets. 
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Triangle product 
Let же sdb LEM , and 0 -(0,,0,,...,0,] be three 
neutrosophic valued sets. S, є N(uxv) and 5, € N(vx«) are two neutrosophic relations, 


and then, a neutrosophic triangle product, 5, 45, € N ( ux v) of S, and $, , can be 


expressed as follows: 


1 q 
2,0,4, oy )-xY(ox . v^ 


1 <4 
(S, < S, )( 4 vj)- p M и 


me 4 


1 4 
ae О а, о)эх(о, vj) 


for any (u, v,)e(u, v),i=1,2,...,p, j =1,2,..47 , Where —› represents the 
neutrosophic Lukasiewicz implication. 

Square product 

Similarly, we define the neutrosophic square product, (Sj3$,) e N(u x v) of S, and X ,, 


as follows: 


min(S (14. Ok )э5, (о, Vj КАС vj) (4, Ok ). 
S. D$. , V,J2min| I 
( ]— Nea jJ 1<k<q min( S (4, o) >S (0, v;),S2(@. v JS (4, а)), (10) 
min( S (1s. O; >s (о, vj) S(r vj) (4. O; ). 


for any Ж и, )е(и, v), i=1,2,.., p, j =1,2,..f. 


Denote X; as S ( Ji 09, ) for short, similar to the others, for convenience. Subsequently, we 


can simplify Eq. (9) and Eq. (10) as follows: 


Уо 

4 A Sip 8,5? 
1 <4 

(5, 48,)(u.. v,)= ma (11) 


1 Y F 
q = Sip Sy 
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Q 


min( Siz > Sy Sy 954), 
(5,05, Yu, > Vj ) E Ere onis, 5,525.) m" 


min(S;, Sy Sy Эби ) 


Indeed, the neutrosophic triangle product and the neutrosophic square product are firmly 
related to each other. That is, the neutrosophic triangle product is the basis of the 
neutrosophic square product, and because of that, (5,05, ) ( L; v,) is directly derived from 


(5, 5,)(д, v,)and (S, я S)(u.. vj): 


4 Applications of the two neutrosophic products 


In this subsection, we use the neutrosophic triangle product to compare multi-attribute 
decision making with neutrosophic information. Subsequently, we use the neutrosophic 
square product for constructing an anneutrosophic similarity matrix. This anneutrosophic 
similarity matrix is used for analyzing the neutrosophic clustering method. 


Assume a multiple attribute decision making issue. Let W -iw,w,...,w,j and 
N = nn, — Jm) define sets of p alternatives and q attributes, respectively. The 
attribute values (also called a characteristic) of each alternative W; under all the attributes 


N A j =1,2,..‚т) represent the neutrosophic set. We make a decision based on the 


multiple attributes: 


w = (А, O, (А), 1, (№), (у), €N}, 1=1,2„п and ј=12,..т аз) 
where о, (w,) denotes the degree of membership, 7, (1v,) denotes the degree of 
indeterminacy, and к, (w,) denotes the degree of non-membership of W; to N, . 
Apparently, е degree of uncertainty of W; to N, is 
ж, (N,)=3- 9, (м), (Ns) Fa, (м,). 

Let з, - (Qj. Lis F,) -(Q,(N;), La(N,), Fy (N,)) be a neutrosophic value. An п m 


neutrosophic decision matrix, 5 TA , can be constructed based on the neutrosophic 
nxm 


valued set s, (i z12545:]21, о) 


838 


Florentin Smarandache (author and editor) Collected Papers, VIII 


4.1 Neutrosophic triangle product's application 
The characteristic vectors of two alternatives for the issues described above, say ў, and S, 


can be expressed as 5, = MC Sin) and S, sil E respectively. The 


neutrosophic triangle product can be calculated as follows: 


x Oli 


m k= 


jua (14) 


; ; : -1 

This shows the degree of the alternative, wy for preferred alternative W; , where S; is 
А d). = 

the inverse of S, and can be defined as (5; Ё =(5,)„ =S р» D rano зу, апа 


Е 


Sik Sj " 


Similarly, we can calculate 


537 S jk Sik 


m k= 


(5, 4 57) = mae (15) 


ES S jk Sik 


mM k= 


This shows that degree alternative W, is preferred to alternative W ; . The alternatives 


ordering V; апа „ сап be obtained from Eqs. (14) and (15). In fact, 


a. if (s, 45у), »(s, 4$. pr alternative w, is preferred to W, ; 
b. if (5, 45;'), =(5, 4$. ') > there is similarity between W; апа W ; ; 
с. if (5, 45у), <(5, 457) then W, is preferred to W , 


4.2 Neutrosophic square product’s application 


As we know from Eq. (10), mathematically, neutrosophic square product (S1xS2)ij can be 
deciphered as follows: (SıxS2)j measures the degree of similarities of the i? row of 
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neutrosophic matrix S, and the j row of neutrosophic matrix S,- Therefore, considering 
the issue expressed at the start of Section 4, (S; x Sj-'); expresses the similarity of 


alternatives W; and w , . The following formula can be used for constructing a 


neutrosophic similarity matrix for w, — (i 21:2 n). 


Q 


min( six. Sj Эз) 5 
А =] а 
sim(w, и) = (8,05; ) =min| / . 
i? J 1 J ij l<k<n min(sy 55, КУЛ зд)? (16) 


тіп(зд ,55, Sg Эр ) 
Eq. (16) has the following desirable properties: 
l. sim (w pW; ) is the neutrosophic value. 
2. sim(w,, w,)= (1, 0) (1 =1,2,...,п). 
3. sim(w,, w,)- sim(w,, и) (i = Lour] 


Proof for property 1 


We can prove that sim (w, w,) is the neutrosophic value. 


Since the results S, —> S; and 5 д —? S; are all neutrosophic valued sets as 


Q 


: ы 
шш(5и_,5у jS jk Эзу) 
А A 9 > b 
proven previously, then min(sy. 58498 os) is ће neutrosophic value for any „. 


min( six, S jk Sik ) 


Proof for property 2 
Since 


sooo: Sik Sik)? 
Д ži n 
Sum (w, > Wi ) me (5,015, J. = nun ET E >s)? 
min(s;. 5; Sik Sik ) 


we know from definition (10) that sim (w,, w, )=(1, 0). 


Proof for property 3 
Since 
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Q 


min(s;, 5j, Sg OS ) А 
. -| . 
sim(w,, w, ) -(S.as; ) =min| Z 


Я b 
ij l<k<n min(s;, 5j, (S jk Su ) 


тїп(зи—›5у S jk Sik ) 


; , 
min(s Sik Si jk ) 
= mun 


: , 
l<k<m min(s Siz абд) 


min(s jx Sik Si SS jk ) 


-(X;aX,) = sim(w,, w,) 


1 


then, sim(w,, w,)=sim(w,, w,) (53 S 12. at). 
At that point, from the above analyses, we can determine that Eq. (16) satisfies the 


neutrosophic similarity relation conditions. Thus, this can be used to construct a 
neutrosophic similarity matrix. 


5 Direct neutrosophic cluster analysis method 


After constructing a neutrosophic similarity matrix with the abovementioned method, the 
equivalent matrix is not required before cluster analysis. The required cluster analysis 
results can be obtained with the neutrosophic equivalent matrix, starting with the 
neutrosophic similarity matrix. In fact, Luo [Luo (1989)] proposed a direct method for 
clustering fuzzy sets. This method considers only membership degrees of fuzzy sets. Our 
proposed direct neutrosophic cluster analysis technique considers the enrollment degrees, 
indeterminacy degrees, and non-participation degrees of the neutrosophic esteemed set 
under the neutrosophic conditions presented below. The proposed method is based on Luo's 
method, which includes following stages. 


Stage A. Let S= (s; M be the  neutrosophic similarity matrix, where 

Si =(О,, Ls F,) (i, = 1,2,...п) is a neutrosophic valued set for determining the 

confidence level, 1. Select one of the elements, $, which obeys the following principles. 

a. Rank the degrees of membership of $, (i, j= 1,2,...„п) іп descending order. Take 
A = (О, ‚Т, Fa ) E (0, ds Fi ), whereQ,, = max {Q,}. 
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b. If there exist two neutrosophic valued sets, (о L, F ) and (0, iP lij, Fi " 


hA? A? hj 
in (1), such that /,, lij апа А, + Ға (without loss of generality, let 
Ip <li and FE, «Fij ) then we choose the first one as h , Le., 


A, z (Dus Tij Ж) 


Then, for each alternative W ; , let 
(1) _ = 
Iw]; = fw, Б, =A) (17) 


(1 
Неге, W; and all alternatives in [и | 5 are clustered into one category, and other 
alternatives are clustered into another category. 
Stage B. Select the confidence level, 4, = (Ops DE. ) = бы T odes ). with 
O. = „тах 101) , specifically if there exist at least two neutrosophic esteemed sets 
LIAS 


where the membership degrees have the same value as о, QA that point, we can follow 


strategy (b) in Stage A. Now, let alternatives [w; 1: be v, 5 T A} » and then, W, and all 


(1) (2) (1,2) 
the alternatives are clustered into one type. Let the merger of Iw | $ and [w, | $ be D | $ 


(12) 
Then, the merged alternatives Гу, ji = Íw, ls € (4.4). and therefore, W; and all 


(1,2) 
alternatives in Iw | s аге clustered into one set. The other alternatives remain unaltered. 


Stage C. In this stage, we take other confidence levels and analyze clusters according to 
the procedure in Stage B. The procedure is carried out until all alternatives are clustered 
into one category. One of the significant advantages of the proposed direct neutrosophic 
cluster analysis method is that cluster analysis can be acknowledged by simply depending 
on the subscripts of the alternatives. We observed from the process described above that, 
in this method, getting even an A-cutting matrix is not necessary. 


In real-world application scenarios, we simply need to affirm their areas in the neutrosophic 
similarity matrix after choosing some appropriate confidence levels, and afterward, we can 
get the kinds of considered objects on the basis of their area subscripts. 


6 Performance evaluation 


For the performance evaluation, a k-means algorithm and a threshold-based algorithm were 
used on the Iris dataset from the University of California, Irvine (ОСТ) Machine Learning 
Repository. A variable number of clusters (from 2 to 10) were generated for the 
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experiments. For the k-means and threshold-based algorithms, cluster number is the input 
parameter. The k data objects were selected randomly in the k-means algorithm (k was also 
taken as an initial centroid of the clusters). On the other hand, only one object was selected 
randomly in the threshold-based method. The selected object was assigned as the initial 
centroid of the cluster, and was a member of the first cluster. We observed that this method 
generates more segregated and compact clusters. Finally, we observed that there was 
significant enhancement in the indices of validity. The following mathematical analysis 
proves the above statements. 

For any cluster-based intuitionistic neutrosophic implication, let X(Ti, Fa) —^ Y(Tj, Fo), 
where T and F depict truthfulness and falsehood. 

Then, we can define various classes of cluster-based neutrosophic set (CNSS) implications, 
as expressed below: 


CNSS-([(1—-T) f v Ti] F ^ [(1 — fof VFX], /YrA (1—T)) (18) 
The proposed new cluster-based intuitionistic neutrosophic (CIN) implication is now 
extended with X(T, za, /X ) М Y(T, гҮ, fY), as follows: 


CINI (T; f/f > T, Xf X A, /Xf /Y A) 
where T; f//f — T; is any cluster of intuitionistic neutrosophic implications, while fis any 
A neutrosophic conjunction: 


CIN2 (T; f//f Т, Xf IY V, fXf /Y A), where f is any V fuzzy disjunction: 

CIN3 (Ti f /If > Tj, ix+iY 2, fXf FY ^) 

CINA (Т: f/If — Tj, iX+iY 2 , fX+fY 2) 

Referring to the definition proposed by Broumi et al. [Broumi, Smarandache and Dhar 
(2014)], the classical logical equivalence and predicate relationship now becomes 


(X Y) o (7X V Y), where, (X N —^ Y) N  (NX^N Y V) 
The above class of neutrosophic implications can now be depicted with the operators (NX 


^ N Y v ). Let us have two cluster-based neutrosophic propositions: X(0.3, 0.4, 0.2) and 
Y(0.7, 0.1, 0.4). 

Then, X N — Y has the neutrosophic truth value of X YN v N `, i.e., (0.2, 0.4, 0.3) ( N 
0.7, 0.1, 0.4) У, or (max (0.2, 0.7}, min(0.4, 0.1}, min(0.3, 0.43), or (0.7, 0.1, 0.3). 
Therefore, 

МЕ, i, f) = (f, i, t) ^ for neutrosophic negation 

and 

(ti, ti, f1) (to, b, fo N ) V = (max (ti, t2}, mníii b }, min(f'i, f2 }) for the neutrosophic 
disjunction. 

The dataset that we referred to from Stappers et al. [Stappers, Cooper, Brooke et al. (2016)] 
and [Systems (2020)] contains 16,259 spurious examples caused by radio frequency 
interference (RFI)/noise, and 1,639 real pulsar examples with each candidate having eight 
continuous variables. The first four variables are obtained from the integrated pulse profile. 
This is an array of continuous variables that describe a longitude-resolved version of the 
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signal. The remaining four variables were similarly obtained from the dispersion measure 
(DM)-SNR curve. These are summarized in Tab. 2. 


Tab. 2 shows a dataset describing a sample of pulsar candidates collected during the high 
time-resolution universe survey. The first column is the mean of the integrated profile. 
Meanl is the mean of the DM-SNR curve, and SD1 is the standard deviation of the DM- 
SNR curve. Finally, ЕТІ is the excess kurtosis of the DM-SNR curve, and Skewnessl is 
the skewness of the DM-SNR curve. 


Table 2: Pulsar candidate samples collected during the high time-resolution universe survey 


Mean SD ET Skewness Меап1 SD1 ETI Skewness1 TF 
140.5625 55.68378 -0.23457 -0.69965 3.199833 9.11043 7.975532 74.24222 0 
102.5078 58.88243 0.465318 -0.51509 .677258 4.86015 0.57649 127.3936 


103.0156 39.34165 0.323328 1.051164 3.121237 21.74467 7.735822 63.17191 
136.7500 57.17845 -0.06841 -0.63624 3.642977 20.95928 6.896499 53.59366 


88.72656 40.67223 0.600866 1.123492 .17893 1.46872 4.26957 252.5673 
93.57031 46.69811 0.531905 0.416721 .636288 4.54507 0.62175 131.3940 
119.4844 48.76506 0.03146 -0.11217 0.999164 9.279612 9.20623 479.7566 
130.3828 39.84406 -0.15832 0.38954 .220736 4.37894 3.53946 198.2365 


107.2500 52.62708 0.452688 0.170347 2.33194 4.48685 9.001004 107.9725 
107.2578 39.49649 0.465882 1.162877 4.079431 24.98042 7.397080 57.78474 
142.0781 45.28807 -0.32033 0.283953 5.376254 29.0099 6.076266 37.83139 
133.2578 44.05824 -0.08106 0.115362 1.632107 2.00781 11.97207 195.5434 


134.9609 49.55433 -0.1353 -0.08047 10.69649 41.34204 3.893934 14.13121 
117.9453 45.50658 0.325438 0.661459 2.83612 23.11835 8.943212 82.47559 
138.1797 51.52448 -0.03185 0.046797 6.330268 31.57635 5.155940 26.14331 
114.3672 51.94572 -0.0945 -0.28798 2.738294 17.19189 9.050612 96.6119 
109.6406 49.01765 0.137636 -0.25670 1.508361 12.0729 13.36793 223.4384 
100.8516 51.74352 0.393837 -0.01124 2.841137 21.63578 8.302242 71.58437 
136.0938 51.691 -0.04591 -0.27182 9.342809 38.0964 4.345438 18.67365 
99.36719 41.5722 1.547197 4.154106 27.55518 61.71902 2.208808 3.66268 
100.8906 51.89039 0.627487 -0.02650 3.883779 23.04527 6.953168 52.27944 
105.4453 41.13997 0.142654 0.320420 3.551839 20.75502 7.739552 68.51977 


O O 0O == с. Фо ос © бос OO со ч» O O na с> Oaea оь 


95.86719 42.05992 0.326387 0.803502 1.832776 12.24897 11.24933 177.2308 


In Tab. 2, the mean of the integrated profile is compared with pulsar candidates that vary 
significantly with Meanl. Here, Meanl is the mean of popular candidates at high time 
resolution. The dataset that we have referred from Stappers et al. [Stappers, Cooper, Brooke 
et al. (2016)] and [Systems (2020)] that contains 16,259 spurious examples caused by radio- 
frequency interference (RFI) or noise, and 1,639 real pulsar examples with each candidate 
having 8 continuous variables. The first four variables are obtained from the integrated 
pulse profile. This is an array of continuous variables that describe a longitude-resolved 
version of the signal. The remaining 4 variables are similarly obtained from the dispersion 
measure (DM)-SNR curve. These are summarized in Tab. 2. 
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7 Conclusions and future work 

One ofthe major issues in data clustering is the selection ofthe right candidates. In addition, 
the appropriate algorithm to choose the right candidates has been a challenging issue in 
cluster analysis, especially for an efficient approach that best fits the right sets of data. In 
this paper, a cluster analysis method based on neutrosophic set implication generates the 
clusters automatically and overcomes the limitation of the k-means algorithm. Our 
proposed method generates more segregated and compact clusters and achieves higher 
validity indices, in comparison to the mentioned algorithms. The experimentation carried 
out in this work focused on cluster analysis based on NSI through a k-means algorithm 
along with a threshold-based clustering technique. We found that the proposed algorithm 
eliminates the limitations of the threshold-based clustering algorithm. The validity 
measures and respective indices applied to the Iris dataset along with k-means and 
threshold-based clustering algorithms prove the effectiveness of our method. 

Future work will handle data clustering in various dynamic domains using neutrosophic 
theory. We also intend to apply a periodic search routine by using propagations between 
datasets of various domains. The data clustering used by our proposed algorithms was 
found to be workable in a low computational configuration. In the future, we will also use 
more datasets. 
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Abstract 


Likert scale is the most widely used psychometric scale for obtaining feedback. The major disadvantage of Likert scale is 
information distortion and information loss problem that arise due to its ordinal nature and closed format. Real-world responses 
are mostly inconsistent, imprecise and indeterminate depending on the customers' emotions. To capture the responses real- 
istically, the concept of neutrosophy (study of neutralities and indeterminacy) is used. Indeterminate Likert scale based on 
neutrosophy is introduced in this paper. Clustering according to customer feedback is an effective way of classifying customers 
and targeting them accordingly. Clustering algorithm for feedback obtained using indeterminate Likert scaling is proposed in 
this paper. While dealing real-world scenarios, indeterminate Likert scaling is better in capturing the responses accurately. 


1 Introduction 


Likert scaling introduced by Likert (1932) is the most com- 
monly used psychometric scale for collecting responses from 
the user/customer in terms of level of agreement. It has been 
used in several surveys like organizational behaviour in learn- 
ing institutes (Kiedrowski 2006; Rus et al. 2014), music 
education (Orr and Ohlsson 2005), prioritization of routine 
in dental care (Postma 2007), sports for athlete character- 
istics and outcome (Brown et al. 2007), etc. Likert scaling 
suffers from several drawbacks like information distortion 
and information lost problem due to its ordinal nature and 
closed format (Li 2013). 


848 


Zadeh's (1965) fuzzy set theory functions as an important 
constructive tool that enables soft division of sets. It gives an 
extension to fuzzy set as intuitionistic fuzzy set (A-IFS) by 
Atanassov (1986) where each element is given a membership 
and a non-membership degree in Atanassov (1986). A fuzzy 
Likert scale was introduced by Li in Li (2013). 

To represent inconsistent, imprecise and uncertain infor- 
mation from the real world, indeterminacy membership 
is represented independently along with truth and falsity 
membership in neutrosophic set (Smarandache 2000). It gen- 
eralizes the concept of several sets like classic set, fuzzy set 
and paradoxist set, and T4 (х), Гд(х) and Рд (х) аге mem- 
bership function which can be real standard or nonstandard 
subsets. 

In this form, it was not possible to apply it in real-world 
problems of the scientific and engineering areas. Wang et al. 
(2010) proposed a single-valued neutrosophic set (SVNS), 
to overcome this. Neutrosophy has found applications in 
many real-world practical problems like decision-making 
problems (Liu and Wang 2014; Liu and Shi 2015; Liu and 
Teng 2017; Liu and Li 2017; Ye 2013, 2014а, Б, с), image 
processing (Sengur and Guo 2011; Cheng and Guo 2008; 
Zhang et al. 2010), analysis of social network (Salama et al. 
2014) and socio-economic and political problems (Vasantha 
and Smarandache 2003, 2004), etc. 
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To offer better accuracy and give expression to impre- 
cision in the indeterminacy, the indeterminacy membership 
existing in the neutrosophic set is categorized as indetermi- 
nacy leaning towards truth and towards false memberships. 
This makes the indeterminacy in the scenario to be more 
accurate and less imprecise. This was defined as double- 
valued neutrosophic set (DVNS) by Kandasamy (2018a, 
20162). Distance measure, cross-entropy measure and clus- 
tering algorithm of DVNS were introduced in Kandasamy 
(20182). Dice measures on DVNS were proposed in Khan 
et al. (2018). 

To improve the precision and accuracy of the data analysis 
and to fit in the Likert's scale that is most frequently used psy- 
chometric scale, the indeterminacy concept was subdivided 
into three: indeterminacy leaning towards truth, indetermi- 
nacy and false memberships. This refined neutrosophic set 
is known as the triple refined indeterminate neutrosophic 
set (TRINS). TRINS was used recently for personality test 
and classification based on personality (Kandasamy and 
Smarandache 2016b). TRINS is redefined here as positive 
membership, positive indeterminate membership, indetermi- 
nate membership, negative indeterminate membership and 
negative membership, to give the best possible mapping of 
Likert Scaling. 

To conceptualize a real-world example of TRINS, con- 
sider the scenario where a customer orders four different food 
items from the restaurant's menu. He might have immensely 
enjoyed two of the dishes, regretted ordering a particular dish 
and be unsure about the other dish thinking it might have been 
better if it was prepared in a different way. If he is asked to 
provide feedback using Likert scale, he will obviously give 
an average/neutral score. 

Let TRINS A under consideration be represented by 
PA(x), IpA(x), Ia (x), In AGO, NA (х), where РА (x) denotes 
positive membership, Гр A (x) is positive indeterminate mem- 
bership, ТА (х) is indeterminate, Iy A (x) is negative indeter- 
minate and NA (x) is negative. The scenario is represented as 
(0.5, 0.25, 0, 0, 0.25) that is giving a value of 0.5 for the two 
dishes that he enjoyed immensely, 0.25 to the dish he regret- 
ted and 0.25 to the dish he was unsure about. The scenario 
can be captured accurately with needed precision which is 
vital to the result obtained. АП the various choices are cap- 
tured, thereby evading the preferential choice that is selected 
in the conventional method of Likert scaling. 

Clustering analysis basically exploits the notion of dis- 
tance measures between any two entities, and based on this 
clusters are formed. This plays a significant role in research 
fields in the form of data mining, social networking, pattern 
recognition and machine learning. Traditionally, clustering 
analysis has been a hard one, which assigns an item to a par- 
ticular cluster. Since elements in the given scenario do not 
have rigid restrictions, it is essential to fragment them softly. 
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In this paper, a clustering algorithm is introduced to handle 
feedback obtained using indeterminate Likert scaling. 

Section one is introductory in nature, and section two 
recalls some basic concepts about Likert scaling/star rat- 
ing and neutrosophy. Section three discusses the limitation 
and problems with Likert scaling and provides justification 
for using indeterminacy. Indeterminate Likert scaling which 
maps every degree of agreement individually is introduced 
in section four. Indeterminacy-based minimum spanning tree 
(MST) clustering algorithm is proposed in the next section, 
and an illustrative real-world example is provided. Com- 
parison of indeterminate Likert scaling with existing rating 
scheme and Likert scaling is carried out in section six. Sec- 
tion seven provides the conclusions and future study. 


2 Preliminaries 
2.1 Likert scaling 


Likert scale is the most often used psychometric scale to 
collect responses from people in a survey. A typical Lik- 
ert scale survey does not let its respondents simply select 
from “yes/no”; it provides specific choices that are degrees 
of "agreeing" or “disagreeing”. The most basic Likert scaling 
format is a 5-column answer, with choices like: strongly dis- 
agree, disagree, neither agree nor disagree (do not know), 
agree and strongly agree. The neutral option is generally 
opted by the person who is unsure. А study in Armstrong 
(1987) found negligible differences between the use of 
"undecided" and "neutral" as a middle option in a 5-point 
Likert scale. 

A sample of Likert scaling for a simple question "How 
satisfied are you with our services?" is given in Fig. 1. 

The star rating scheme is almost similar to Likert scale. 1 
star is taken to be equivalent to the lowest rating while the 5 
star is considered as the maximum rating. Stars are used as 
a common experimental or heuristic element for evaluating 
quality. A sample questionnaire used to elicit responses from 
the customers of a restaurant using 5 star rating is given in 
Table 1. Similarly, a questionnaire that uses Likert scale is 
given in Table 2. The analysis of Likert scale responses is 
generally carried out using bar charts to show results, mode 
in the case of the most common response and range and inter- 
quartile ranges in the case of analysing variability. 


2.2 Neutrosophy and refined neutrosophic set 


Neutrosophy, familiarized by Smarandache (2000), studies a 
perception or event or entity, “A” in relation to its opposite, 
“Anti-A” and not A, *Non-A", and as neither “А” nor “Anti- 
A", denoted by “Neut-A”. 
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How satisfied are you with our services? 
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Very Unsatisfied Unsatisfied 


Fig. 1 Sample Likert scale 


Table1 Sample questionnaire using five-star rating scheme for restau- 
rant 


Question Scale 

Quality of Food KKKKY 
Service KKK KY 
Hygiene KKK 
Value for money но аач 
Ambience oo ox 


Xo vox 


Overall Experience 


Let X be a space of points (objects) with elementary ele- 
ments in X represented by x. A single-valued neutrosophic 
set (SVNS) A in X is characterized by truth ТА (x), indeter- 
minacy 7,4(x) and falsity Ед (х) membership functions. For 
each point x in X, there are T4 (x), I4 (x), Fa (x) € [0, 1] and 
0 < Ta(x) + IA(x) + FA(x) € 3. Ais denoted by A = ((x, 
Ta(x), Ia (x), FA(x)) | x € X). The refined neutrosophic 
logic defined by Smarandache (2013) is as follows: 


Definition 1 The truth T is divided into several types of 
truths: T1, 75, ..., Ty, and J into various indeterminacies: 
1, 2, ...,1;, and Е into various falsities: F1, F5, ..., Fs, 
where all p, r,s > | are integers, and p +r +s =n. 


Triple refined indeterminate neutrosophic sets have the 
indeterminacy concept divided into three memberships: inde- 
terminacy favouring positive opinion, indeterminacy favour- 
ing negative opinion and indeterminacy. This division helps 


Neutral 


Satisfied Very Satisfied 


in improving the accuracy and precision and fits the Lik- 
ert scale. TRINS (Kandasamy and Smarandache 2016b) has 
been used to classify personality. In double-valued neutro- 
sophic set (DVNS), the indeterminacy concept is divided into 
two. 


Definition 2 A triple refined indeterminate neutrosophic set 
(TRINS) A in X as given above is characterized by posi- 
tive Рд (х), indeterminacy ГА (х), negative N4(x), positive 
indeterminacy Грд(х) and negative indeterminacy Iy 4(x) 
membership functions. Each has a weight wm € [0, 5] asso- 
ciated with it. For each x € X, there are 


PA(x), Ipa(x), Ia (x), Ina (x), NA(x) є [0, 1]. 
wp (Pa(x)), wy, (Трд(х)), шү GAQ)), 
wry Un a(x)), wy QNAQ)) € [0, 5] 


and 0 < Pa(x) + IpA(x) + 1А(х) + IN AQ) + NA(x) < 5. 
Therefore, a TRINS A can be represented by 


А = ((x, Pa (x), Грд(х), ТА(х), IN AGO, Na(x)) | x € X}. 


Consider О = [q1, 92] where 91 is question 1 (quality) 
and q» is question 2 (service) from Table 2. The values of 
qı and 92 are in [0, 1], and the weight of the membership is 
applied the values are in [0, 5]. Take the same scenario where 
a customer orders 4 different items from the menu. He might 
have immensely enjoyed two of the dishes, regretted ordering 
a particular dish and may be undecided about the other dish 
being good. If he is asked to provide feedback using Likert 


Table2 Sample questionnaire 


using Likert scaling for Question Terrible Bad Average Good Excellent 
restaurant 

Quality of food М 

Service М 

Hygiene М 

Value for money М 

Ambience М 

Overall experience М 
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scale, he will obviously give a average/neutral score. This is 
mapped to TRINS as follows: 

Option for "quality" would be a degree of excellent food 
that is the dishes he enjoyed immensely, a degree of indeter- 
minacy choice towards “good food" will be the dish he was 
undecided about but thought it was a little good but is unsure, 
a degree of uncertain and indeterminate combination of good 
food and not so good food, a degree of indeterminate choice 
bordering close to bad food and a degree of poor quality food 
which will be the food that he regretted ordering, instead of 
a forced single choice. Similarly, the service will vary and 
can be marked accordingly to different degrees. 

This can be represented by TRINS A of X as 


А = (0.5, 0.25, 0, 0, 0.25) /x1 + (0.5, 0.1, 0.1, 0.1, 0.2) /x2. 


Operators related to set theory like associativity, dis- 
tributivity, commutativity, idempotency, absorption and the 
DeMorgan's laws were defined over TRINS (Kandasamy and 
Smarandache 2016b). 


3 Justification for applying 
indeterminacy-based scaling 


Generally in Likert scaling, the user is forced to select the 
most dominant choice. For example, the normal five-level 
Likert item would be 

— Strongly disagree 
Disagree 
Neither agree or disagree 
Agree 
— Strongly agree 
Any user will have feelings/options which actually vary 
from strongly agree to strongly disagree and which are not 
definite; they are always a mixture of feelings. A small 
amount of disagreement might bring down the option from 
"strongly agree" to "agree", whereas a different person might 
choose to go with the dominant choice of "strongly agree" 
ignoring the small/meagre amount of disagreement. Some 
other person might mark the option "neither agree nor dis- 
agree" due to the same negative experience. However, it is 
very obvious and clear that people react differently to the 
same experience while answering the same question in the 
questionnaire. The questionnaire using a Likert scale will 
fail to capture the feelings/exact degree of strong agreement, 
degrees of weak agreement, degrees of neither agreement nor 
disagreement, degrees of weak disagreement and the degree 
of strong disagreement. The respondent/person is generally 
forced to go with the dominant choice or the choice which 
he feels at that time or the choice which may be only a shade 
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dominant than the other choice; thereby, the degree of the 
memberships with other choices is completely lost. 

Only a measure of coarse ordinal scale with closed format 
is used by Likert method. It fails in approximating interval 
data, and a substantial amount of information is gone and 
distorted due to the built-in limitations of Likert scaling as 
said by Russell and Bobko (1992). 

A person who opts for "strongly agree" option might not 
be 10096 agree with the statement. There might have been 
some amount of disagreement which the user was forced to 
override or only a small difference in mind between any two 
of the 5 attributes. To exactly capture the various degrees of 
membership TRINS is used to represent the choices. Using 
of TRINS and creating a Likert type scale for questionnaire 
will result in capturing the uncertainty, incomplete and inde- 
terminate nature of the persons opinion in the collected data. 

Every option will be given a degree of membership, and 
the person need not be forced to go with the dominant choice. 
The various degrees and choices will be captured more accu- 
rately with good precision, in fact in a sensitive, accurate and 
realistic way and not in an approximate way. This will even- 
tually aid in better understanding of the customers and their 
needs; thereby, better marketing can be carried out. 

Generally, the Likert scale is a bipolar scaling tech- 
nique, determining either positive or negative response to 
a statement, whereas the TRINS- or DVNS-based Lik- 
ert type scaling will be measuring both/all responses to a 
statement, thereby collecting the indeterminate/incomplete 
details about the options of the persons. This will provide a 
clear and more detailed view of the various degrees of mem- 
bership. In the Likert scale, sometimes even point scale is 
used, where the middle option of “neither agree nor disagree" 
is removed. This is known as the forced choice method. This 
can be appropriately represented by DVNS. However, the 
neutral option is generally opted by the person who is unsure. 
A study in Armstrong (1987) found insignificant differences 
between the usage of “undecided” and "neutral" as a central 
option in a 5-point Likert scale. 

There is actually a lot of difference between someone who 
1s undecided and someone who is neutral; in a TRINS-based 
Likert scale, there can be a separate option for undecided, 
since equal amount of agreement and disagreement can be 
represented in degree of weak agreement and degree of weak 
disagreement, individually. 

Indeterminate Likert scaling will remove the necessity 
to go with the dominant choice or a forced option which 
cannot always be true if it is varying from the other option 
only be a small or a shade of difference. The users exact 
feelings/thinking/option cannot be captured very realistically 
by Likert scaling, but certainly indeterminate Likert scaling 
based on TRINS can do this very accurately. 
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4 Indeterminate Likert scale 


The normal five-level Likert scale items are 


| 


Strongly disagree 
Disagree 

Neither agree or disagree 
Agree 

Strongly agree 


| 


| 


| 


| 


They will get mapped in indeterminate Likert scale as 
follows: 


Negative membership 

Indeterminacy leaning towards negative membership 
Indeterminate membership 

Indeterminacy leaning towards positive membership 
Positive membership 


| 


| 


While using a five-star rating, this will be mapped from 
one star to five stars. An indeterminacy-based Likert scale 
will have a negative membership which will capture the 
degree of strongly disagree of usual Likert scaling and 
degree of one-star rating in the star rating scheme. Similarly, 
the membership of indeterminacy leaning towards negative 
will capture the degree of disagree or two-star rating. Neu- 
ral/degree of neither agree not disagree/do not know of the 
usual Likert scale or the three-star rating will be captured 
by the indeterminacy membership. Similarly, for degree of 
agree and degree of strongly agree will be mapped to inde- 
terminacy or neutrality leaning towards positive membership 
and positive membership, respectively. 


How satisfied are you with our services? 


Very Unsatisfied Unsatisfied 


Fig.2 Indeterminate Likert scale 


Wy 


Fig.3 Indeterminate rating scale 


Neutral 
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An indeterminate Likert scale will be given a representa- 
tion as shown in Fig. 2: very unsatisfied, unsatisfied, neutral, 
satisfied, very satisfied with individual scales for grading. 

A five-star rating will be like the one represented in Fig. 
3. If a user is asked to rate the service provided in the restau- 
rant, the user might have several different types of emotions 
about the service. The service of the waiters might have been 
excellent; he will give a 0.5 to “very satisfied". He might 
have waited for a long time for the food he ordered to arrive, 
hence a 0.25 to very unsatisfied. Regarding the politeness of 
the waiters/staff he might not be in a position to make up his 
mind, he might nevertheless be unable to map it as good or 
bad, hence a 0.25 for the indeterminate/neural options. 

Such a case is given as example in Fig. 2. The user basi- 
cally has option to slide using the slider provided in each 
level of agreement. Similarly, in a five-star rating scheme 
the user can fill the star to provide the degree of member- 
ship for each level as shown in Fig. 3. This can be easily 
implemented in mobile applications. As soon as a negative 
feedback is obtained, the user can be asked to provide more 
details by asking particular questions and making the feed- 
back interactive. Due to the nature of indeterminate Likert 
scale, identifying and isolating a negative experience of the 
customer become easy. Table 3 gives the input received from 
the user using a indeterminate Likert scaling-based question- 
naire. 

This indeterminate Likert scale can be extended to 7-point 
Likert scale, or any multipoint Likert scale. In fact, it can 
be altered to the needs of researchers. Truth, indeterminate 
and Falsity memberships can be divided according to the 
researchers. These are known as multipoint indeterminate 
Likert scale. Studies in this direction is left open. 


—— 
Satisfied 


LJ 
Very Satisfied 


WH 
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Table 3 Sample questionnaire using indeterminate Likert scaling for 
restaurant 


Question P(A) IP(A) КА) IN(A) МА) 
Quality of food 0.9 0.03 0.05 0.02 0 
Service 0.8 0.00 0.05 0.1 0 
Hygiene 0.7 0 0.1 01 0.1 
Value for money 0.8 0.1 0 0 0.1 
Ambience 0.7 0.1 0.1 0.05 0.05 
Overall experience 0.75 0 0.05 0.1 0 


5 Indeterminate MST clustering algorithm 
using distance measures 


5.1 Distance measures of TRINS 


The distance measures and its related algorithm of TRINS 
are defined in the following: 

Consider two TRINS A and B in a universe of discourse, 
X = xi, х2,..., Xn, Which are denoted by 


А = (Gi, PAGG), Ipa (xi), ТА О), Гуд (х), NAGi)) 
| x; € X}, and B = ((xi, Pg (xi), IPB О), 
1в Ох), Iu B Gi), Np(Gxi)) | xi € X}, 


where Рд (х;), Град (х), Га (xi), Ina (xi), Nai), PpGi). 
Ipp(xi), Ip(xi), IN B(Gxi), Мв Ох) € [0, 5] for every х; є X. 


Let wii = 1,2,...,n) be the weight of an element 
х( = 1,2,...,n), with ш; > 0; (i = 1,2,...,n) and 
NUT = 1. 


Then, the generalized TRINS weighted distance is as fol- 
lows: 


dae : Youll Pai) РЕЈА 


+ | Ipa (xi) — Ipp(xi) li 


+ | Га (х) = In(x ^ + | Ina (х0) — Тув (х) [^ 
1/5. 


t | Na(xi) = Ng) |^] 


(1) 


where à > 0. 

When A = 1, Eq. 1 reduces to TRINS weighted Ham- 
ming distance; when A = 2, it reduces to TRINS weighted 
Euclidean distance and is given as 
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Input: TVNS A}, ......, Am, 
Output: Distance matrix D with elements d;; 
begin 
for i <— 1, т do 
for j < 1, т do 

if i = j then 

| dij < 0 

else 

| dij < (di (Ai, Aj)] 

// Using Equation 3 
Algorithm 1: TRINS weighted distance matrix D 


1 п 
&(А,Ву= | z 2 will PAG) — Рв) Р 
i-l 
+ | Ipa(xi) — IpgG) |? 
+ | ТА) = Ip ai) |? + | Iva i) — Тув) |? 
1/2 
+I Na(xi) = Мв) 2] 


(2) 


where A = 2 in Eq. 1. 
The TRINS distance matrix D is as follows: 


Definition 3 Let Aj(j = 1,2,...,m) be a collection of m 
TRINS, then we define the TRINS distance matrix D = 
(dij mxm, Where dij = d,(A;, Aj) is the generalized TRINS 
distance between A; and А; and satisfies the following: 


1. dij € [0,5], Vi, j = 1,2,...,т; 
2. dij = 0 if and only if A; = Aj; 
3. dij = dji for alli, j = 1, 2,...,т. 


The algorithm to calculate the TRINS weighted distance 
matrix D is given in Algorithm 1. 


5.2 Indeterminate MST clustering algorithm 


Indeterminate minimum spanning tree (MST) clustering 
algorithm is proposed as a generalization of the IFMST, 
SVN-MST and DVN-MST clustering algorithms here. 

Consider X = (x1, x2, ..., Xn} to be an attribution space 
and the weight vector of an element x;(i = 1, 2,..., п) be 
w = (wi, шо, ..., Wn}, where w; > 0(ї 1,2,..., n) 
and $7 уш = 1. Let the m samples that need to be 
clustered be represented as FjCj = 1,2,...,m), a col- 
lection of m TRINSs. It is F; = {(ху, Pr, (xj). Ipr, (xj). 
Ir, (xj), Inr; Gc), Nr, xj) | xj € XJ. 

The triple refined indeterminate neutrosophic minimum 
spanning tree (TRIN-MST) clustering algorithm is provided 
in Algorithm 2. The description ofthe algorithmis done along 
with an example. 
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Input: D= (dij)m xm 
Output: Minimum Spanning Tree S and Clusters 
begin 
Step 1: Calculate D distance matrix (F1, ... 
// Using Algo 2 
Step 2: Create TRINS graph G(V, E) 
for i < 1, т do 
for j < 1, m do 
if i /= j then 
| Insert edge from F; to F; with dj; 
Step 3: Compute MST of G: // by use of 
Kruskal's algorithm 
Sort the edges in order (increasing) of weight in E. 
while No. of edges in subgraph S of G < (V — 1) do 
Select edge (vj, vj) with minimum weight. 
Delete (v;, vj) from E 
if (vi, vj) creates a cycle in S then 
| Discard edge v;, vj 
else 
| Include the edge vj, vj in 5 
S is the MST of G(V, E). 
Step 4: Clustering S with threshold r 
for i < 1, т do 
for j < 1,m do 
if dij > r then 
| Remove edge 


, Fm) 


Clusters are created automatically 
Algorithm 2: Indeterminate Minimum Spanning Tree 
(MST) Clustering algorithm 


5.3 Illustrative examples 


To demonstrate the effectiveness of the proposed TRIN-MST 
clustering algorithm in the real-world applications, a descrip- 
tive example is presented. The results of the indeterminate 
feedback of ten different people which are represented by 
TRINS are clustered using the indeterminate MST cluster- 
ing algorithm. 


Example 1 The real-world problem of feedback given by cus- 
tomers of a restaurant (restaurant name is kept anonymous) 
was taken. The six evaluation questions based on Table 2 
were considered and transformed to indeterminate question- 
naire as given in Table 3. The answers of the indeterminate 
feedback of ten different people F;(j = 1, 2,..., 10) are 
taken for clustering. The questionnaire has been changed 
accordingly so as to ensure the use of distance measures. The 
responses collected from 10 people are given in Kandasamy 
(2018b). 

The weight vector w; — 0.167 is taken uniformly for 
the attribute х; (i = 1, 2,..., 6). The TRIN-MST clustering 
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algorithm provided in Algorithm 2 is used to group the ten 
people of F;(j — 1,2,...,10) into clusters. 

The stepwise working of the TRINS-MST clustering algo- 
rithm is as follows: 

Step 1 The distance matrix D = dj; = d; (Fi, Fj) is cal- 
culated by using Algorithm 1 (taking A = 2). D = (dij)mxm 
1s obtained as given in Fig. 4: 

Step 2 Based on D the TRINS graph G(V, E) is con- 
structed where every edge between F; and F;(i, j 
1, 2, ..., 10) is assigned the TRINS weighted distance dj; 
that represents the degree of dissimilarity between the ele- 
ments F; and Fj. 

Step 3 Construction of the MST of the TRINS graph 
G(V, E) is done as follows: 


. The distances of edges of G sorted in increasing order 
by weights. 

. A subgraph (empty) S of G is taken and the edge e with 
minimum weight is added to S, if the end points of e are 
not connected in S. Here the smallest edge is between 
Еу and F4; ауд = 0.08456 is added to S and removed 
from the sorted list. 

. The next minimum weight edge is selected from G; if 
no cycle is created in 5, it is deleted from the list and 
added to S. 

. Process (3) is repeated until the obtained subgraph S 
spans all the ten nodes. 


The MST S of the TRINS graph so obtained is illustrated in 
Fig. 5. 

Step 4 A threshold r is selected, and all the edges with 
weights more than r are disconnected to get the subtrees 
(clusters), as listed in Table 4. 


The clusters that are formed when the threshold value 
r is taken as 0.2928 are given in Fig. 6. It can be clearly 
seen that there are three different clusters grouped based on 
their feedback as satisfied customers (F5, F5, F7), unsatisfied 
customers (F1, F4, F3, Fg, Fo) and indeterminate customers 
(Ев, F19). Based on the clusters, targeted and interactive 
marketing can be carried out. This type of clustering is not 
possible with Likert scaling. 

Clustering of customer feedback can be carried only on 
the basis of particular questions, and from these clusters and 
other information several insights can be gained. 


6 Comparison and discussions 


6.1 Comparison with Likert scale 


Itis known that Likert scaling has drawbacks like information 
distortion and information loss. These problems are over- 
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Table4 Clustering results using 


TRIN-MST clustering algorithm Threshold r 


r = deg = 0.3155 
r = dsg = 0.2928 


Corresponding clustering result 


(Р, Ез, Ед, Fo, Fg, Fo, Fig], (F2, F5, Ет} 
UP, Ез, Ед, Ез, Fo}, (Fo, Fio}, (F5, Fs, Ез} 


come when TRINS is used for collecting feedback from the 
user. It captures the feedback in a sensitive, accurate and real- 
istic way as it deals with incomplete, imprecision, uncertain 
and indeterminate information. It is clearly seen that inde- 
terminate Likert scale when compared to Likert scale gives 
more option to the customer to express themselves. In Likert 
scale, only the dominant choice is selected and vital infor- 
mation is lost. 


Fig.6 Clusters of customers 
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6.2 Comparison with fuzzy Likert scale 


Neutrosophic set is generalized as TRINS, intuitionistic 
fuzzy information is generalized as neutrosophic informa- 
tion/SVNS sets, and fuzzy information is generalized as 
intuitionistic fuzzy information. Thus, TRINS has the capac- 
ity to provide better precision and accuracy to represent the 
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existing uncertain, indeterminate, vague, imperfect and unre- 
liable information. 

It has the supplementary ability to designate with more 
sensitivity the indeterminate and unreliable information. 
Whereas the SVNS can deal indeterminate and unreliable 
information, it cannot designate with accuracy the existing 
indeterminacy. It is acknowledged that neither fuzzy theory 
nor IFS can deal with information that is indeterminate and 
inconsistent in nature; however, IFS has provisions to deal 
and describe with incomplete information. In SVNS, truth, 
indeterminacy and falsity membership are characterized indi- 
vidualistically, and they can also be defined with respect to 
any of them (no restriction). This enables SVNS to be pre- 
pared to deal with indeterminate information better than IFS, 
whereas in TRINS, more scope is given to deal with the pre- 
vailing indeterminate and unreliable information because the 
indeterminacy concept is sub-classified as three distinct val- 
ues. This provides more accurateness and exactness to the 
indeterminacy present in the data in TRINS than in SVNS. 

TRINS deals particularly with the indeterminacy leaning 
towards (favouring) positive (truth), the indeterminacy lean- 
ing towards negative (false) and indeterminacy itself which 
other methods are incapable of doing it. It is acknowledged 
that when fuzzy set membership is defined with respect to 
truth 7; the information related to indeterminacy and non- 
membership is missing. In IFS, memberships are defined 
in terms of truth and false only; here the indeterminacy is 
taken as what is left after the truth and false membership. 
The IFS cannot represent the indeterminate and inconsis- 
tent information, but it has provisions to describe and work 
with incomplete information. In SVNS, truth, indeterminacy 
and falsity membership are represented individualistically, 
and they can also be defined with respect to any of them 
(no restriction). This makes SVNS better at dealing informa- 
tion than IFS. TRINS when compared to SVNS/DVNS has 
better scope to describe and deal with the existing indetermi- 
nacy and inconsistent information because the indeterminacy 
concept is classified as three different values. This provides 
more accuracy and precision to indeterminacy in TRINS, 
than in SVNS. However, TRINS is better equipped to deal 
with indeterminacy than Fuzzy theory. Fuzzy Likert scale 
cannot capture indeterminate, imprecise and incomplete data. 
TRINS-based indeterminate Likert scale captures data in a 
more precise, accurate and realistic way than fuzzy Likert 
scale. 


6.3 Further study 


Multipoint indeterminate Likert scale which functions on 
7 points or 10 points will be taken up for further studies. 
These multipoint Likert scales can be used to study a variety 
of sociological, economical and psychological problems. As 
future research, we also propose to map the middle 3 terms 
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of TRINS to neutrosophic triplets (Vasantha et al. 2018b) 
and then they can be automatically mapped to neutrosophic 
duplets (Vasantha et al. 20182, с) in the case that indetermi- 
nacy leaning towards false is zero. 


7 Conclusions 


In this paper, indeterminate Likert scaling based on TRINS 
was introduced; it is equipped to deal with inconsistent, 
uncertain, imprecise and indeterminate information which 
Likert scale is incapable of. Generally feedback from the 
customer depends on the human emotions which are mostly 
uncertain, inconsistent, imprecise or indeterminate in nature. 
Hence, indeterminate Likert scale is more apt to use for 
feedback than Likert scale. Indeterminate Likert scale can 
be easily implemented and used in mobile apps for collect- 
ing feedback. Indeterminate MST clustering algorithm was 
introduced to cluster the feedback obtained using distance 
matrices as a main measurement. Results from the clustering 
can be used for targeted and interactive marketing separately 
for each cluster. 
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Structure, NeutroStructure, and AntiStructure in Science 


Florentin Smarandache 


Florentin Smarandache (2021). Structure, NeutroStructure, and AntiStructure in Science. 
International Journal of Neutrosophic Science 13(1): 28-33 


Abstract 


In any science, a classical Theorem, defined on a given space, is a statement that is 100% true (i.e. true for 
all elements of the space). To prove that a classical theorem is false, it is sufficient to get a single counter-example 
where the statement is false. 

Therefore, the classical sciences do not leave room for partial truth of a theorem (or a statement). But, in our 
world and in our everyday life, we have many more examples of statements that are only partially true, than statements 
that are totally true. 

The NeutroTheorem and AntiTheorem are generalizations and alternatives of the classical Theorem in any 
science. 

More general, by the process of NeutroSophication, we have extended any classical Structure, in no matter 
what field of knowledge, to some NeutroStructure, and by the process of AntiSophication to some AntiStructure. 


Keywords : Structure, NeutroStructure, and AntiStructure 
1. The Neutro sophic Tri plet (<A>, <neutA>, <antiA>) 


Let S be a given non-empty space (or set) from a universe of discourse U. 

In neutrosophy, the general neutrosophic triplet (<A>,<neutA>,<an tiA>), sometimes using the notation 
<neutroA> for the middle term, can be written as: 

((А(1,0, 0)), (ACT, I, F)), (ACO, 0, 1))), where (T, I, F) € ((1,0,0), (0,0,1)}; 

i.e. A(1,0, 0) means that <A> is 100% true (T = 1), 0% indeterminate (I = 0), and 0% false (F = 0); 

A(T, 1, F) means that <A> is T% true, I% indeterminate, and F% false, where (T, I, F) € ((1, 0, 0), (0,0, 1)}; 

and A(0, 0, 1) means that <A> is 0% true (T = 0), 0% indeterminate (I = 0), and 100% false (F = 1), 
respectively. 


2. Example of Neutroso phic Triplet when <A> = Opera tion 
In the case when <A> is an Operation (or Operator, Function, Law), on the given space S, then <A(T, I, F)> 
means: 
Operation <A> is T% well-defined (or inner-defined, inside of S), 
1% indeterminate-defined (undefined, unknown), 
and F% outer-defined (outside of S). 
3. Neutro sophic Triplet Concepts 


We have the following particular neutrosophic triplets of notions defined on S: 
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(< Theorem», <NeutroTheorem>, < Anti Theorem? ), 

(<Lemma>, <NeutroLemma>, <AntiLemma>), 

(<Consequence> , <NeutroConsequence>, <AntiConsequence>), 
(<Pro position> , <NeutroPr oposition>, <AntiProposition>), 
(<Definition>, <NeutroDefinition>, <AntiDefinition>), 
(<Property>, <NeutroProperty>, < AntiPro perty>), 
(<Function>, <NeutroFunction>, <AntiFunction>), 
(<Operation>, < NeutroOperati on», < AntiOperati on? ), 

(< Ахіатр> , <NeutroAxom>, <AntiAxian>), etc. 


These neutrosophic triplets are referred to any field of knowledge, not only to mathematics. 
4. Theorem, Neutro Theor em, Anti Theorem 


Let's take the first neutrosophic triplet: 

(< Theorem», <NeutroTheorem>, < AntiTheorem>). 

For the other neutrosophic triplets, it will be similar. 

Let T,I,F € [0,1] be single-valued numbers representing respectively the degree of truth (T), degree of 
indeterminacy (I), and degree of falsehood (F). 


(i) A classical Theorem is a statement that is true (T) for all elements of the space S. Therefore, (T, I, 
F) - (1, 0, 0). 
(11) A NeutroTheorem is a statement that is partially (T), partially indeterminate (I), and partially false 


(F), where (Т, I, F) Є ((1, 0, 0), (0, 0, 1)); 
(iii) An AntiTheorem is a statement that is false (F) for all elements of the space S. Therefore, (T, I, F) = 
(0, 0, 1). 


We can rewrite this neutrosophic triplet as: 
((Theorem(1, 0, 0)), (Theorem(T, I, F)), (Theorem(0, 0, 1))), 
where (T, I, F) € {(1, 0,0), (0, 0, 1)}. 


Let T, I, F be intervals (and in general any subsets) from [0, 1]. 

Ifa Theorem is, let's say, between 90%-100% true, i.e. Theorem([0.9, 1], 0, 0), it does not satisfy the classical 
Theorem(1, 0, 0), since there is some uncertainty (unclearness) with respect to its degree of truth [0.9, 1] # 1. So, this 
case goes under NeutroTheorem. 


If the Theorem is, let's say again, between 99%-100% false, i.e. Theorem(0, 0, [0.99, 1]), it does not satisfy 
the AntiTheorem, since similarly there is some uncertainty (unclearness) with respect to its degree of falsehood [0.99, 


1] + 1. This case goes also under NeutroTheorem. 


In conclusion, no matter if T, I, F are single-valued numbers, intervals, and in general any subsets of [0, 1], 
the neutrosophic triplet of each concept is the same. 


Classical Theorem = <Theorem(1, 0, 0)> 
NeutroTheorem = « Theorem(T, I, F)>, with (T, I, F) ¢ ((1,0,0), (0, 0, 1)}; 
AntiTheorem = < Theorem(0, 0, 1)». 
5. Remark 
Let T,I,F € [0,1] and an axiom (A(T, I, F)), which means that the axiom has the neutrosophic degree of 
truth T, the neutrosophic degree of indeterminacy I, and the neutrosophic degree of falsehood F. 


If! >0or0 < F < 1, the (A) is a NeutroAxiom. 


Proof: 
If I > 0, then (T, I, F) € ((1,0,0), (0,0, 1)}, because the last two neutrosophic triplets have both J = 0. 


DOT: 10.5281/zenodo.4314667 
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If 0 < F < 1, then again (T, I, F) € ((1,0, 0), (0,0, 1)} because the last two neutrosophic triplets have F = 


0 and respectively F — 1. 
6. Elementary Examples of Neutro Concepts and Anti Concepts 


defined. 


6.1. Neutro Operation 


Let Z be the set of integers, and Q the set of rational numbers that is considered the universal set, with Z c Q. 
Let's define the operation of division: 

+:ZXZ— 7. 
This is a NeutroDivision because: 
(i) There exist the integers 15,5 Є Z such that 15 + 5 = 3 Є Z; this is degree of well-defined (inner-defined); 
(ii) There exist the integers 7,0 € Z such that 7 + 0 = undefined; this is degree of indeterminacy; 
(iii) There exist the integers 11,2 € Z such that 11 + 2 = 5.5 ¢ Z or 5.5 Є Q \ Z; this is degree of outer- 


6.2. AntiOpera tion 

Let ZT = (—1,—2,—3, ..., —00) the set of negative integers, 

С= {а -tbüó;abemRi- V-T} the set of complex numbers that acts as the universal set of Z7. 
Let’s define the operation of square root (V): 

yV: Z7 3 Z-. 

For any negative integer - a, where a > 0 is a positive integer, 

V/-a = iVa € Z, or /.-a eC – 7. 


Therefore the operation Y is totally outer-defined. 


6.3. Neutro Funct ion 
On the set of integers Z and its universe of discourse Q, which is the set of rational numbers, we define the 


function: 


fil, f(x) = —. 


(1) There exists the integer, for example x = 6, such that: 
2 


06) = 2=2є2; 
this is degree of well-defined. 

(ii) There exists the integer 0 € Z, such that: 
/ (0) = = = undefined; 

this is degree of indeterminacy. 


(iii) There exists the integer, for example 5 € Z, such that: 
f() = == 2.4 ¢ Z; or 2.4 € Q \ Z; 
this is degree of outer-defined. 


6.4. Neutro Theorem 

Let Z* = {1, 2, 3,..., +00} be the set of positive integers. 
We consider the following: 

Statement 

If x and y € Z*, then x” is a perfect square. 


In classical algebraic structures this statement is considered false, because it is not 100% true, and to prove 


it, it is sufficient to get a single particular counter-example. For example, if x — 2 and y — 3, then 2? — 8 which is 
not a perfect square. 


The classical algebraic structures do not leave room for partial truth of a theorem. But, in our world and in 


our everyday life, we have many more examples of statements that are only partially true, than statements that are 
totally true. 


The NeutroTheorem and AntiTheorem are generalizations and alternatives of the classical Theorem. 


860 


Florentin Smarandache (author and editor) Collected Papers, VIII 


In the above statement, we have: 
(1) Degree of truth, when x = a? or y = 2b, where a, b Є Z*. Since we get x" = (a?)" = (a)? and 
respectively x? = x?’ = (xP)?, 

Therefore we have two double-infinity many cases when the statement is true. 

x = а? means that x can be written as a perfect square. For example, if x = 3? we can re-write it as x = 
(35? = 812. 

And y = 2b means y is an even number. 

(ii) Degree of indeterminacy is zero, since x” is always well-defined for non-zero x, y € Z*. 

(iii) Degree of falsehood, as shown above, for example when x = 2 andy = 3. 

Herein we also have infinitely many cases when the statement is false (for example when x + a? and y + 
2b). 


7. Structure, Neutro Structure, AntiStruc ture i n any field of knowledge 


In general, by NeutroSophication [1, 2, 3, 4], we have extended any classical Structure, in no matter what field of 
knowledge, to NeutroStructure, and by AntiSophication to AntiStructure. 

A classical Structure, in any field of knowledge, is composed of: a non-empty space, populated by some elements, 
and both (the space and all elements) are characterized by some relations among themselves (such as: laws, operations, 
operators, axioms, properties, functions, theorems, lemmas, consequences, algorithms, charts, hierarchies, equations, 
inequalities, etc.), and their attributes (size, weight, color, shape, location, etc.). 


8. Relation, Neutro Relation, Anti Relation 


(i) A classical Relation on a given set is a relation that is true for all elements of the set (degree of truth T = 1). 
Neutrosophically we write Relation(1,0,0). 


(ii) A Neutro Relation is a relation that is true for some of the elements (degree of truth T), indeterminate for other 
elements (degree of indeterminacy I), and false for the other elements (degree of falsehood F). Neutrosophically we 
write Relation(T,I,F), where (T,LF) is different from (1,0,0) and from (0,0,1). 


(iii) An AntiRelation is a relation that is false for all elements (degree of falsehood F — 1). Neutrosophically we 
write Relation(0,0,1). 


9. Attribute, Neutro Attribute, AntiAttribute 


(1) A classical Attr ibute of the elements of a given set is an attribute that is true for all elements of the set (degree 
of truth T = 1). Neutrosophically we write Attribute(1,0,0). 


(ii) A Neutro Attribute is an attribute that is true for some of the elements (degree of truth T), indeterminate for 
other elements (degree of indeterminacy I), and false for the other elements (degree of falsehood F). Neutrosophically 
we write Attribute(T,I,F), where (T,I,F) is different from (1,0,0) and (0,0,1). 


(iii) An AntiAttr ibute is an attribute that is false for all elements (degree of falsehood F = 1). Neutrosophically 
we write Attribute(0,0, 1). 


10. Definitions of Struc ture, Neutro Struc ture, AntiStructure 


(1) A classical Struc ture is a structure whose all elements are characterized by the same given Relationships and 
Attributes. 
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(ii) А NeutroStructure is a structure that has at least one NeutroRelation or one NeutroAttribute, and no 
AntiRelation nor AntiAttribute. 


(iii) An AntiStruc ture is a structure that has at least one AntiRelation or one AntiAttribute. 


11. Example of Neutro Structure 


In the Christian society the marriage is defined as the union between a male and a female (degree of truth). 

But, in the last decades, this law has become less than 100% true, since persons of the same sex were allowed 
to marry as well (degree offalsehood). 

On the other hand, there are transgender people (whose sex is not well-determined, or whose sex is 
undetermined), and people who have changed the sex by surgical procedures, and these people (and their marriage) 
cannot be included in the first two categories (degree of indeterminacy). 

Therefore, since we have a NeutroLaw (with respect to the Law of Marriage) we have a Christian 
NeutroStructure. 


Conclusion 


A classical Structure, in any field of knowledge, is composed of: a non-empty space, populated by some 
elements, and both (the space and all elements) are characterized by some relations among themselves, and by some 
attributes. Classical Structures are mostly in theoretical, abstract, imaginary spaces. 


Of course, when analysing a structure, it counts with respect to what relations and attributes we analyse it. 

In our everyday life almost all structures are NeutroStructures, since they are neither perfect nor uniform, and 
not all elements ofthe structure's space have the same relations and same attributes in the same degree (not all elements 
behave in the same way). 
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Nivetha Martin, Florentin Smarandache, Akbar Rezaei (2021). Multi-Strategy Decision-Making on 
Enhancing Customer Acquisition Using Neutrosophic Soft Relational Maps. 51st Annual Iranian 
Mathematics Conference, University of Kashan, 15—20 February 2021 


ABSTRACT. Decision making by the business managerial on framing strate- 
gies to foster customer acquisition is a challenging task. The aim of this paper 


is to introduce a new method of Multi-Strategy Decision-Making (MSDM) 
integrated with neutrosophic soft relational maps to determine the significant 
and feasible strategies of customer acquisition and their inter impacts. The 
proposed method comprises of two-stage processes and it is validated with 
twenty strategies, five factors associated with customer acquisition and expert 
's opinion based on multivalued neutrosophic soft sets. 

Keywords: Multi-Strategy, Decision-Making, Neutrosophic soft sets, 
Relational maps. 


1. Introduction 


Decision theory is characterized by various Multi-Criteria Decision making (MCDM) 
(otherwise called as Multi-Objective or Multi-Attribute or Multi-Dimension 
Decision-Making) methods such as Analytical Hierarchy Process, ELECTRE, CO- 
PRAS, PROMTHEE, TOPSIS, SAW. MCDM methods are used in selection of 
alternatives subjected to criteria satisfaction. MCDM methods are extended to 
Fuzzy MCDM to handle uncertainty in decision making. The criterion — alter- 
native association is represented as fuzzy values in fuzzy MCDM. Wang et al. 
developed Fuzzy MCDM method for sustainable supplier selection and evaluation. 
Peng et al. [10], Saini et al. [12] developed intuitionistic MCDM (IFMCDM) 
approaches with intuitionistic representation comprising of membership and non- 
membership values. Neutrosophic sets introduced by Smarandache [13] comprises 
of truth , indeterminacy and falsity values and it has been extensively used in 
MCDM. Athar [5], Abdel-Basset [1, 2], Nada et al. [9], Garg et al. [6] devel- 
oped neutrosophic MCDM models with neutrosophic representations of criterion 
alternative association. Another kind of sets that also play a key role in decision 
making is Soft sets introduced by Molodtsov [8], which was later extended to fuzzy 
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soft sets by Maji [7]. Dey et al. [3] presented the applications of multi-fuzzy soft 
sets in decision-making. Tripathy et al. [14] described the key role of intuitionistic 
fuzzy soft sets in group decision making. Faruk Karaaslan [4] elicited the implica- 
tions of neutrosophic soft sets in decision making. Abu and Omar [11] extended 
neutrosophic soft sets to Q-neutrosophic soft sets and these sets are applied in 
comprehensive decision-making. In these neutrosophic soft MCDM models, the 
optimal ranking of the alternatives are determined. But these model do not cater 
to determine the impact of exercising the alternatives. 

In this paper the new decision making approach based on MCDM is developed 
with the replacement of alternatives by strategies to make decisions and the crite- 
ria by the objectives to be fulfilled. The proposed method comprises of two-stage 
processes. The first stage ranks the proposed alternatives based on criteria sat- 
isfaction rate with the representation of neutrosophic soft sets and in the second 
stage the chosen alternatives are associated with the principles of decision making 
using neutrosophic soft relational maps. The integration of soft sets in relational 
maps is an innovative initiative of this research work. The proposed two-stage 
decision making process is a ground-breaking endeavor and it is validated by ap- 
plying to decision making on customer acquisition strategies. Though researchers 
have explored strategically decision- making in various perspectives, the mathe- 
matical approach of strategy selection has not been explored so far to the best of 
our knowledge and this research work is an opening to it. The content of the paper 
is organized as follows: the methodology is presented in Section 2, the application 
of the proposed approach is validated in Section 3, the results are discussed in 
Section 4, the last section concludes the work. 


2. Materials and Methods 


This section presents the significance and need of MSDM and the algorithmic 
approach of determining optimal solution. 


2.1. Multi-Strategy Decision-Making. In the approach of MSDM, the 
primary aim is to rank the strategies. In general, all the productions sectors 
construct their goals and work towards accomplishing the same. The managerial 
formulate strategies to achieve the goals, but the major challenge is selection and 
implementation of feasible strategies to yield optimum benefits. The decision- 
making environment does not involve only selection of alternatives with respect to 
criteria satisfaction, rather it involves the other dimension of choosing the right 
optimizing strategies. Strategical decision making is another dominating phenom- 
enon and it has to be focused and this is how the approach of MSDM has evolved. 
In this new approach the method of finding the optimal strategy is a two-step 
process. The first step ranks the strategies and the second step associates their 
inter relationship with the principles of decision making. The steps are as follows: 


Characterization of decision-making problem 
Selection of objectives of the firm 


865 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Formulation of strategies from expert's outlook 


Construction of initial decision-making soft matrix 


Computation of the cumulative satisfaction score 


Ranking of the strategies 


Relational map modeling of the strategies with the core domain of 


decision-making 


Determination of inter relational impacts 


3. Application of the Proposed MSDM Approach 


This section applies the proposed two stage processes of MSDM to the decision 
making on customer acquisition strategies based on expert’s opinion presented as 
below. 

Sı Selection of Advertising medium to propagate the product, 

S2 Designing user friendly products, 

S Customizing the product's utility to the needs of the buyers, 

S4 Attending to the diverse needs of the customers, 

Ss Developing multi-faceted products reflecting the ethos of the customers, 

9e Scaling the cost of the product to customer's budget, 

Sy Periodic Propagation of the attributes of the product, 

Sg Product outlook modification, 

$9 Creating smart products, 

$1o Developing innovative kind of products suiting the dynamic needs of 

the consumers, 

$11 Create an ambiance to purchase product by providing offers, 

$12 Communicating the attributes of the product to the customers, 

513 On line engagement with the customers, 

$14 Establishing Trade mark of the product, 

$15 Provision of various kinds of payment portals, 

Sig Enrichment of the quality of the product using modern technology, 

$17 Strengthening the consistency and reliability of the product, 

Sig Designing products with values adding to consumer's image, 

$19 Periodical review of product sales and marketing, 

S20 Integrating eco-friendly characteristics with the products. 

In the perspective of soft sets, let U = (91,55,..., S20} and А = (A1, As, ..., As} 
be the set of purchasing behavior influencing factors, where A, = Psychological, 
А» = Personal, Аз = Product, A, = Social and А5 = Cultural. 
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A multivalued neutrosophic soft mapping С: A —> P(U) is represented as 


follows: 
(дц) = gL 2:920-1,0.2), (0.8, 0.8, 0.2), (0.9, 0.1,0.2)) (0.6, 0.3, 0.8), (0.6, 0.1, 0.3), (0.6, 0.3, 0-3)) 
Sy 52 i 
((0.8, 0.3, 0.5), (0.9, 0.3, 0.5), (0.8, 0.3, 0.5)} ((0.6, 0.2, 0.3), (0.6, 0.2, 0.3), (0.6, 0.2, 0.3)) 
S3 | 54 | 
((0.7,0.5,0.2), (0.6, 0.4, 0.2), (.07,0.5,0.2)) ((0.9, 0.1, 0.1), (0.9, 0.1, 0.1), (0.9, 0.1, 0.1)) 
55 i Ss ' 
((0.8, 0.3, 0.5), (0.8, 0.2, 0.5), (0.8, 0.3,0.5)) ((0.6, 0.4, 0.4), (0.6, 0.4, 0.3), (0.6, 0.4, 0.4)) 
ST ' Sg i 
((0.7, 0.5, 0.2), (0.6, 0.1, 0.2), (0.7,0.5,0.2)) ((0.6, 0.4, 0.3), (0.6, 0.4, 0.3), (0.6, 0.4, 0.3)) 
So i $10 | 
((0.9,0.1,0.1), (0.9, 0.1, 0.1), (0.9,0.1,0.1)) ((0.9,0.1, 0.2), (0.9, 0.1, 0.1), (0.9, 0.1, 0.2)) 
511 ' 512 ' 
((0.8, 0.3, 0.5), (0.8, 0.3, 0.5), (0.8, 0.3,0.5)) ((0.9, 0.1, 0.2), (0.9, 0.1, 0.2), (0.9, 0.1, 0.2)) 
S13 ; S14 ' 
((0.8, 0.3, 0.5), (0.8, 0.2, 0.4), (0.8, 0.3, 0.5)) ((0.6, 0.4, 0.3), (0.6, 0.5, 0.3), (0.6, 0.4, 0.3)) 
515 | 516 | 
((0.8, 0.3, 0.5), (0.8, 0.2, 0.5), (0.8, 0.3, 0.5)) ((0.8, 0.3, 0.5), (0.8, 0.2, 0.5), (0.8, 0.3, 0.5)) 
S17 ' Sis ' 
((0.6, 0.4, 0.3), (0.6, 0.4, 0.4), (0.6,0.4,.3)) ((0.7, 0.5, 0.2), (0.7, 0.5, 0.1), (0.7, 0.5, 0.2)) 
519 ' S20 ^ 
TE ( M7. 05.02). (0.6, 0.4,0.2)), (0.7,0.5,0.2)) ((0.7.0.5,0.2), (0.9,0.1, 0.3), (0.9, 0.1, 0.2)) 
$1 S5 : 
((0.8, 0.2, 0.4), (0.8, 0.2, 0.3), (0.8,0.2,0.4)) ((0.9, 0.1, 0.2), (0.9, 0.3, 0.2), (0.9, 0.1, 0.2)) 
5з ; 54 | 
((0.8, 0.2, 0.4), (0.7, 0.2, 0.4), (0.8, 0.2,0.4)) ((0.6, 0.4, 0.3), (0.6, 0.4, 0.4), (0.6, 0.4, 0.3)) 
S5 ' $6 ' 
((0.6, 0.4, 0.3), (0.6, 0.3, 0.3), (0.6, 0.4, 0.3)) (0.6, 0.4, 0.3), (0.6, 0.2, 0.3), (0.6, 0.4, 0.3)) 
ST d 58 | 
((0.8, 0.2, 0.4), (0.7, 0.2, 0.4), (0.8, 0.2,0.4)) ((0.9, 0.2, 0.3), (0.9, 0.2, 0.3), (0.9, 0.2, 0.3)) 
So ' 510 | 
((0.8, 0.2, 0.4), (0.8, 0.2, 0.4), (0.8, 0.2,0.4)) ((0.6, 0.4, 0.3), (0.6, 0.4, 0.3), (0.6, 0.4, 0.3)) 
511 ' $12 ' 
((0.9,0.1,0.1), (0.9, 0.2, 0.1), (0.9,0.1,0.1)) ((08, 0.2, 0.4), (0.7, 0.2, 0.4), (0.8, 0.2, 0.4)) 
Sis | 514 
((0.9, 0.1, 0.2), (0.8, 0.1, 0.2)(0.9,0.1,0.2)) ((0.9, 0.1, 0.1), (0.9, 0.1, 0.2), (0.9, 0.1, 0.1)) 
$15 | 516 ' 
((0.6, 0.4, 0.3), (0.6, 0.4, 0.2), (0.6,0.4,0.3)) ((0.9, 0.1, 0.1), (0.9, 0.1, 0.3), (0.9, 0.1, 0.1)) 
Siz À Sis | 
((0.9, 0.1, 0.1), (0.9,0.1,0.1)), (0.9,0.1,0.1)) ((0.8, 0.2, 0.4), (0.8, 0.1, 0.3), (0.8, 0.2, 0.4)) 
S19 ' S20 h 
((0.8, 0.3, 0.5), (0.8, 0.1, 0.3), (0.8,0.3,0.5)) ((0.8, 0.2, 0.4), (0.7, 0.2, 0.4), (0.8, 0.2, 0.4)) 
С(Аз) = { E , © ; 
1 2 
((0.5, 0.4, 0.6), (0.6, 0.4, 0.3), (0.5, 0.4, 0.6)} (0.8, 0.2, 0.4), (0.7, 0.5, 0.3), (0.8, 0.2, 0.4)) 
S3 | 54 ' 
((0.9, 0.2, 0.3), (0.7, 0.5, 0.3), (0.9, 0.2, 0.3)) ((0.7, 0.5, 0.2), (0.9, 0.3, 0.2), (0.7, 0.5, 0.2)) 
55 ' Sg : 
((0.6, 0.4, 0.3), (0.6, 0.3, 0.3), (0.6, 0.4, 0.3)) ((0.7, 0.5, 0.2), (0.8, 0.5, 0.2), (0.7, 0.5, 0.2)) 
ST7 d 58 i 
((0.9, 0.2, 0.3), (0.8, 0.1, 0.4), (0.9, 0.2,0.3)) ((0.8, 0.2, 0.4), (0.7, 0.3, 0.2), (0.8, 0.2, 0.4)) 
So | 510 | 
((0.8, 0.2, 0.4), (0.8, 0.5, 0.2), (0.8, 0.2,0.4)) ((0.6, 0.4, 0.3), (0.4, 0.5, 0.2), (0.7, 0.5, 0.2)) 
511 | 512 ' 
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((0.9, 0.1, 0.2), (0.9, 0.1, 0.3), (0.7,0.5,0.2)) (0.9, 0.1, 0.2), (0.9, 0.1, 0.3), (0.7, 0.5, 0.2)) 
S13 ' 514 ' 

((0.6, 0.4, 0.3), (0.6, 0.4, 0.3), (0.7, 0.5, 0.2)) ((0.9, 0.2, 0.3), (0.7, 0.5, 0.1), (0.7, 0.5, 0.2)) 
$15 | 516 | 

((0.9, 0.1, 0.2), (0.7, 0.5, 0.1), (0.7, 0.5,0.2))  ((0.6, 0.4, 0.3), (0.7, 0.5, 0.1), (0.7, 0.5, 0.2)) 
Siz | Sis : 

(0.7, 0.5, 0.2), (0.9, 0.2, 0.2), (0.9, 0.2, 0.3)) (0.9, 0.1, 0.1), (0.6, 0.4, 0.4), (0.6, 0.4, 0.3)) 
519 ' Soo h 
a = { 40:6. 0.4, 0.3), (0.5. 0.2, 0.3), (0.6, 0.4, 0-3)) ((0.9, 0.1, 0.1), (0.9, 0.1, 0.1), (0.9, 0.1, 0.1). 
Sy Se | 

((0.7,0.5,0.2), (0.7, 0.4, 0.2), (0.7,0.5,0.2)) ((0.7, 0.5, 0.2), (0.7, 0.5, 0.3), (0.7, 0.5, 0.2)) 
S3 ' S4 d 

((0.7,0.5,0.2), (0.7, 0.5, 0.3), (0.7,0.5,0.2)) ((0.9, 0.1, 0.2), (0.9, 0.3, 0.2), (0.9, 0.1, 0.2)) 
55 ' Ss ' 

((0.5, 0.4, 0.6), (0.5, 0.4, 0.7), (0.5,0.4,0.6)) ((0.7, 0.5, 0.2), (0.8, 0.5, 0.2), (0.7, 0.5, 0.2)) 
S7 ' Sg ' 

((0.8, 0.2, 0.4), (0.8, 0.1, 0.4), (0.8, 0.2,0.4)) ((0.7, 0.5, 0.2), (0.7, 0.3, 0.2), (0.7, 0.5, 0.2)) 
So ; $10 | 

(0.7, 0.5, 0.2), (0.8, 0.5, 0.2), (0.7,0.5,0.2)) ((0.7, 0.5, 0.2), (0.4, 0.5, 0.2), (0.7, 0.5, 0.2)) 
511 | 512 i 

((0.9, 0.1, 0.2), (0.9, 0.1, 0.3), (0.9,0.1,0.2)) ((0.9, 0.4, 0.3), (0.7, 0.2, 0.3), (0.6, 0.4, 0.3)) 
Sis : Sia | 

((0.7, 0.5, 0.2), (0.6, 0.4, 0.3), (0.7,0.5,0.2)) ((0.7, 0.5, 0.2), (0.7, 0.5, 0.1), (0.9, 0.2, 0.3)) 
515 | 516 | 

((0.7,0.5,0.2), (0.7, 0.5, 0.1), (0.9, 0.1,0.2)) (0.7, 0.5, 0.2), (0.7, 0.5, 0.4), (0.6, 0.4, 0.3)) 
Siz ' Sis | 

((0.9, 0.2, 0.3), (0.9, 0.2, 0.2), (0.9, 0.2, 0.3)) (0.6, 0.2, 0.3), (0.9, 0.2, 0.1), (0.9, 0.2, 0.3)) 
519 : S20 } 

апа 

айд. 2 { (0-9, 0.2,0.з), (0.9, 0.1, 0.2), (0.9, 0.2,0-3)) ((0.7, 0.5, 0.2), (0.8, 0.5, 0.2), (0.7, 0.5, 0.2) 
Sy S5 | 

((0.8, 0.2, 0.4), (0.7, 0.2, 0.4), (0.8, 0.2,0.4)) ((0.9,0.2, 0.3), (0.9, 0.2, 0.4), (0.9, 0.2, 0.3)) 
S3 : Sa : 

((0.8, 0.2, 0.4), (0.8, 0.2, 0.5), (0.8, 0.2,0.4)) (0.7, 0.5, 0.2), (0.8, 0.5, 0.2), (0.7, 0.5, 0.2)) 
S5 : Sg ' 

((0.9, 0.2, 0.3), (0.9, 0.2, 0.1), (0.9,0.2,0.3)) ((0.8, 0.2, 0.4), (0.8, 0.2, 0.4), (0.8, 0.2, 0.4)) 
S7 ' Sg ' 

((0.9,0.1,0.1), (0.9, 0.2, 0.1), (0.9,0.1,0.1)) ((0.9, 0.2, 0.3), (0.8, 0.2, 0.3), (0.9, 0.2, 0.3)) 
So ' 510 | 

((0.8, 0.2, 0.4), (0.8, 02, 0.4), (0.8,0.2,0.4)) ((0.8, 0.2, 0.4), (0.7, 0.2, 0.4), (0.8, 0.2, 0.4)) 

511 ' 512 ' 

((0.7, 0.5, 0.2), (0.8, 0.3, 0.2), (0.7,0.5,0.2)) ((0.9, 0.1, 0.1), (0.9, 0.2, 0.1), (0.9, 0.1, 0.1)) 
S13 ' Sia ; 

(0.7, 0.5, 0.2), (0.7, 0.4, 0.2), (0.7,0.5,0.2)) ((0.8, 0.2, 0.4), (0.8, 0.2, 0.3), (0.8, 0.2, 0.4)) 
515 i $16 | 

((0.9, 0.2, 0.3), (0.8, 0.2, 0.3), (0.9, 0.2,0.3)) ((0.9, 0.2, 0.3), (0.9, 0.2, 0.2), (0.9, 0.2, 0.3)) 
Siz ' Sis | 
((0.8, 0.2, 0.4), (0.8, 0.2, 0.3), (0.8, 0.2,0.4)) ((0.9, 0.2, 0.3), (0.8, 0.1, 0.3), (0.9, 0.2, 0:3)) 5 
519 | S20 f 


The score values of each of the strategies with respect to the respective asso- 
ciation with the factors are determined by using the algorithm was discussed in 
[5] (See Figure 1). The following factors are considered as the core factors for the 
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Ranking of the Factors 


@ Scores 


59 510 511 512 513 514 515 516 517 518 519 520 


FIGURE 1. Ranking of the Factors. 


next step. 

CS, Developing multi-faceted products reflecting the ethos of the customers, 

С95 Scaling the cost of the product to customer's budget, 

CS3 Enrichment of the quality of the product using modern technology, 

CS; Strengthening the consistency and reliability of the product, 

CS; Designing products with values adding to consumer's image, 

CSg Periodical review of product sales and marketing. 

'These factors are related to the various management systems of the business. 

The relational impacts are represented linguistic neutrosophic sets and are quan- 
tified using neutrosophic triangular fuzzy number as presented in Table 1. 


TABLE 1. Quantification of Linguistic Variable. 


Linguistic Variable Neutrosophic Triangular Number | Crisp Value 
Very Low (VL) ((0,0.10,0.15,0.20),0.6,0.2,0.3) 0.06 
Low (L) ((0.15,0.2,0.25,0.3),0.6,0.1,0.1) 0.14 
Medium (M) ((0.3,0.35,0.4,0.5),0.7,0.1,0.2) 0.23 
High (H) ((0.5,0.6,0.7,0.8),0.8,0.2,0.1) 0.41 
Very High (VH) ((0.8,0.9,0.95,1),0.9,0.1,0.1) 0.62 


Let U = (C5,,C595,..., C95) and M = (Mi, M2, Мз, M4} be the set of 
management systems of business, where 


Mı = Product Quality Management, 

Mz = Customer Loyalty Management, 

Ma = Customer Relationship Management, 
M4 = Marketing Management. 


A single valued neutrosophic soft mapping H : M —+ P(U) is represented as 
follows: 
VH L VH H M H 


HM = los) cos; 05,08, CS; CS 
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TABLE 2. Fixed points of the vectors. 


Initial Vector | Fixed Point 

X = (100000) X* M = (0.620.410.410.14)(1110) := X1 

X1* MT = (1.440.691.441.651.470.87) = (100110) := Y 
Y* M = (1.261.651.650.78) (1110) :— X2 

X2* MT = (1.440.691.441.651.470.87) = (100110) := Y1 
(1110)(100110) 

X = (010000) X* M = (0.140.140.410.23) (0011) :— X4 

X1* MT = (0.550.640.641.030.850.85) = (010111) := Y 
Y* M = (1.191.611.881.49)(0110) := Хә 

X3 MT = (0.820.550.821.241.240.46) = (111110) := Yı 
ҮҮ M = (2.022.22.471.24)(0110) := ХЗ 

X3 MT = (0.820.550.821.241.240.46) = (111110) := Yo 
(0110)(111110) 
X = (001000) X* M = (0.620.410.410.23) (1110) :— X4 

Xï MT = (1.440.691.441.651.470.87) = (100110) := Y 
Y* M = (1.261.651.650.78) (1110) := X2 

X3MT = (1.440.691.441.651.470.87) = (100110) := Y1 
(1110)(100110) 

X = (000100) X* M = (0.410.620.620.41) (1111) :— X4 

XI MT = (1.580.921.672.061.71.49) = (000110) := Y 
Y* M = (0.641.241.240.64) (1111) := X2 
X3 MT = (1.580.921.672.061.71.49) = (000110) := Yı 
(1111)(000110) 
X = (000010) X* M = (0.230.620.620.23) (1111) :— X4 
XI MT = (1.580.921.672.061.71.49) = (000110) := У 
Y* M = (0.641.241.240.64) (1111) := X2 
X3 MT = (1.580.921.672.061.71.49) = (000110) := Yı 
(1111)(000110) 

X = (000001) X* M = (0.410.230.230.62) (1001) :— X4 

Xi MT = (0.760.370.850.820.461.03) = (001001) := Y 
Y* M = (1.030.640.640.85)(1001) :— X2 

X3MT = (0.760.370.850.820.461.03) = (001001) := Yı 
(1001)(001001) 


H L H VH VH M 
CS,'CS3' CS3’ CS4' CS5’ С% 
Н Н Н VH VH M 
CS1’ CS’ CS3’ C'S,’ С55' C Sg 
L M M H M VH 
CS1’ CS’ CS3’ CS4' С55' С% - 
The relational impacts are determined by using the procedure discussed in 
[15] (See Table 2). 


Н(М) = ( }, 


ie 


Н(Мз) = { 


Н(Ма) = { 


4. Results and Discussions 


The multivalued neutrosophic soft representation takes in the opinion of three ex- 
perts into consideration. The twenty strategies taken for study are confined to six 
strategies based on the final scores of the association rate with the factors. 
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The six core factors are related with the principles of business management in 
various dimensions. Each of the core factors is kept in on position. The associational 
impacts are analyzed and the fixed points are determined. If the core factor CS, 
is kept in on position, the limit point (1110)(100110) is obtained. The factor CS, 
is highly associated with CS4, CS5 and М}, M2, Мз. By repeating the same mech- 
anism, the associational impacts between the other core factors are determined. 
'This approach of Multi-Strategy Decision-Making with neutrosophic soft sets rep- 
resentations facilitate the decision-making process and it eases the procedure of 
minimizing the number of strategies. The decision makers evolve many strategies, 
but implementing all the strategies is not possible, it is quite mandatory to explore 
the core strategies and to detect its relation with other decision-making principles. 
'То make the process much comprehensive, MSDM approach is constructed in this 
research work. 


5. Conclusion 


'This paper introduces the approach of Multi-Strategy Decision-Making with two 
stage process of decision-making. The proposed approach is validated with the 
decision-making environment of enhancing the customer acquisition strategies. 
'The multivalued neutrosophic soft set representations in the first stage results 
in confining the number of strategies and the neutrosophic soft relational maps 
in the second stage is used to determine the relational impacts. This approach 
can be extended with other kinds of representation. This MSDM approach can be 
applied to any kind of decision-making environment. 
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Neutrosophic Soft Bitopological Spaces 


Ahmed B. Al-Nafee, Said Broumi, Florentin Smarandache 


Ahmed B. Al-Nafee, Said Broumi, Florentin Smarandache (2021). Neutrosophic Soft Bitopological 
Spaces. International Journal of Neutrosophic Science 14(1): 47-56 


Abstract: In this paper, we built bitopological space on the concept of neutrosophic soft set, we defined the 
basic topological concepts of this spaces which are Ns-(bi)-open set, Ns-(bi)"-closed set, (bi)-neutrosophic 
soft interior, (bi)-neutrosophic soft closure, (bi)-neutrosophic soft boundary, (bi)-neutrosophic soft 
exterior and we introduced their properties. In addition, we investigated the relations of these basic 
topological concepts with their counterparts in neutrosophic soft topological spaces and we introduced 
many examples. 

Keywords : Neutrosophic soft bitopological spaces, Star bineutrosophic soft open set, star bi neutrosophic 


soft closed set, fuzzy set. 


1. Introduction 

The concept of soft set is defined by Molodtsov [1] as follows: Let M be an initial universe set and E bea 
set of parameters. Let P(M) denotes the set of all the subsets of M. Consider Bz Ø, B GE. The collecti- 
on (В,В) is termed to be the soft set, where f is a mapping by В:В->Р(М), and later this concept has been 
redefined by Naim Cagman [20]. Smarandache [2] introduced neutrosophic set as a generalization of fuzzy 
set [3] and intuitionistic fuzzy set [4]. P. K. Maji [5] defended the concept of neutrosophic soft set by 
combining the concept of neutrosophic set and soft set. This the concept is defined as follows: let M be an 
initial universe set and E be a set of parameters. Let P(M) denote the set of all the neutrosohpic sets of M. 
Consider В= 0, B CE. The collection (f,B) is termed to be the soft neutrosophic set, where f is a mapping 
by B:B2P(M). This concept has been modified by [6,7]. The concept of neutrosohpic soft topological space 
was introduced by Bera [8]. Taha et al.[9] redefined the neutrosop-hic soft topological spaces differently 
from the study [8]. Other theoretical studies on these concepts were presented by a number of researchers, 
for example, Narmada, Georgiou, Cageman, Al-Nafee, Evanzalin and Salama, (see [10, 11, 22, 13, 14, 15, 16, 
17, 18, 19, 20]). 


Kelly, [21] introduced the concept of bitopological space. This concept is introduced as an extension of 
topological space. This concept has been introduced with interest in fuzzy set, soft set and neutrosophic set 
(see [22, 23, 24, 25]). Therefore, we find it important and necessary to build a bitopological spaces on the 
concept of neutrosophic soft set. In this paper, bitopological space on the concept of neutrosophic soft set 
is built, the basic topological concepts of this spaces which are N»(bi)'-open set, Ns-(bi)"-closed set, (bi)- 
neutrosophic soft interior, (bi)-neutrosophic soft closure, (bi)-neutrosophic soft boundary, (bi)'-neutros- 
ophic soft exterior are defined, the relations of these basic topological concepts with their counterparts in 
neutrosophic soft topological spaces are investigated and many examples on this concepts are given. 
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2. Preliminary 
In this section, we will refer to the basic definitions required in our work. 
2.1. Definition [26] 
The neutrosohpic set N over M is defined as follows: 
N={< m,Hy(m),Gy (т) Ju (m) >) : m E Mj. 
where, the functions H,GJ : M>] — 0,+1[ апа -0 < Hy(m) + Gy(m) + Jy(m) < +3. 


From philosophical point of view the neutrosophic set takes the value from real standard or non-standard 
subsets of ] — 0,+1[ . But in real life application in scientific and engineering problems it is difficult to use 
a neutrosophic set with value from real standard or non-standard subset of ] — 0,+1[ . Hence we consider 
the neutrosophic set which takes the value from the subset of [0, 1] . 


Firstly, neutrosophit@ét defined by Maji [5] and later this concept and its operations have been redefined by [7]. 
Our work in this research is based on the definition below: 


2.2. Definintion [7] 


Let M bean initial universe set and B be a set of parameters. Let P(M) denote the set of all the neutron- 
sohpic sets of M. Then, a neutrosophic soft set Bg over M is a set defined by a set valued function f repre- 
senting a mapping from B to P(M), where e В is called approximate function of the neutrosophic soft set 


Вв. 

In other words, fjg is a parameterized family of some elements of the set P(M) and therefore it can be 
written as a set of ordered pairs, 

Вв = ((r,(« msm) Gee) Mom) >: m € MJ), гє B). 
Where, 

Hg (m), Geo (m), Jec) (m) € [0,1], respectively called the truth-membership, 
indeterminacymembership,falsity-membership function of B(r). Since supremum of each Н, G, J is 1 so 
the inequality, 

0 € Hgm) + Geam) + Jga (m) < 3 is obvious. 

From now on, the set of all neutrosohpic sets over M is denoted by Na(M). 


2.3. Definition [9,5] 
Let Вв and ug € №з(М) such that; 
Вв ={(r{< mTot) >: m € MJ), гє В}. 
ив = {(r,{< mo 060097409 >: m € MJ), r € B}.Then: 
% Mg = (< 020 >: m E€ M}),r € B}[ Absolute neutrosohpic soft set ]. 


% Gp ={(r,{< m©) >: m E€ M}),r € B}[ Null neutrosohpic soft set ]. 
v Bao ipo {(т{< m Feo (0) Н цг) (т), Ср г) (т) Сг) Mammam) Ss: mE М)), r € B). 


* ^ Bgllug- {(r,{< m Fea MVH ucr) Qm), Gg Qn) УС рс) (п), Јв гә От) AJ cr Om) >) : m E M}, r € B}. 
* Be pg = {(r,{< mF ОЛНЫ) m Gee) MAg V) >: m € M}),r € В}. 
2.4. Definition 

Let Вв € N3(M), The complement of Вв is denoted by (g)* and is definded as: 


(Вв) ER (r{< m-Hgay(m)1-768050m),17]ggy (m) Ss m e MJ), r € B). 
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2.5. Definition [9] 


Let T € (Ns(M)). The collection T is called a neutrosophic soft topology on M, if the following conditions 
are true: 


1) Mg, @в belong to T. 
2) If Bj. € T;j €J, then Ше) Bi, eTvjej. 
3) If Bg, ug € T, then Bg r1 ug € T. 
Then the triplet (M,B,T) is a neutrosophic soft topological space or (N3-Top for short). 
Members of T are called a neutrosohpic soft open sets (Ns-T-open for short) and their complements are a 
neutrosohpic soft open sets (Ns-T-closed for short). 
The neutrosophic soft interior of Вв € N(M) ((Вв) for short) is defended as: 


(Вв)? = U{(wg): ов is a Ns-T-open set, овЕ Вв). 
The neutrosophic soft closure of Вв € Ns(M) ((Вв) for short) is defended as: 
(Вв) = П{(ов): ов is a N3-T-closed set, Вв= ов}. 


2.6. Example 
Let M = {m,, mz, тз), B = {r} and Вв, Hp, Ys € Na(M). 


Such that 
Вв = {(т, {< mil 1,0) >, < m2 0, 1) >, < m3 0,1) 2), 
Hp = {(т, {< mi 0) >, < m2 0,1) >, < m3 1,0) 2), 
ys = {(r, {< 11100,1 >, < m20, 0 >, < ma 10 >})}. 


Then, T2 = (Qs, Mg, Вв, ив} is a neutrosohpic soft topology on M. 


2.7. Example 
Let M = (m,, m;, m3}, B = {г} and Вв, ив, yg, 5g € Na(M). Such that 


Вв = ((r, {< mi L0 >, < m20. 0 0 >, < m3% 0 0 »])]. 
ив = ((r, {< mit 10 >, < m00 0 >, < ma( 10 >})}. 
Ye = {(т, {< m1 >, < m2010) >, < mom»). 
Og = {(r, {< m1 9 0 >, < m26 L0) >, < 1130,10 >})}. 
Then, T» = (Qs, Мв, Вв, ug, Yg} is a neutrosohpic soft topology on M. 
3. Neutrosophic soft bitopological space 
In this section, we defined the neutrosophic soft bitopological space or (Ns-Bi-Top for short) on the concept 


of neutrosophic soft set and the basic topological concepts of this spaces which are Ns-biopen and Ns- 


biclosed. 
3.1. Definition 


Let (M,B,T1) and (M,B, T?) be two Ns-Top spaces defined on M. Then (M,B,T1T2) is called a neutrosophic 


soft bitopological space or (N3-Bi-Top for short). 
3.2. Example 


Let M = (m4,m;], В = {r} and Bg, ug € Ns(M) such that 
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Pg = {(т, {< m1(0-6, 02, 0.5) >, < m2(05, 0.4, 0.9) >}) }, Hp = {(r, {< m1 (0.6, 0.2, 0.4) >, < m2(0.6, 04, 0.7) 2). 
Then, T: = (Qs, Mg, Bg} is an N»-Top on M and Т = (Os, Мв, ив} is an Ns-Top on M. 
Therefore, (M,B,T1,T2) is an Ns-Bi-Top space. 


3.3. Definition 
Let (M,B,T1,T2) be an Ns-Bi-Top space. The members of (M,B,T1,T2) are called bineutrosohpic soft open 
sets (Ns-biopen for short) and their complements are bineutrosohpic soft closed sets (Ns-biclosed for 
short). 
3.4. Remark 
a) Every neutrosophic soft open (closed) set in (M,B,T1) or (M,B, T2) is an Ns-biopen (Ns-biclosed) set. 
b) Every Ns-Bi-Top space (М,В,Т Т?) induces two N3-Top spaces as (M,B,T1) and (M,B,T2). 
c) If (M,B,T1) is an N»-Top space then (M,B,T1,T1) is an Ns-Bi-Top space. 
3.5. Theorem 
If (М,В,Т Т?) is an Ns-Bi-Top space, then (M,B,TinT2) is an №з-Тор space. 
Proof 
Let (M,B,T1,T2) be an Ns-Bi-Top space. 
(1) Clearly that Øg, Mg € (TiNT2). 
(2) Let Bg, ug € (Tin T2), then Bg, рв € T: and в, рв € Т2. This implies that, Bg N ug € T: and Bg N ug ЄТ. 
Therefore, Вв П ug € (Tin T2). 
(3) Let Big € (TinTz);j € J. Then Bi € Ti and Bi, € T»; j € J. Therefore Ujey Bi, € Tiand Ujey Bi € T» Vj € J. 
Thus, we have Ujey Bj, € (T1nT»). 
Hence, (M,B, Tin T2?) is an N»-Top space. 


3.6. Remark 
If we take the operation of union instead of the operation of intersection, then the above theorem is not 
generally correct. 


3.7. Example 
Let M = (m4,m;], B= {r} and Bg, ug € N(M) such that 
Вв = ((r, {< m102,0502 >, < m202,04,06) >})}, ug = {(r, {< m105.0709 >, < m03,06,08 >})}, 


Then, T: = (Os, Mg, ug) is an Ns-Top on M and T» = (Qs, Мв, Вв) is an Ns-Top on M. Thus, (M,B,T1,T2) is an 
N3-Bi-Top space. But, (M,B,T1UT») is not an №з-Тор space. Because, Вв LI ив does not belong to (T1UT»). 


4. Ns-(bi)'-open set in neutrosophic soft bitopological space 


In this section, Ns-(bi)"-open set, Ns-(bi)-closed set, (bi)-neutrosophic soft interior, (bi)-neutrosophic soft 
closure, (bi)-neutrosophic soft boundary, (bi)-neutrosophic soft exterior are defined based on the idea of 
6-open set which was defined in [27]. 

4.1. Definition 


A subset Bg € Ns(M) of an Ns-Bi-Top space (M,B,T1,T2) is called star bineutrosophic soft open (Ns-(bi)'-open, 
1 oT2 


—— —MT1) 
for short ) in (M;B,Ti T2) if and only if Bg © (fg)9T and their complement is an Ns-(bi)'-closed set. The 


876 


Florentin Smarandache (author and editor) Collected Papers, VIII 


set of all N»-(bi)-open [N-(bi)-closed] sets in (M,B, T1 T») is denoted by M(82*-N — [q(BD*-NSC] respectively. 
4.2. Example 


Let M = {m,,m,,m3}, В = {r} and Bg, ug € Ns(M) such that 
Вв = {(т, {< mil 1 0) >, < m2, 01)» ,< m3, 0,1) P2317 
ив = {(r, {< mit 10 >, < п, 10 >< 0130000) >})}. 


T: = (Og, Mg) is an N»-Top on M and T» = (Og, M, Вв, ив} is an N»-Top on M. Thus, (M, B,T; T;) is an N»-Bi- 
Top space. 


Note that: 


(T1) 9T2 
Вв = ((r, {< mi 59 >, < 012001) > < M300 D >})} E (g)9T2 = {(r, {< mi 10», < гпд@, 1,0) > ,< ms 10) >})}. 


(т1) oT2 


- Вв = (B) 
(т1) oT2 
ив = {(r, {< mi 1,0 >, < m9 1,0 > < тпз@® 0,1) >})} E (up) oT? = l(r, {< 10110,10) >, < mit 10 > < 0130,10) >})}. 
(T1) oT2 
^ ив E (ug)? T? 
Ys = l(r, {< 111010 >, < 1120001 >,< msl 10 >})}. 
oT2 
((r, {< mac 1,0) >, < mo( 0,1) >< mat 1,0) >})} E (үв)°Т2 = {(т, {< ma 1,0) >, < mot 1,0) > ,< m 1,0) >})}. 
( ym (Т1) oT2 
^ Yg E (YB 
8g = ((r, {< 1010010 >, < mL 10) >,< mat 1,0 »])]. 
(T1 oT2 
((r, {< ma. 0,1) 2 « m2 1,0) >< ma 1,0) >})} Zz (65)972 = {(т, {< mi 0,1) >, < m2, 01)» Es ma. 0,1) 2). 
(T1) oT2 
B" ôg [ra (65)9T2 
£g = ((r, {< m6 0 >, < malt >< malt) >})}. 
(T1 oT2 
((r, {< mi 01) >, < molt.) >< mat. 99 >})} t£ (eR) oT? = ((r, {< m1069 >, < m% 0 D > ,< m300 >})}. 
" ( ) ste” 
^ Ев E (£g)? 
Эв = {(r, {< m9 D >, < m209 0 >,< malt) >})}. 
(T1) oT2 
((r, {< 011000 >, < m00) >< ms 10 >})}  (9g)oT = ((r, {< 0010000 >, < пә® 0) > < 30010 »])). 
(та) oT2 
2 96 É (OB) 
In general in any N»-Bi-Top space, в, Мв are clearly N»-(biy-open sets. 
Hence: 


MGD*-NSO — (06, Mp, Вв, ив, YB}. 


M(GD*-NSC = { {(т, <mı® 0,1) >< mot, 1,0) >< mat. 1,0) 2), 


{ 
{(r, {< 0110,00 >, < m00, >< malt >})}, 
{(т, {< m10 0D >, < mat 10 »,« m3 0 1 >})} 


, 
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4.3. Remark 


Let Вв and ug be an Ns-(bi)'-open sets, then Bg П ив is not necessary an N»-(bi)'-open set. 
4.4. Example 


Let M = (m,, mz, ms, my, ms}, В = {г} and Вв, ив, ys, £g, Эв, Хв € Ns(M). 

Such that 
Вв = ((r, {< mi L0 >, < 02000,1) >, < m3% 0,1) >, < M40, 0 >})}. 
ив = {(r, {< 0110010 >, < 1120001 >, < 1130001 >, < m4 10) >})}. 
Yg = {(r, {< mi £0) >, < m2% 0,1) >, < 13001 >, < mat 10 >})}. 
Eg = {(r, {< 01100,0,1) >, < тү\21, 1,0) >, < mal) >, < m40,0, 1) >})}. 
Эв = ((r, {< 011010) >, < m24 1,0) >, < mat L0 >, < m40, D >})}. 
ag = {(т, {< m1% 0,1) >, < тг, 1,0) >, < 11301,0) >, < mall 1,0) 2). 


Ti = (Og, Мв, Вв, Ug, Yg} is ап Мз-Тор on M and T: = (Os, Мв, Вв, Hp, Ys, €B» 9p, Ap} is an №-Тор on M. Thus, 
(M,B,T Т») is an N3-Bi-Top space. Then 

єв and ((r, {< mi, >, < 1120001 >, < ms( 10) >, < 114001 >})} are an Ns-(bi)--open sets, but the intersection of 
them {(r, {< m1 >, < 012001 >, < 01301,0) >, < 014000 >})} is not an Ns-(bi)'-open set. 

4.5. Theorem 

Let (M,B,T1,T2) be an Ns-Bi-Top space, then every neutrosophic soft open set in (M,B,T2) is an N3-(bi)"-open 
set in (М,В,Т Т»). 


Proof 

Let Вв be a neutrosophic soft open set in (M,B,T2). Then (Вв)°? = Вв. Since Bg E Ga. 

Вв E (Bm, (Въ) E (Bg)9T- E . Thererfor Вв © (Вв) dd and thus fg is an N3-(bi)’-open set in 
(M,B,T; T;). 

4.6. Remark 


The converse of above remark is not true in general. In Example 3.4 note that, {(r, {< mı >, < 12001 >, 
< msll L0, < 10140001) >})} is an Ns-(bi)-open set in (M,B,T1,T2), but not aneutrosophic soft open set in (M,B,T2). 
4.7. Definition 
If (M,B,T1T2) is an №з-(В1)*-Тор space and Bg € №з(М), then the largest Ns-(bi)-open set contained in Вв is 
called (bi)"-neutrosophic soft interior of Bg, ((Bg)°* for short ). i.e. 

(Вв)®®®* = U{(wg): ов is a Ns-(bi)-open set, wgE fg]. 
4.8. Theorem 

Let (M,B,T1,T2) be an Ns-(Bi)- Top space and Вв € Ns(M). Then Вв is an Ns-(bi)'-open set if and only if Bg = 
(By) OD”, 

Proof 

Let Вв be an Ns-(bi)--open set. Then [в is itself an Ns-(bi)-open set which contains Bg. Therefore, fg is the 
largest Ns-(bi)"-open set contained in Bg and Bg = (Bg)°°)*. Conversely, suppose that Bg = (Bg)°*, then 


Вв is the largest Ns-(bi)'-open set contained in Вв. Thus, Вв is an Ns-(bi)'-open set. 
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4.9. Theorem 
Let Bg, ug € N(M). 


(Bg) OP" Epp. 
((Вв)°®®*)у°®Э* = (Bp) PD. 
c) (Bg) ®P*E (ug)909*; whenever Bg E ug. 
d) (Be N up)? ©" = (Вв)°®®*п(иь)°®®*, 
е) (Bs U pg)? o2 (gg) D" (ug) O. 
f) (Mj)*P»*zMg. 
в) (Øs) 0»*—9,. 
Proof 
(a), (£), ( g), (c) (Straightforward). 
(b) Let ug = (Bp)°)*. Then ug = (ug)9*?* (from Theorem 4.8). Thus((g5)992*)9bD* = (Bp) CH. 
(d) Since, (Вв rÜug)"OP*E(Bg)9?* and (Вв N pug) ?*c(ug)9OP*, Then, (Bg n ug)90?* E (Bp) n 
(ug)? POST. 
Since, (Bg)? P?*C B and (ug) "Ев, then (Bg)909*n(pg)90?* E Bg n ug. But (Вь)°®®*п (ug) P?" is a Ns- 
(bi)-open subset of Bg П ug. Therefore, from the detention, we have that (Вв n pg)°@)*a(Bg)°O* п 
(Ug) Pale 
Hence, (Вв П ug) 6?* = (Вв)°®®*п(иь)°%®®У*, 
(е) Since, Bg E (Bg L ug) апінь C (Bg L pg), therefore (Bg O ug)90?* 2 (Bg)°*and (Bg U pg) O a 


(ug) 99 ?*. So, (Bg LI ив) °C?* (Bg) H? U (ug) O. 
4.10. Example 


a 


) 
) 


o 


Let us consider Bg, ив, yg € Ns(M) in Example 2.6. Such that, Т = (Og, Мв, Вв, ив} is an Мз-Тор on M and 
Т: = (Og, Mg, Bg } is an Мз-Тор on M. Thus, (M,B,T1,T2) is an Ns-Bi-Top space. 


Note that: 1) (Bp Шүӊ)°®®* E (Вь)°®0*ц(ув)°®0*, 2) yg E (vB) CP". 
4.11. Definition 
If (M,B,T1T2) is an №-(В1)*-Тор space and Bg € Ns(M), then the intersection of all Ns-(bi)'-closed sets 


—  ——(bi)* 
containing Вв is called a (bi)-neutrosophic soft closure of Bg, (Bs 5 for short). i.e. 


Bn = N{(wg): og is an Ns-(bi)'-closed set, Вв= ов}. 


4.12. Theorem 
Let Вв, ug € №з(М). 


a) ВвЄ(Вв) 


Ы (9 ) =D 
с) (B9 (ив) ы whenever Вв E ив. 

(bi)* (bi)* (bi)* 
d) (Babe)  E(Bg П(ив) . 


e) qaum <a , m dr 
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f£ (Mg) =Мх. 
8 (Ug) =0в. 
Proof Straightforward. 


4.13. Remark 
In above theorem, it is not necessary the converse of (a) and (d) be true. 


4.14. Example 
Let us take, [в, ив, yp, ôg € №(М) in Example 2.7. 


T» = (Os, Мв, Вв, ив, Ув} is an N»-Top on M and T: = (Qs, Mg] is an Ns-Top on M. Thus, (M,B,Ti T;) is an Ns- 
Bi-Top space. 


Note that: 


1) (Вв U yg)9?* EF (Bg) OP* Uyg) O". 2) y, É (Yg) O". 

4.15. Theorem 

Let (M,B,T,T2) be an Ns-(Bi)- Top space and Bg € N(M). 
we 


a) (Ba) = (Q^). 
b) Bae = (Bay), 


Proof 
— ——(bi)* 
(a) We know that, (Bg) = П{ов : (wp)? is a Ns-(bi)-open set, Bg E ов). So, we have that, 
с 0(bi)* 


— (bis € Е 
(^) = Шо): (ов) is an №Ы)- open set, (ов)сЕ (Въ) ) = (B3) 99*. Thus (B) = 


(ap^ "y. 


(b) If we take, (Bg) instead of Вв in (a), we get that, 
8 


————(bi)« C с Р —(11)* В 
(009°) = ((()9©)°®0° = (Bp))%™*. So, Bae” = ((Вв)°®®”)°. 


4.16. Theorem 


If (M, TLT2) is an Ns-(Bi)'-Top space and Bg € Ns(M), then fg is an Ns-(bi)-closed set if and only if fg 
————(1)* 


(Bp). 
Proof 
Let Bg be an Ns-(bi)-closed set, then [в is itself an Ns-(bi)-closed set which contains Bg. Therefore, Вв is 


— (bi)* 
the intersection of all Ns-(bi)-closed sets containing Bg and Bg = (B * ; 


— ——(bi)* 
Conversely, suppose that Вв = Ba) ч ‚ then в is the intersection of all Ns-(bi)'-closed sets containing fg. 
Thus, Bg is an Ns-(bi)'-closed set. 
4.17. Definition 
If (M, T, T2) is an N3-(Bi)"-Top space and Вв € Ns(M), then the (bi)"-neutrosophic soft exterior of Bg, (bi)"- 
ext(Bg) for short) is defined as, (biy-ext(Bg) = ((Bp)°)°O™™. 
4.18. Definition 
If (M,B,T1T2) is an Ns-(Bi)-Top space and Bg € Ns(M), then the (bi)-neutrosophic soft boundary of fg, ((bi)*- 
—————(bi* ^ — (bi)* 
bi(Bz)dorshor)isdefned.as, (ЫСЫН - (QU ^ n 
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4.19. Theorem 
Assume that (M,B,T1,T2) is an Ns-(Bi)"-Top space and Bg € Ns(M). 
*  (bi)-br ((Bs)°) = (bi)-ext(Bg) и (Вв). 
© (Ba) = (biy-br (Ba) u Ba)". 
• (bi)-br (Bp) п (Bg)99?*- gs. 
© (biy-br (Bg) (biy-br (B). 
Proof Straightforward. 
4.20. Theorem 
Assume that (M,B, T; T») is an Ns-(Bi)'- Top space and Bg € Ns(M). 
e Bg € MOP*7NS? if and only if (bi)’-br (Bg) п Bg = в. 


e Bg € MO?*7NSC if and only if (bi)-br (Bg) E Вв. 
Proof Straightforward. 


Conclusion 

In this research, bitopological space on the concept of neutrosophic soft set is built , the basic topological 
concepts of this spaces which are Ns-(bi)'-open set, Ns-(bi)'-closed set, (bi)-neutrosophic soft interior, (bi)'- 
neutrosophic soft closure, (bi) -neutrosophic soft boundary, (bi)-neutrosophic soft exterior are defined and 
many examples on this concepts are given. 

This paper is just a beginning of a new structure and we have studied a few ideas only , it will be necessary to carry 
out more theoretical research to establish a general framework for the practical application . 

we hope that the findings in this paper will help researchers enhance and promote the further study on 
neutrosophic soft bitopological space . 
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Abstract 


Reliability is one of the most important indicators of the quality of any system or product, ranging from the 
simplest machines as a product in any factory to the most complex system, such as phone or aircraft or missile 
engines, etc. The accuracy of these products indicates their high reliability, and therefore the customer or business 
owner will have confidence in products and will request more quantity. To reach the highest level of accuracy for 
the reliability of any system, the corresponding data must be very accurate. For this purpose, we proposed to add 
accuracy to reliability by adding data that contains more pieces of information about a specific product or 
problem. We introduced a new logic (Neutrosophic logic) of data instead of classical logic which gives us more 
accuracy of data that contain indeterminacy such as extremist, vague, and unclear data. We defined the 
neutrosophic reliability according to the modern neutrosophic logic by constructing a neutrosophic reliability 
function. We have used the type of series as an application of neutrosophic reliability and introduced some 
examples. Neutrosophic reliability theory can be applied in computer science and decision support systems. 


Keywords: Neutrosophic probability, Neutrosophic Set, Neutrosophic reliability, Neutrosophic random variable, 
classical reliability, neutrosophic series reliability. 


1.Introduction 


In a world full of indeterminacy and therefore the traditional set with its boundaries of truth and false has not infused 
itself with the ability to reflect reality. For this reason, neutrosophic found its place in contemporary research as an 
alternative representation of the real world. Established by Florentin Smarandache [1, 2, 10, 11, 12], neutrosophy 
was presented as the study of "the origin, nature, and scope of neutralities, as well as their interactions with different 
identical spectra". Salama et al. introduced the neutrosophic crisp set theory and many applications in computer 
science and information system in [3-6] and [18-26]. The theory of reliability is considered as a collection of 
measures, mathematical systems, improving methods used to obtain solutions to some problems of prediction, 
estimation, optimal survival probabilities, expected life, or the life distributions of elements of the system. In (2020) 
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Smarandache et al. introduced an approach for the reliability of data contained in a single-valued neutrosophic 
number and its application [32,33]. 


Reliability theory also considers some of the problems related to calculating the actual probability of providing 
some systems at ( a certain time or at an optional time, or through a portion of the time during) which some systems 
are operating efficiently and accurately. that is, reliability of the system is a measure of a system's ability to operate 
successfully under conditions and for a specific period with the recent development in production systems, products 
have become more complex in their manufacture (a collection of components that work as an integrated system), 
which increases the probability that they will collapse if one component fails in them. One of the most important 
things in maintaining the system's reliability is the use of highly reliable components. In the classic procedure, we 
have encountered many problems in determining the reliability of any electrical system, device, product, etc. For 
example, some data are lost or the value of one of the vehicles is unclear or the basic component on which the 
system works are not identified (indeterminacy), or one of the paths of an electrical or electronic loop may be 
unclear or not specified, however, we need the reliability to be more exact and clear. In this case, we use the modern 
procedure to redefine the reliability according to neutrosophic logic introduced by Smarandache in 1995 [9], as 
neutrosophic logic allows dealing with all previous cases and others with high flexibility. Neutrosophic logic is 
considered as a generalization for the fuzzy logic and intuitionistic fuzzy logic [9, 10], and the fundamental concepts 
of neutrosophic set and Neutrosophic set introduced by Smarandache in [8, 9, 10]. Smarandache extended the fuzzy 
set to the neutrosophic set [10, 11, 12], introducing the neutrosophic components T, I, F, which represent the 
membership, indeterminacy, and non-membership values respectively, where] -0, 1+ [is the non-standard unit 
interval. In this paper, we presented the concept of reliability according to neutrosophic logic and called it 
neutrosophic reliability. Neutrosophic reliability is a new tool and one of the most important indicators in measuring 
the quality and reliability of systems in all fields. 


2. Fundament als 


Neutrosophy theory is applied in different aspects of life to solve problems related to indeterminacy, such as 
mathematical, engineering, geography, medicine, psychology [9]. 


Definition 1 [10] 


Neutrosophy is a generalization of dialectics (that depended on <A> and <anti- A> only), however in neutrosophic 
theory considered every entity <A> tends to be neutralized and balanced by « anti-A> and < non-A> entities - as a 
state of equilibrium. In a classical way <A>, <neut- A>, « anti-A> are disjoint two by two. But, since in many cases 
the borders between notions are vague, imprecise, «A», «neut- A», «anti- A> and <поп- A> may have common 
parts two by two, or even all three of them as well. 


Definition 2 [8,9] 
Let U be a universe of discourse; then the neutrosophic set A is an object having the form 
А = {<x: Ta (х), ІА (х), Fa (х) >, x E U}. (1) 


Where the functions T, I, Е: U — ]0,1°[ define respectively the degree of membership, the degree of 
indeterminacy, and the degree of non-membership of the element x € U to the set A with the condition: ^0 < TA 
(х)НА (x)+Fa (x) x 3*. 
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Definition 3 [7,8] 


Let X be a space of points (objects) with generic elements in X denoted by x. An interval neutrosophic set A in X is 
characterized by truth-membership function, indeterminacy-membership function, and falsity-membership function. 
For each point x in X, we have that ТА (x), IA (х), FA (x) subset [ 0,1]. 


Defination 4 [12] 
Neutrosophic random variable is a random variable with some indeterminate if suppose Q 15 а sample 


space of neutrosophic random experiment such as X is function define on О, such that the domain or 
codomain or the relationship between them may contain some indeterminacy, 


X:Q 9 RUI (2) 
Definition 5 [12,14] 


Neutrosophic probability (or likelihood) is a particular case of the neutrosophic measure. It is an estimation of an 
event (different from indeterminacy) to occur, together with an estimation that some indeterminacy may occur, and 
the estimation that the event does not occur. 


NP(E) = ( chance that event E occurs, indeterminate chance that E occurs or not, a chance that event does not occur) 


NP(E) -(ch(E), ch( neut A) ,ch( anti A)) = (Т JL,F ) (3) 


3. Classical Reliability 
Reliability function 
Let J'denote the lifetime of a system, the reliability of that system at the point in time £, that 


R(t) = P(T > +), it is called the reliability at the time +, and we can define it as the probability that the time at 
which the system could fail is greater than +. 


We can find the reliability by cumulative distribution function for a random variable Jas: 
R(t) = f. fe dt =1— P(T»t)-1- F(t).[15,30] (4) 


Example (1) Suppose that the company offers a two-year guarantee of its product. So the probability of this product 
operates as expected during the guarantee should be large. As a measure of reliability, probability can be used to 
indicate the life of that product (not failed). Let T is denoted the time of life product will not fail during this period, 
for example, if R= P(7' > 720 days), that is: This standard is a useful indicator for measuring how this product does 
its intended function. 


If R= 0.999, this means that one in a thousand units can fail for two years. 

Example (2) What is the probability of mission success, if seven helicopters are sent on a mission and five must 
succeed for a mission to be successful? Bearing in mind that the probability of a certain type of helicopter surviving 
a mission is 0.9 [15]. 


Solution:- 


If the number of successes is 5 or more, this indicates to the mission will be a success. Hence, the probability of 
mission success or mission reliability is: 
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R(t) = У A Ri gm-i = 2 C) рі R7-i 


-(2)0.915(0.09)? + (0.915(0.09)! + (7)0.917(0.09)° = 0.9806. 
4. Modern Reliability (Neutro sophic Reliability) 


Let T be a Neutrosophic random variable representing the time of the system failure, and t be the 
interval of the operation of this system. We defined the reliability according to Neutrosophic probability 
as follow: 


NR(£) = f, p fn(t)dt = NP(T > +t), where £ can be an interval or set or neutrosophic number maybe 
contain some indeterminacy, and fy (£) is the neutrosophic probability distribution. 


Then, NR(£) is the neutrosophic reliability with respect to a neutrosophic probability distribution. 
Example (3) Neutrosophic Weibull Distribution [7] 


Alhasan, Florentin (2019), define Weibull distribution according to neutrosophic logic as: 


f(X) = н pui aft X20 
а 
N 


And the reliability of neutrosophic Weibull as: 
NR(t) = | ДК idt = NP(T > t) = e- GU a) PN 
t 


Such that, the parameters of Weibull distribution as a number neutrosophic. that is, it may be a set or interval. 

To find the neutrosophic reliability, we take the following example: 

Suppose the product be an electric generator produced with a high capacity of the trademark that has a Weibull 
distribution with parameter o=1, B=[1.5,2]. 


Estimate the reliability of the electric generator after the expiration of a five years warranty operation. 
The neutrosophic reliability is: 


NR(£) = е0)" 
Since the shape parameter is determined В=[1.5,2]. 


When B= 1.5 and а=1 
Then, NR(5) = e-G/0^? = 14 x 10-4 


And, 
when B= 2 and a=1 
NR(5) = e-G/»* = 10-5 
Thus, the reliability of the electric machine operation after 5 years has the range between [14 x 10 ^, 107°]. 
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5. System Neutrosophi c Reliability Modeling 


The reliability of the system is depended on the reliability of its components 

and therefore all its subsystems and components have to be studied to design 

and analyze the reliability of a system. This can be done through the G’ 
formulation based on a logical and mathematical model of the system that 
shows the structure function. 

If we take any system that contains vertices and edges, some of them work, 

others fail, and others are indeterminacy. Each component of the system 15 
identified as passing from one vertice to another. 


Figure(1): the system contains indeterminacy 
In figure(1), the graph of the system is a neutrosophic graph since it contains the edge < 5,42 is indeterminacy edge. 
The device is considered successful if there is a successful path from the source to the sink. The device will be 
considered as indeterminacy if at least one path is indeterminacy (unclear) from the source to sink in this case the 


device is unsuccessful. We define the neutrosophic reliability according to modern logic (neutrosophic logic) as 


follow: 


5.1 Structure -Functi on of Neutro sophic Reliability 


The reliability for any system at the time t 1s denoted by R(t ), where t « T can be defined as the probability of 
the operation of the system within the interval [0, t]. 


Let's define the structure-function of neutrosophy reliability based on the classical reliability after adding the new 
component which is the indeterminacy component to truth and falsity components. 


In classical reliability, the structure-function of reliability of a device is: [35] 
Let X4 X ?,.., X i». X „аге components of a system (device), and 
P(X X 2 Xn) = P(X), 

gy : {OL }" > {0] } is structure- function defined as: 


(х) = ls deviceis working at [0£ ү 
Ps = to deviceis failsat D£] 


The neutrosophic reliability is a triple function (truth, indeterminacy, falsehood) that indicates the status of the 
device (works, indeterminacy, not work) given the status of each component as in the following: 


Qu Ca X apn os X n) = Pn(X), is the neutrosophic structure-function of reliability device. 


on: (0I }" {M } 


Such that, 
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1 if componenti working during timep£] 
x; = 41 if comporenti indetermincyduring Df] (5) 
0 if componenti f ailsduring time Df] 


The performance of the device is measured by the triple random variables, that is 


1 deviceis working at D£] 
Qu(X) = +1 deviceis idetermincyat Df] (6) 
0 deviceis failsat D£] 


The reliability of a component pj is the probability that the component i is working correctly. The component i of 
the device is indeterminacy probability denoted by /;, and the component failure probability, q;, is the probability 
that the component has failed (not working). And we can denote the triple components as follow: 


p; = NP{X; = 1}, 
qi = NP(X; = 0} and 


Such that, NP the Neutrosophic Probability [14,12] that an event A occurs is 


NP(X) = {h (X)ch (neutX)gh(antixX) ) = (TIF ), 
where T, I, F are standard or nonstandard subsets of the nonstandard unitary interval ]-0, 1+[, and T is the chance 
that X occurs, denoted ch(X); I is the indeterminate chance related to X, ch(neut X ); and F is the chance that X 
does not occur, ant(X). 
Using the reliability neutrosophic to improve system reliability, such as series, parallel, composed series-parallel, or 
mixed. 


5-2 Neutros ophic Reliability Of Series System 


When we configured the reliability of the system, for example, type series: that is in a series system, a failure of any 
component in the series system, implies failure for the whole system. 


If we have N of the components, which contains some indeterminacy components implies the system is a failure. 
That is if at least one of the components that are indeterminacy is a failure. 


Let X4 X 2,..,X i». X „аге components of the system (device), if consider X; that component is indeterminacy 
maybe more one, апа №1,2,..., i,..,n. 


The neutrosophic structure-function of a series system with N components is 
Qy(X) = X4 X; ... X.. Xn 

X, Indictor to the indeterminacy component 

Such that @y(X) = Х, X; .. X..X, = (TJ Е), і = 2,.. п (8) 


If the series system is successful, the structure-function must be equal to (1,1,1), otherwise, it's a failure. To find the 
reliability neutrosophic series its equal to the neutrosophic probability that all the components in the series system 
are true. 


888 


Florentin Smarandache (author and editor) Collected Papers, VIII 


If the components N are independent, 
Then NR=Np,... ....NpR=NR,... ... .М№В,. (9) 
Exampl e (4) 


Suppose a device is series types contains 4 components and the components have exponential lifetimes and give 
constant failure rate of each component, 0.3, 0.2, 0.1, 0.4 respectively per 20 days, 


In classical reliability, R(t) = е“ 

If we suppose the Ist component is A, then R,(t) = e^? ? € 0.00247 
, the 2nd component is B, then Rg(£) = e^? 2 0.0183 

, the third component is C, then R,(t) = e^9 < 0.1353 

And the fourth component is D, then Rp(t) = e^? ^* 


Hence R(t -—20)2e 93/e702£9-70 1£9-70 Ha „-10 t= e (7000)— 206115 x 107? 


Now, if these components have the neutrosophic exponential distribution and neutrosophic time series [13, 14], in 
this case, we can consider the constant failure rate is an undetermined number or set or internal which forms the 
number Neutrosophic, if the constant failure rate in each component as [0.28,0.32], [0.17, 0.28], [0.09, 0.17], [0.32, 
0.42] respectively per 20 days. 


Therefore, to find the Neutrosophic reliability of the above components, A, B, C, and D as follow: 
NR,(t) —e-P?9 32* if Ay = 0.28 implies that NRA(£) = e756 = 0.00369 


if Ay = 0.32 implies that NR,(t) = е 6* = 0.00166 


NRg(t) = e-P 17 28F | if Ay = 0.17 implies that NRg(£) = e^? *— 0.03337 


if Ay = 0.28 implies that NR,(t) = e^ 59 = 0.00369 


NR,(t) = e-P 9 9 171, if Ay = 0.09 implies that NR, (t) = e718 = 0.16529 


if Ay = 0.17 implies that NR,(£) = e^? *= 0.03337 


NRy(t) = е719 3.8 ^Y if Ay = 0,32 implies that NRp(t) = e~ 9* = 0.00166 


if Ay = 0.41 implies that NR, (t) = e7 9? = 2746 x 107+ 
hence, NR(t = 20) = [3.38949 x 1078, 5.6318 x 10711]. 


Similarly, give an example of the neutrosophic reliability of neutrosophic Weibull, see[7]. 
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6. Some Applications 


1- In the design of an electric cable Extension, the Direct Current which 
contains three, L, N, and E, is the earth, when the Loop Electric Circuit for 
work, we need to only L and N without E, in this case, we consider E is 
indeterminacy line. 


2- In any neutrosophic graph, see [16,27,28,29,31,33,34] of the network of 
any system which contains some indeterminacy edge or indeterminacy 
vertices. Then in any graph system which contains some indeterminacy 
edge and indeterminacy vertices, this implies reliability Neutrosophic. 


3- In an electrical circulation, we notice some time in the power of the 
electric current that the electric current does not reach 220 volts, or 
very invalid that maybe half the power or the power is excessive, and this means that nothing works in 
electronic systems, such as TV, freeze, Air conditioner,.., etc. 

4- To ensure that the vehicle engine works at full capacity and gives the required services, there are three 
essential factors that we need to consider which are the production of sparks, fuel circulation, and flow of 
air. in any one of them does not good work, there is indeterminacy hence reliability Neutrosophic. 

5- In the field of medicine, to know to measure the quality of a drug for any disease, we need here very high 
and accurate reliability of a drug to ensure people's lives. 

6- In psychology,[2] we need high reliability to measure the balance in a personality(Neutrosophic 
personality), or in measuring the level of intelligence of children, whenever all the data, including extreme 
or abnormal ones, are taken into account, the more accurate the data will be. 

7- Reliability In Neutrosophic correlation, whenever reliability is a measure of data quality and then give a 
good Neutrosophic correlation, see [3,4,5] 

8- S., H., A.Salama (2016) [6] defined in a neutrosophic graph, every path from а node to other nodes 
(vertices) contains three functions (every component has weight), maybe this weight is value or area or 
time and distance. 


9- The use of Neutrosophic reliability in knowing the reliability of the devices used for early detection of the 
Corona COVID 19 virus, as well as the devices for examination (such as a swab, oximeter, laser, or 
thermal devices for measuring temperature), as well as the reliability of data in modeling Scientific 
mathematical to study the type of virus or study the virus series. 


10- In communications, we need high reliability for quality image compression or message encryption. 
Example (5) 


To ensure that the vehicle engine works at full capacity and gives the required services, there are three essential 
factors that we need to consider which are the production of sparks, fuel circulation, and flow of air. 


Production of spark. The spark plugs generate the sparks inside the engine. The engine needs to have an efficient 
quantity of sparks to ensure that the engine works efficiently reliability. If any of the plugs work inefficiently, it will 
negatively impact the overall performance of the engine. 
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Fuel circulation. If there are any issues with fuel intake as a result of a blockage in the fuel injections or 
malfunctioning of any of the injections or shortage in fuel pumping as a result of issues with the fuel pump, it would 
impact the overall performance of the engine as this will impact the quantity of fuel inside the engine. 


6. Conclusions 


To obtain a high level of reliability of any product such as the system of machine or medicine, engineering, 
psychology, a measure of statistic or mathematic, etc. we need accurate and whole data. In this paper, we proposed a 
new concept whith neutrosophic reliability that depends on classical data and indeterminacy data together. This 
means that we need to study all data including vague, unclear data. We defined the structure-function for reliability 
according to the modern logic duch as "neutrosophic logic" that depends on triplet functions (truth, falsehood, 
indeterminacy) and it's using neutrosophic probability. The series of neutrosophic reliability was also discussed in 
this paper and some examples were illustrated. 


For future work, we'll apply the neutrosophic reliability to improving many methods of reliability in networks, 
(series or parallel or compound ) systems, and many other fields that require high accuracy (high reliability ) in its 
systems. And we can find the neutrosophic reliability for any distribution (Expositional, Gamma, Normal, etc.) and 
any probability function. 
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Abstract 


The main concept of neutrosophy is that any idea has not only a certain degree of truth but also a degree of falsity and 
indeterminacy in its own right. Although there are many applications of neutrosophy in different disciplines, the incorporation of 
its logic in education and psychology is rather scarce compared to other fields. In this study, the Satisfaction with Life Scale 
was converted into the neutrosophic form and the results were compared in terms of confirmatory analysis by convolutional 
neural networks. To sum up, two different formulas are proposed at the end of the study to determine the validity of any scale in 
terms of neutrosophy. While the Lawshe methodology concentrates on the dominating opinions of experts limited by a one- 
dimensional data space analysis, it should be advocated that the options can be placed in three-dimensional data space in the 
neutrosophic analysis. The effect may be negligible for a small number of items and participants, but it may create enormous 
changes for a large number of items and participants. Secondly, the degree of freedom of Lawshe technique is only 1 in 3D 
space, whereas the degree of freedom of neutrosophical scale is 3, so researchers have to employ three separate parameters of 3D 
space in neutrosophical scale while a resarcher is restricted in a 1D space in Lawshe technique in 3D space. The third distinction 
relates to the analysis of statistics. The Lawhe technical approach focuses on the expetts' ratio of choices, whereas the importance 
and correlation level of each item for the analysis in neutrosophical logic are analysed. The fourth relates to the opinion of 
experts. The Lawshe technique is focused on expert opinions, yet in many ways the word expert is not defined. In a 
neutrosophical scale, however, researchers primarily address actual participants in order to understand whether the item is 
comprehended or opposed to or is imprecise. In this research, an alternative technique is presented to construct a valid scale in 
which the scale first is transformed into a neutrosophical one before being compared using neural networks. It may be concluded 
that each measuring scale is used for the desited aim to evaluate how suitable and representative the measurements obtained are so 


that it's content validity can be evaluated. 


1 | Introduction 


Scale development is an important part of computational social science research, especially 
for quantitative research. Therefore, this research mostly relies on psychometric research. 
Usually, psychometricians assess human differences by administering test batteries that have been 
found to have accurate measuring properties. Effects from these tests are then evaluated by factor 
analysis and multidimensional scaling to classify latent variables or factors responsible for 
similar trends of correlations. Specific differences for aimed cognitive skills are generally 
represented in terms of factors in those studies [1]. The main objective of those who support the 
psychometric strategy is to allow for the assessment to be made objective. From this standpoint, 
assessment should be based on objective determinations. For this reason, the psychometric 
approach emphasizes scales based on statistical methods such as factor analysis, item analysis, and 
test analysis, and tests its validity and reliability with scientific methods [2]. 
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Neutrosophical set is a potent field of study that has shown its efficiency and strength in 
various applications. In the meantime, most contributions were theoretical and only validated using 
mathematical examples or limited data sets and did not use other applications in general [37]. When 
the literature is reviewed, although it has many applications in natural sciences, recent works focus on 
the applications of the neutrosophic logic in social sciences [38]. Neutrosophic sets are even more 
suitable than fuzzy sets to represent the possible responses to questionnaires. The former enables 
the individual polled to communicate their genuine ideas and emotions even more precisely, thanks to 
the indeterminacy function of their membership. The benefit of the neutrosophical method is that 
responders may describe their ideas and emotions more correctly, since both indeterminacy and an 
independent membership function of falsehood are taken into account [39], [40]. In this respect, this 
research aims to use the application of the neutrosophic philosophy in social sciences especially in 


education and assessment and evaluation methods of scale development. 
2| Preliminaries 


The numerical properties obtained depending on the group to which a test is applied are generally called 
test statistics. Some of the test statistics can be calculated based on item statistics. In general, the 
test statistics like the average of the test, the average difficulty of the test, the variance of the test, and 
other test statistics are highly useful [3]. Researchers want to show whether there is harmony in an 
instrument's responses. Factor analysis is one of the multivariate approaches that social scientists 
use to validate psychological aspects. When several independent variables are grouped in a single study, 
statistical analysis can become rather challenging. It is often advantageous to group together those 
vatiables that are correlated with one another. Factor analysis is a technique that allows researchers 
to see whether many variables can be portrayed as a few factors [4]. Factor analysis seeks to identify 
some new specific factors by putting together a small number of factors that aren't connected (a p- 
dimensional space) [5]. It is recommended that the scale of the explanatory factor analysis 
process should be tested through confirmatory factor analysis [6]. Confirmatory factor analysis 
could be considered as a way to verify the validity of factor structures. Using this method, it is 
attempted to prove that the observed variables are connected with the hidden variables and hidden 
variables are connected. To investigate these relationships, measurement models were built [7]. 


There are three types of factors for developing a more grounded scale: (1) reliability; (ii) validity; and (ш) 
sensitivity. Reliability refers to the extent to which a measurement of a phenomenon produces consistent 
results as given in Fig 7 [8]. Therefore, reliability means consistency or stability. Consistency of 
any measurement scale is important for objective scientific research and this concept is related to 
‘agreement’, ‘reproducibility, and ‘repeatability’ of any measurement. The agreement is the 
closeness of two measurements made on the same subject as opposed to one another. Reliability 
includes repeatability. Repeatability means measuring accurately the same variable again and again for 
the same circumstances [9]. A test or measure is said to be reliable if there are always identical 
results using the same testing procedure [10]. This means that regardless of how many times the 
measurement has been taken or by whom it has been performed, you will always obtain the same 
value. This means two things: first of all, you should get the same result each time you use the measure, 
and secondly, you should use the measure as many times as possible. This can be an issue in data 
collection when several people are involved [11]. Reproducibility referred to variations in test results 
while tests were performed on subjects on different occasions. The changed citcumstances may be 
due to the use of various methods of measurement or instruments, measurement by several observers 
or raters, or measurements during a period in which the variable's error-free level may undergo a non- 


negligible change [9]. 


Reliability is, therefore, the level of error-free. As the amount of error decreases as a result of 
measurement, reliability increases, and as the number of errors increases, reliability decreases. 
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Reliability levels of measurement tools are determined by reliability analysis. Reliability is best 
expressed with the reliability coefficient (r) ranging from 0.00 to +1.00. The closer the reliability 
coefficient of the measurement tool is to 1, the higher the reliability, the closer to 0, the lower the 
reliability [12]. 


RELIABILITY 


CONSISTENCY 


AGREEMENT REPRODUCIBILITY REPEATABILITY 


Fig. 1. Reliability and its components. 


Validity simply means “measure what is intended to be measured” [13]. There are different types of 
validity in social sciences (Fig. 2). Face validity is a subjective judgment on the operationalization of a 
construct whether it is appropriate, unambiguous, simple, and proper [14]. Content validity refers to 
how appropriate and representative the measurements collected are for the desired assessment purpose. 
The representativeness criterion may have two definitions. Quantifying the extent of sampling is one of 
them. 'The second is the extent to which items reflect the structures of the whole scale [15]. Construct 
is a pattern formed by certain elements that are thought to be related to each other or by the relationships 
between them. The construct validity measurement tool shows to what extent it can accurately measure 
the structure and concept that it claims to measure [12]. Construct validity refers to how well you 
translated or transformed a concept, idea, or behavior that is a construct into a functioning and operating 
reality, the operationalization [14]. Construct validity is used when trying to quantify a hypothetical 
construct, like fear. Convergent and discriminant validity should be used to determine the validity of a 
consttuct by suggesting that the new measurements ate correlated with other measurements of that 
construct and that the dimensions proposed are inappropriate to the construct unrelated, respectively 
[16]. Discriminant validity is the extent to which latent variable a discriminates from other latent 
vatiables. The Convergent Validity is the degree to which two measurements of a construct are 
connected theoretically [14]. The validity of the criterion is also divided into concurrent and predictive 
validity, where the validity of the criterion deals with the correlation between the current measurement 
and the criterion measurement (such as the gold standard) [16]. Content and construct validity in social 
sciences are defined as credibility /internal validity. Internal validity is related to the question of whether 
the research findings fit with reality in the external world. Internal validity is determined by 
experimenting with specific characteristics and no specific biases. For example, the question of "can we 
recognize people by looking at their faces?" can be examined. This question is answered by asking two 
more questions. First, is the independent variable the cause of the dependent variable? Second, can other 
possible explanations for the relationship between independent variable and dependent be logically 
eliminated? If the answer to these questions is yes, the researchers can claim that the experiment has 
internal validity [17]. Criterion validity is the degree to which it is empirically relevant to the outcome. 
This is something that calculates how well one measure predicts another measure. There are three types 
of criterion validity namely; concurrent validity, predictive and postdictive validity [14]. 


895 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Predictive 
validity 

Criterion Concurrent 
validity validity 


Postdictive 
Face validity 
validity Discriminant 
validity 
vel) ЕЯ 


ЕЯ 


Fig. 2. Subtypes of various forms of validity tests. 


Fig. 3. illustrates how reliability and validity are related. In the first target, the shots reached the same spot, 
but none wete effective in reaching the same point. The second target can be regarded as valid but not 
reliable since the points are expanding over the entire place. The third target did not present reliability or 
validity, since they hit spread points. The fourth target stands as an indicator of reliability and validity; the 
shots landed right in the target center and were consistent, right in the target center [18]. 


Valid, not reliable ao 


Valid and reliable 


Not valid, not reliable 


Not valid, reliable 
Fig. 3. Possible combinations of validity and reliability of measurement instruments [18]. 


Sensitivity is defined as the consensus closeness between randomly selected individual measurements or 
results. It is therefore concerned with the variance of repeated measurements. А measurement tool with 
low variance is more sensitive than those with a higher variance. For example, as a researcher, one wants 
to know what is the smallest sample you can use that will take into consideration the variability in the 
dependent measure and yet be sensitive enough to notice a statistically meaningful difference, whether 
there is one. Our capacity to distinguish significant differences between groups 1s defined in part by the 
variability of individuals in our sample and how much variability occurs among them. Therefore, less 
variability may contribute to greater sensitivity, and more variability results in less sensitivity [19]. 


As mentioned above, the key aim of developing questionnaires or scales is to collect correct and 
appropriate data. The reliability and validity of scale or questionnaire formats is an important feature of 
testing methodology [14]. The reliable and accurate measurement may, in the simplest intuitive terms, 
indicate that the current measurement is equal with, or follows, the truth. However, it is often impractical 
to require the new measurement to be identical to the truth, either because 1) we accept the measurement 
of a tolerable (or acceptable) error or 2) the пп is simply impossible for us (either because it is not 
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measurable or because it is only measurable with some degree of error) [16]. In this regard, data space 
and data range are the important dimensions of developing scales because it also changes the data type, 
the logical space of the analysis, methodology, and validity and reliability of the results (Fig. 4). 


Fig. 4. Data space and data range determines the validity and reliability of any scale. 


Data space in measurement tools like scale refers to the set of independent options regarding the 
particular item of the scale. For example, on any Likert-type scale, the participant can express only one 
option, so the data space is 1d, whereas on the neutrosophic scale, there are three independent 
dimensions regarding any item as undecided, agree, and disagree.As it can be seen, data space is 1d in 
any Likert-type scale and 3d in neutrosophic space and if our measurement tools become more 
qualitative, like having items requiring free opinions in a paragraph like choices, it has more dimensions, 
even in ideal cases it has infinite dimensions. However, although n-dimensional space is more 
appropriate for better valid and reliable results, less dimensional spaces have less vagueness in terms of 
the interpretation of the data and they can be more easily statistically handled. Additionally, as the 
dimension of space increases, the objectivity of the measurement tool in terms of measuring common 
characteristics decreases. The advantage of the 3-dimensional neutrosophic scale is that it both seeks 
the agreement, disagreement, and confusion levels of the participants. In daily life, many items are 
encountered to give an opinion about them and we are not restricted within a 1-dimensional space where 
we can only choose one answer regarding whether we agree, disagree or express uncertainly about a 
particular case. However, in the three-dimensional neutrosophic space, participants express both their 
agreement and disagreement level as well as the uncertainty in the items or dimensions of the scale. 
People sometimes think that they understand a statement, but one word in the statement makes us 
uncertain whether it is the "right meaning" intended by the source. Similarly, people sometimes agree 
on some propositions, but just because of the source of the message itself, they also disagree with the 
item. Therefore, the neutrosophic scale is different from the classical Likert-type scales in terms of data 


space (Fig. 5). 


The second important point that distinguishes any measurement tool from each other is the data range. 
The range of a set of data is the difference between the highest and lowest values in the set. Likert-type 
scales are commonly arranged in terms of data, ranging from 3 point Likert-type scales to 10 point 
Likert-type scales. However, the range of the neutrosophic scale is broader than the Likert-type scales. 
It includes any rational number in a range between 0 and 100. As a result, neutrosophic scales have 
continuous variable types, whereas Likert-type scales have discrete value types in terms of rational 
numbers, so data analysis may differ as a result. This can contribute to increasing the sensitivity of the 
measurement tool in this respect. This is actually what is called as neutrosophic data in some recent 
researches is the piece of information that contains some indeterminacy. Similar to the classical statistics, 
it can be classified as [39]: 
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— Discrete neutrosophic data, if the values are isolated points. 

— Continuous neutrosophic data, if the values form one or more intervals. 

— Quantitative (numerical) neutrosophic data; for example: a number in the interval [2, 5] (we do not know exactly), 
47, 52, 67 or 69 (we do not know exactly). 

— Qualitative (categorical) neutrosophic data; for example: blue or red (we do not know exactly), white, black or green 
or yellow (not knowing exactly). 

— The univariate neutrosophic data is a neutrosophic data that consists of observations on a neutrosophic single 


attribute. 


Disagree 
Range [d 
2S 
Variable 
| Туре: 
| ed Disagree | Undecided | Agree ped Agree E Continous 
(1) (2) Е) (4) 6) 0 ——— 100 
Á | Range 
P x Undecided 
Variable Type: Discrete -—-—- d 
0 100 
1 dimensional data space 3 dimensional data space 


Indeterminancy 


True ж Г False 


True «> False 


CLASSICAL LOGIC 


NEUTROSOPHIC LOGIC 


Fig. 5. Data space of classical Likert-type scale, neutrosophic scale. 


The third important point of any measurement tool is its logic space. Logic space is important because “in 
any field of knowledge, each structure is composed from two patts: a space, and a set of axioms (or laws) 
acting (governing) on it. If the space, or at least one of its axioms (laws), has some indeterminacy of the 
form (t, i, f) # (1, 0, 0), that structure is a (t, i, f)-Neutrosophic Structure" [41]. Therefore the logic which 
1s in our focus, Neutrosophic Logic, is an emerging field where each proposition is reckoned to have the 
proportion (percentage) of truth in a subset T, the proportion of indeterminacy in a subset 1, and the 
proportion of falsity in a subset F. A subset of truth (or falsity or indeterminacy) here is considered, rather 
than just a number, since in many situations can not be precisely determined the proportions of truth and 
falsity but we can only approach them. For example, suppose that a statement (or proposition) is between 
32% and 48% true and 59% to 73% false; worse: 32% to 39% or 41 to 52% true (according to various 
observers) and 57% or 62% to 71% false. Subsets are not basic intervals but are any set (open or closed or 
semi-open/semi-closed intervals, discrete, continuous, intersections or unions of previous sets, etc.) 
following the given proposition. The adventure of gaining meaning and mathematical results from 
situations of uncertainty was initiated by Zadeh [20]. Fuzzy sets added a new wrinkle to the concept of 
classical set theory. Elements of the sets have degrees of belongingness (in other words, membership) 
according to the underlying sets. Atanassov defined intuitionistic fuzzy sets including belongingness and 
non-belongingness degrees [21], [32]-[34]. Smarandache suggested neutrosophy as a computational 
solution to the idea of neutrality [22]. Neutrosophic sets consider belongingness, non-belongingness, and 
indeterminacy degrees. Intuitionistic fuzzy sets are defined by the degree of belongingness and non- 
belongingness and uncertainty degrees by the 1-(membership degree plus non-membership degree), while 
the degree of uncertainty is assessed independently of the degree of belongingness and non-belongingness 
in neutrosophic sets. Here, belongingness, non-belongingness, and degree of uncertainty (uncertainty), 
like degrees of truth and falsity, can be assessed according to the interpretation of the places to be 
utilized. 
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This indicates a difference between the neutrosophic set and the intuitionistic fuzzy set. The definition 
of neutrosophy is, in this sense, a potential solution and representation of problems in different fields. 
Twodetailed and mathematical fundamental differences between relative truth (IFL) and absolute truth 
(NL) are as follows: 


I. NL can distinguish absolute truth (truth in all possible worlds, according to Leibniz) from the relative 
truth (truth in at least one world) because NL (absolute truth) = 1* while IFL (relative truth) = 1. This 
has been practiced in philosophy and linguistics (see the Neutrosophy). The standard interval [0, 1] used 
in IFL has been extended to the unitary non-standard interval |~ 0, 1* [ in NL. Parallel distinctiveness 
for absolute or relative falsehood and absolute or relative indeterminacy are allowed to consider in NL. 

IL There do not exist any limits on T, I, F apart from they ate subsets of ]- 0, 1* [, thus: -0 < inf T + inf I 
+ inf F < sup T + sup I + sup F < 3 + in NL. This permission allows dialetheist, paraconsistent, and 
incomplete information to be identified in NL, while these situations impossible to be identified in IFL 
since F (falsehood), T (truth), I (indeterminacy) are restricted either to £+i+f=1ortot2+f2<1 if T, Т F are 
all reduced to the points t, i, f respectively, or to sup T+sup1+supF=1if T, I, F are subsets of [0, 1] in IFL. 


Although there ate usually three options in Likert-type scales: agreement, disagreement, and vagueness, 
its logic is based on one valued option located on the opposite sides of true and false values. However, 
the neutrosophic set has three independent components, giving mote freedom for analysis so that it 
brings different logical operations as well. Therefore, the methodology of the analysis of the data should 
be changed based on the logical structure of the scale. For instance, while factor analysis is used for 
classical Likert-type scales, neural networks are more appropriate for the analysis of the data of the 
neutrosophic scales. Nevertheless, it should be noted that classical analysis and methods can indeed be 
used for neutrosophic scales based on different analysis procedures. To sum up, “а space with an item, 
it means an opinion, another element induces another opinion, another element in turn induces another 
opinion, and so on. The opinion of each element of the structure must be respected. In this way it 
builds a neutrosophic social structure. The result is a vety large socio-neutrosophic structure that is 
intended to be filtered, evaluated, analyzed by scientific algorithms" [42]. Hence, we can conclude that 
the validity and reliability of the measurement tools can change based on the logical structure of the 
scale. As a result, in this study, we take The Satisfaction with Life Scale developed by Diener et al. [23] 
and adapted in Turkish by Dağlı and ve Baysal [24] and convert it into neutrosophic form, compare the 
results, and use this analysis to propose new type confirmatory analysis procedures and develop 
neutrosophic scales. There are many ways to evaluate and interpret data. Some recent studies reveal 
important developments based on the interpretation and effective use of data [42]-[44]. 


2.1| The Difference between Lawshe Technique and Neutrosophic 
Scale 


Some argue that the well-known Lawshe technique is very similar to neutrosophic analysis and propose 
what is the reason behind the logic of neutrosophic forms. Initially suggested in a seminal 1975 paper 
in Lawshe [25], the method of Lawshe was common in vatious areas including health care, education, 
organizational development, personnel psychology, and market research for determining and 
quantifying content validity [26], [27]. 


Lawshe [25] has proposed a quantitative measure to evaluate validity of the content termed as 
the Content Validity Ratio (CVR). The validity ratio of content provides information about validity of 
items. The approach includes the use of an expert panel to evaluate items based on their relevance to 
the scale domain. Each item on a scale is classified as a three-point rating system (1) point is irrelevant, 
2) item 1s important, but not essential, and 3) item is essential). The percent of experts considering 
items significant or essential for the substantive content of the scale is calculated for every element 
of a CVR. Also a overall measurement of the validity of the content of the scale may be created. The 
index is calculated as a mean of the CVR scores for items [36]. 
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A quantitative criteria is necessary in the Lawshe approach for determining the validity of content. The 
Content Validity Index and СУК are the criterion for validity used by experts. In order for each item to 
be included in the Scale, the content validity ratio is an internationally accepted standard. For all finished 
items, the Content Validity Index is the average CVR. The CVR should assess whether or not each item 
is essential, and the Content Validity Index should identify the relationships between the scale items and 
scale . The Content Validity Index is calculated by using the degree of agreement of the experts on the 
relevance and clarity of the items. According to CVR values, 


— If all the experts in the panel answered "not necessary" for any item, that item is completely unnecessary. 

— If all of the experts on the panel gave the answer "useful but not necessary" for any item, that item is 
significantly necessary. 

— If the number of experts who give the answer "required" for any item is more than half, it can be commented 
that the item has a certain validity value, and the validity value of the item will increase as the number of experts 
who give the answer "required" increases [35]. 


First of all, the main difference between those two techniques 1s in their data space. Although there 
are three choices in the Lawshe technique for each item as an a-Essential? b-Useful but not essential? 
Why? c-Not necessary? Why, while membership in neutrosophic logic is very similar to Truth T, 
indeterminacy I, and falsity F, their dimensions are different from each other because there 1s only one 
option regarding each item, which corresponds to one-dimensional data space, but there are three 
independent data spaces in the neutrosophic form where each data represents a different. According to 
this, whether all participants agree that the information or ability that has been tested is necessary, or 
whether none says it is relevant, we are sure that the component has been added or omitted. If there is 
no majority, the dilemma emerges. There are two hypotheses, both compatible with existing 
psychophysical principles [28]. 


— Every item for which more than half of the experts consider any item to be "essential" has content validity. 
— The wider the extent or degree of its validity is the more experts (above 50 percent) who view an item as 
"essential." 


Therefore, the Lawshe technique focuses on the dominant opinions of the experts which are restricted 
by one-dimensional data space so that it might hide their indeterminacy or disagreement because they 
are weak compared to the other options. It should be pointed out that altough Lawshe technique is not 
strictly restricted by the one dimensional options for experts because it also take their suggestions, in the 
statistical analysis process it focuses on only one options. For a small number of items, the effect of 


this can be negligible, but for a huge number of items, it can make huge differences. 


There is one parameter in the Lawshe technique. Researcher can only choose one option among 
agreement, disagreement, and indeterminacy based on his/her dominant view. Hence it is actually a 1d 
dimensional function in a 3-dimensional space. There are three parameters in the Neutrosophic scale. A 
researcher must choose three options among agreement, disagreement, and indeterminacy. Hence it 
is actually a 3d dimensional function in a 3-dimensional space. Therefore, the degree of freedom of the 
Lawshe technique is 1 in 3-d space whereas the degree of freedom of the neutrosophic scale is 3, 
that is, a reseatcher is restricted їп 1-d space in 3d space of possibilities in Lawshe technique whereas 
researchers must use three independent parameters of 3d space in neutrosophic scale (Fig. 6). 
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Indeterminacy 
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a)The space of Lawshe Technique 
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Disagreement 
Indeterminacy 
P(Agreement,Disagreement,Indeterminacy) 
b) The space of Neutrosophic 
Analysis 
Agreement 
Disagreement 


Fig. 6. The difference between the space and parameters of the Lawshe technique with neutrosophic 


scale. 


a) There is one parameter in the Lawshe technique. The analysis focus on one option among agreement, 
disagreement and indeterminacy based on the dominant view. Hence it is actually a 1d function in 3d 
space b) there are three parameters in the Neutrosophic scale. The analysis focuses on three options 
among agreement, disagreement and indeterminacy. Therefore, it is a 3D function in the 3D space. 


Therefore, for the participation of a huge number of researchers, the dominant view of the researcher 
restricted within 1d space in the Lawshe technique may dismiss the other two parameters that cannot 
be ignored in the actual case. These hidden variables can lead to huge differences especially in the case 
of the analysis of the options of a huge number of participants and even this cannot be realized. 
However, in neutrosophic logic, it is impossible to dismiss three parameters since the researchers must 
give their opinions on them (Fv. 7). 


The second difference is related to the data range. The Lawshe technique is limited by discrete data that 
can be manipulated with qualitative comments. Although qualitative comments make the item better, in 
terms of generalizability we may not be confident that the item is suitable for its content. Opinions of 
the experts may indicate different content, but the understanding of common participants may indicate 
different content in this respect. 


The third difference is related to statistical analysis. In the Lawshe technique, it is focused on the ratio 
of decisions of the experts, whereas in the neutrosophic logic we focus on the importance and 
correlation level of each item for the analysis. In the Lawshe technique, there is no distinction between 
the importance level and correlation, so it means that the item that is seen as important by experts might 
not be correlated with the content in the actual applications (Fig. 8). In daily life, we wonder about 
particular features and we seek them in particular sets, but the items of the set can be seen as important 
but are not relevant to what we want to seek. For example, we may meet a close relative whom we have 
not seen in a long time and look for him/her in a specific location, and the individuals resembling our 
relative are important to us, but the importance is diminished when we discover that there is no 
correlation between the actual close relative and the similar person resembling him/her. 
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IN THE LAWSHE TECHNIQUE 
Dominant variable * Agreement 
expressed as one * Disagrement 
parameter as A, D or I * Indeterminacy 


* Agreement 
* Disagrement 
* Indeterminacy 


Ignored variable that is not 
expresses among A, D ог! 


HIDDEN VARIABLES 
— THAT CANNOT BE 
Ignored variable that is not. Di : ANALYZED 
expresses among A, D ог! М іа а 
IN THE NEUTROSOPHIC TECHNIQUE 
* Must be expressed 
Agreement 
; * Must be expressed THERE IS NO HIDDEN 
Disagreement VARIABLES EXCLUED FROM 
THE ANALYSIS 


* Must be expressed 


Indeterminacy 


Fig. 7. There is no hidden variable in the neutrosophic technique but there are hidden variables in 
the Lawshe technique. 


Actually Sartre's vivid description [29] regarding his hypothetical appointment with Pierre can be given as 
a more explicit example for the importance and correlation as follows: 


I have an appointment with Pierre at four o'clock. I arrive at the cafe a quarter of an hour late. Pierre is 
always punctual. Will he have waited for me? I look at the room, the patrons, and I say, "he is not here." 
Is there an intuition of Pierre's absence, or does negation indeed enter in only with judgment? At first sight 
it seems absurd to speak here of intuition since to be exact there could not be an intuition of nothing and 
since the absence of Pierre is this nothing..... 


Similarly Pierre's actual presence in a place which I do not know is also a plenitude of being. We seem to 
have found fullness everywhere. But we must observe that in perception there 1s always the construction 
of a figure on a ground. No one object, no group of objects is especially designed to be organized as 
specifically either ground ot figute; all depends on the direction of my attention. When i enter this cafe to 
search for Plerre, there is formed a synthetic organization of all the objects in the cafe, on the ground of 
which Pierre is given as about to appear. This organization of the cafe as the ground is an original nihilation. 
Each element of the setting, a person, a table, a chair, attempts to isolate itself, to lift itself upon the ground 
constituted by the totality of the other objects, only to fall back once more into the undifferentiation of 
this ground; it melts into the ground. For the ground is that which is seen only in addition, that which is 
the object of a purely marginal attention. Thus the original nihilation of all the figures which appear and 
are swallowed up in the total neutrality of a ground is the necessary condition for the appearance of the 
principle figure, which is here the person of Pierre. 
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This nihilation is given to my intuition; i am witness to the successive disappearance of all the objects 
which i look at-in particular of the faces, which detain me for an instant (could this be Pierre?) and 
which as quickly decompose precisely because they "are not" theface of Pierre. Nevertheless, if i 
should finally discover Pierre, my intuition would be filled by a solid element, i should be suddenly 
arrested by his face and the whole cafe would organize itself around him as a discrete presence. 


VALIDITY 


IMPORTANCE CORRELATION 


Fig. 8. There is a distinction between the concept of importance and correlation in neutrosophic logic. 


Therefore, when experts make a decision, there is no clear distinction between their decision-making 
process in terms of importance or correlation. 


The fourth one is related to expert opinion. Lawshe technique focuses on expert opinion, but the term 
expert is not clear in many respects. For example, if somebody studies a novel concept that has not been 
studied previously, how an expert decides whether the item is suitable or not besides deciding on its 
grammar ot meaning. Furthermore, we need different experts for decision-making about the suitability 
of the item, but the ratio of those experts shouldn't be equal in the proportion of the decision-making 
process. For example, on some scales, the opinion of a psychologist might be more important than the 
othet experts and their contribution should vary by this. Howevet, in the neutrosophic scales, we mainly 
aim at the real participants so that we can understand to the extent whether the item is understood or 
objected or vague. 


3| Methodology 


In the methodology, first, the items of the Satisfaction with Life Scale were converted into the 
neutrosophic form where each item has three independent components referring to the agreement, 
disagreement, and indeterminacy. However, to compare the neutrosophic scale, the classical scale were 
also used as well. Secondly, each item of neutrosophic scale were analyzed in terms of classical scale in 
terms of neural networks and Spearman correlation constant. In the second part of the study, the 
Neutrosophic Life Satisfaction Scale were analyzed in terms of whole structure for confirmatory factor 
analysis. Finally, the decision-making formula were created to decide to remove or keep the items on 
the neutrosophic scale (Fig. 9). 


In this analysis varl refers to the variable number and a (such as varla) stands for agreement b stands 
for indeterminacy and c refers to disagreement. In the neural network analysis for the study, for the level 
of the analysis of each item, the input variables are three sub-items of each item on the neutrosophic 
scale and the output variable is each classical scale. Similarly, for the whole structure for confirmatory 
factor analysis, the input variables are all the items on the neutrosophic scale and output variables are 
the classical items of the classical scale. The activation function both for the hidden and output layer 
was chosen as the sigmoid function. The number of hidden layers in each analysis was chosen to be two 
(Fig. 10). Criteria trainine=batch optimization=gradientdescent was chosen as the criterion. In the 
analysis of the data, independent variable importance analysis was used. 
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CLASSSICAL SCALE > NEUTROSOPHIC SCALE 
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CLASSSICAL SCALE > NEUTROSOPHIC SCALE 


CORRELATION ANALYSIS 


DEVELOPMENT OF DECISION MAKING PROCEDURE TO 
DECIDE WHETHER TO REMOVE OR KEEP THE ITEMS BASED 
ON NEUTROSOPHIC LOGIC 


Agreement Variable a 


indeterminacy Variable b Classical variable 


Output layer 


Disagreement Variable c 


nput layer 
Hidden layer Hidden layer 


Fig. 10. The general structure of the Convolutional Neural Network (CNN) we used in this study is a 
three-layer neural network with three input neurons, two hidden layers of four neurons each, and one 
output layer [30]. 


Independent variable importance analysis performs a sensitivity analysis, which computes the importance 
of each predictor in determining the neural network. The importance of an independent variable is a 
measure of how much the network’s model-predicted value varies with different values of the independent 
variable. Normalized importance is just the importance values that are grouped by and represented as 
percentages of importance values. In another words, the importance of an independent variable is a 
measure of how much the network's model-predicted value changes for different values of the independent 
variable. Normalized importance is simply the importance values divided by the largest importance values 
and expressed as percentages. However, it should be underlined that you cannot tell is the “direction” of 
the relationship between these variables and the predicted probability of default" [31], [41]. The importance 
chart is simply a bar chart of the values in the importance table, sorted in descending value of importance. 
It allows to guess that a larger amount of debt indicates a greater likelihood of default, but to be sure, you 
would need to use a model with more easily interpretable parameters [41]. Therefore, the spearman 
correlations between the variables are examined to see the direction and relationship of the items to decide 
whether they are suitable ot not. 


3.1| Measurement Tools 


In this study, the satisfaction with Life Scale adapted into Turkish by Dagli and ve Baysal [24] which was 

developed by Diener et al. [23] was converted into the neutrosophic form and the results were compared 

in tetms of confirmatory analysis by convolutional neural networks. One might ask why an adapted version 

of a scale was chosen rather than adapting or developing a new scale in the neutrosophic form. The first 

reason for this is that the method based on neutrosophic logic is a very new one so that in more grounded 
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levels it must be tested rather than directly using it to assess and develop scales. Secondly, the 
neutrosophic form could be compared with the classical one and infer the advantageous and 
disadvantageous sides of the neutrosophic scale in terms of its different aspects. Thirdly, this study 1s 
aimed at conducting confirmatory analysis so that a particular measurement tool must be used to assess 
whether the neutrosophic form can be used for the analysis. In classical confirmatory analysis, similar 
measurement tools can be used to analyze this, but in this article, the main aim is to use the neutrosophic 
form to conduct confirmatory analysis. 


4| Findings 
In this section, we give our findings. 

4.1| Analysis of Neutrosophic Life Satisfaction Scale in terms of Reliability 
Before using the neutrosophic scale it can be wondered about its reliability before comparing it with the 
classical one. Cronbach's Alpha constant can be used for the neutrosophic scale. However, it should be 


noted that Cronbach's Alpha constant should be used three times for three independent factors as given 
in Table 1 below. 


'Table 1. Cronbach's Alpha constant for three dimensions. 


Cronbach's Alpha Constant Variables 


0.863 VAR1a VAR2a VAR3a VAR4a VAR5a 
0.777 VAR1b VAR2b VAR3b VAR4b VAR5b 
0.792 VAR1c VAR2c VAR3c VAR4c VAR5c 


Results show that our neutrosophic scale is also reliable which also supports the reliability of the classical 
scale because Cronbach's Alpha constant is an acceptable level for three dimensions. 


4.2| Analysis of Neutrosophic Life Satisfaction Scale in terms of Items of Validity 


According to Spearman’s rho correlation coefficient, classical variable 1 has a high positive significant 
correlation with varla which is related to the agreeing level of the participants and it has an average level 
negative significant level of correlation variable 1c which is related to the disagreeing level of the 
participants. Both correlations can be related to the points of a participant who has either a high level 
of life satisfaction or not. Besides, no correlation between vagueness and classical items shows that there 
is no indeterminacy about this item. 


Table 2. Correlation among neutrosophic item 1 and classical item 1. 


УАК1а ҰАКІЬ VARIc 


VARI Correlation Coefficient 0.678** -0.022 -0.417* 
Sig. (2-tailed) 0.000 0.768 0.000 
N 189 189 189 


Neural network analysis of the items reveals that participants with positive life satisfaction for item 1a 
contribute 100% to classical variable 1 and participants with negative life satisfaction for item 1c 
contribute 26.4% to classical variable 1. This might be related to the differentiation of the number of 
participants having high-level life satisfaction and a low level of life satisfaction. However, it should be 
noted that the vagueness of this item is 57.5% implies that there is a moderate level of confusion about 
this article either because of meaning or the usage of the words or some unknown parameters, although 
there is no correlation between varlb and classical variable. 
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Table 3. Independent variable importance for classical item 1 in terms of neutrosophic items. 


Independent Variable Importance 


Importance Normalized Importance 
УАК1а 0.544 100,0% 
VARIb 0.313 57,5% 
VARIc 0.143 26,4% 


According to Spearman's rho correlation coefficient, classical variable 2a has a significant positive 
correlation with vat2a, which is related to the participants' agreeing level, and variable 2c has a negative 
significant low level of correlation, which is related to the participants’ disagreeing level. Both correlations 
can be related to the points of participants who have either a high level of life satisfaction or not. Besides, 
no cortelation between vagueness and classical items shows that there is no indeterminacy about this item. 


Table 4. Correlation among neutrosophic item 2 and classical item 2. 


VAR2a VAR2b VAR2c 
VAR2 Correlation Coefficient 0.732* 0.120 20.277" 
Sig. (2-tailed) 0.000 0.099 0.000 
N 189 189 189 


Neural network analysis of the items reveals that participants with positive life satisfaction for item 2a 
contribute 100% to classical variable 2 and participants with negative life satisfaction for item 2c contribute 
26.6% to classical variable 2. This might be related to the differentiation of the number of participants 
having high-level life satisfaction and a low level of life satisfaction. However, it should be noted that the 
vagueness of this item 1s 31.7% implies that there is a weak level of confusion about this article either 
because of meaning or the usage of the words or some unknown parameters, although there is no 
correlation between varlb and classical variable. 


Table 5. Independent variable importance for classical item 2 in terms of neutrosophic items. 


Independent Variable Importance 


Importance Normalized Importance 
VAR2a 0.632 100,0% 
VAR2b 0.200 31,7% 
VAR2c 0.168 26,6% 


According to Spearman’s rho correlation coefficient classical variable 3 has a moderate positive significant 
correlation with var3a which is related to the agreeing level of the participants and it has a negative 
significant moderate level of correlation which is related to the disagreeing level of the participants. Both 
correlations can be related to the points of participants who have either a high level of life satisfaction or 
not. However, the weak level of significant correlation between vagueness and classical item shows that 
there is an indeterminacy about this item. 


906 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Table 6. Correlation among neutrosophic item 3 and classical item 3. 


VAR3a VAR3b VAR3c 
VAR3 Correlation Coefficient 0.474*  -0.178* -0.430* 


Sig. (2-tailed) 0.000 0.014 0.000 
N 189 189 189 


According to the results of the neural network analysis for the items, participants with positive life 
satisfaction for item 3a have a 100% contribution to classical variable 3, while participants with negative 
life satisfaction for item 3c have a 38, 0% contribution to classical variable 3. This might be related to 
the differentiation of the number of participants having high-level life satisfaction and a low level of life 
satisfaction. However, it should be noted that the vagueness of this item 3c, which is 21,7%, implies that 
there is a weak level of confusion about this article either because of meaning or the usage of the words 
or some unknown parameters. It should be noted that there 1s also a weak level significant correlation 
between item 3b and item 3. 


Table 7. Independent variable importance for classical item 3 in terms of neutrosophic items. 


Independent Variable Importance 


Importance Normalized Importance 


VAR3a 0.626 100,0% 
VAR3b 0.136 21,7% 
VAR3c 0.238 38,0% 


According to Spearman's rho correlation coefficient classical variable 4 has a high-level significant 
correlation with var4a which is related to agreeing on the level of the participants and it has a negative 
moderate level significant correlation which is related to the disagreeing level of the participants. Both 
correlations can be related to the points of participants who have either a high level of life satisfaction 
or not. Besides, no correlation between vagueness and classical items shows that there is no 
indeterminacy about this item (Table 8). 


Table 8. Correlation among neutrosophic item 4 and classical item 4. 


VAR4a VAR4b VAR4c 


VAR4 Correlation Coefficient 0.715* -0.115 -0.475** 
Sig. (2-tailed) 0.000 0.115 0.000 
N 189 189 189 


Neural network analysis of the items reveals that participants with positive life satisfaction for item 4a 
contribute 95.8% to classical variable 4 and participants with negative life satisfaction for item 4c 
contribute 100.0% to classical variable 4. This might be related to the differentiation of the number of 
participants having high-level life satisfaction and a low level of life satisfaction. However, it should be 
noted that the vagueness of this item 4c is 27,0%, implies that there is a weak level of confusion about 
this article either because of meaning or the usage of the words or some unknown parameters, although 
there is no correlation between variable 4b and classical variable (Table 9). 
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Table 9. Independent variable importance for classical item 4 in terms of neutrosophic items. 


Independent Variable Importance 


Importance Normalized Importance 
VAR4a 0.430 95,8% 
VAR4b 0.121 27,0% 
VAR4c 0.449 100,0% 


According to Spearman's rho correlation coefficient classical variable 5 has a high level of positive 
significant correlation with var5a which is related to the agreeing level of the participants and it has a weak 
level of negative significant correlation which is related to the disagreeing level of the participants. Both 
correlations can be related to the points of participants who have either a high level of life satisfaction or 
not. Besides, there is a weak level significant correlation between variable 5 and variable 5b. Therefore, the 
weak level significant correlation between vagueness and classical item shows that there is an indeterminacy 


about this item (Table 10). 


Table 10. Correlation among neutrosophic item 5 and classical item 5. 


VAR5a VAR5b VAR5c 
VARS Correlation Coefficient 0.706" 0.149  -0.347* 


Sig. (2-tailed) 0.000 0.040 0.000 

N 189 189 189 
The results of the neural network analysis for the items show that participants with positive life satisfaction 
for item 5a have a 100% conttibution to the classical variable 4 and participants with negative life 
satisfaction for item 5c have an 84.2% contribution to the classical variable 4. This might be related to the 
differentiation of the number of participants having high-level life satisfaction and a low level of life 
satisfaction. However, it should be noted that the vagueness of this item 4c is 39,6%, implies that there is 
a weak level of confusion about this article either because of the meaning of the usage of the words or 
some unknown parameters (Тай 1 f). 


Table 11. Correlation among neutrosophic item 5 and classical item 5. 


Independent Variable Importance 


Importance Normalized Importance 


VARSa 0.447 100,0% 
VARSb 0177 39,6% 
УАК5с 0.376 84,2% 


4.3| Analysis of Neutrosophic Life Satisfaction Scale in terms of whole Structure 
for Confirmatory Factor Analysis 


Neural network analysis results for two scales can be given as follows. It seems that variable 2 and variable 
5 might be problematic when considering the overall contribution of the items for the whole scale since 
variable ...b items are related to the vagueness of the participants. (Table 12). 
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Table 12. Independent variable importance for the whole scales. 


Independent Variable Importance 


Importance Normalized Importance 


VAR5c 0.162 100.00% 
VAR2a 0.133 82.30% 
VAR5a 0.121 74.70% 
VAR3a 0.1 61.50% 
VARIc 0.096 59.30% 
VAR2b 0.09 55.70% 
VAR5b 0.083 51.10% 
VAR4a 0.075 46.60% 
VAR3c 0.035 21.50% 
VARIa 0.032 20.00% 
VAR2c 0.022 13.30% 
VAR4b 0.018 11.20% 
VAR4c 0.015 9.00% 

VARIb 0.013 7.80% 

VAR3b 0.005 2.90% 


5| Discussion and Conclusion 


Content validity refers to how appropriate and representative the measurements collected are for the 
desired assessment purpose. Content validity refers to how appropriate and representative the 
measurements obtained are for the desired assessment purpose. The representativeness criterion may 
have two definitions. Quantifying the extent of sampling is one of them. The second is the extent to 
which items reflect the structures of the whole scale [15]. In this regard, the most obviating factor in 
determining whether an item should be removed or not is to use the participants' vagueness choices for 
each item. In this respect, we have two kinds of variables to formalize our decision-making as correlation 
constant and importance level. If the decision function is labelled as d where r stands for correlation 
constant and I stands for importance level, the function for decision making can be written as like this: 


D-R«I. (1) 


The interpretation of this formula can be given in Tab/e f. It should be noted that the correlation constant 
is the absolute value of t as |R]. 


Table 13. The interpretation of the formula D- R*I. 


'The Interpretation of 'The Interpretation of Decision Criteria for Accepting or Rejecting 
The Correlation The Importance Level The Item where 0<cc<1 
Coefficient (r) 
Decision=[correlation coefficient for vagueness 
(t)]* [Importance level for vagueness] 


Very weak correlation or Very weak importance level if 0<сс<20, item acceptable 

no correlation if r «0.2 if <20% 

Weak correlation between Weak importance level if 20<сс<40), item acceptable 

0.2-0.4 20%-40% 

А moderate correlation Moderate importance level if 40<сс<60, the item should be modified or 
between 0.4-0.6 40%-60% removed 

The high correlation High importance level if 60<cc<80, the item should be modified or 
between 0.6-0.8 60%-80% removed 

If r>0.8, it is interpreted If 80%>, it is interpreted if 80<сс<100, the item should be removed 
that there is a very high that there is a very high 

correlation importance level 
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The formula 5.1 can be applied for the findings of the items of the neutrosophic Life Satisfaction Scale 
for confirmatory analysis. Let's look at our findings based on item levels with the Eq. (7) as given in Tabk 
14. The results show that this scale is valid because all the items are at an acceptable level. 


Table 14. Application of the Eq. (1) for each item. 


Importance Level (i) Correlation Constant (r) Decision Result (d—i*r) 


Varl 57.5 0.22 12.65 Acceptable 
Var2 31.7 0.12 3.804 Acceptable 
Var3 21.7 0.178 3.8626 Acceptable 
Var4 27 0.115 3.105 Acceptable 
Уаг5 39 0.149 5.811 Acceptable 


In Table 11, independent variable importance for the whole scale shows that variable 2 and variable 5 might 
be problematic when considering the overall contribution of the items for the whole scale since variable 
...b items are related to the vagueness of the participants. However, formula 4.1 shows that although the 
importance level is high, it is not significant, so that all the items on the scale are valid. Finally, one might 
ask that if the item related to vagueness is only focused on, why do we need the other two items regarding 
agreement and disagreement ? Although on this scale such a conflict is not seen, this data can be used to 
evaluate the validity and reliability of the scale. For instance, if both agreement and disagreement items 
have a similar sign to the target item, it can be concluded that this item is also problematic because it 
reflects both agreement and disagreement at the same time, implying that there is confusion about it for 
determining the aimed question. Let label that the correlation of agreement item is х and the correlation 
of disagreement item is £ since these items are opposite to each other their correlation should naturally be 
opposite to each other so that a«—-1. If 2+3=1 it can be concluded that there is a contradiction in this 
item. If the Eg. (7) is modified for these values where izis the importance level of the first item and 72 is 
the importance level of the second item as follows: 


11 +q% 12% 6)/100= d. (2) 


Because we don't want to deal with huge numbers in all the importance levels 100 and correlations 1 or-1, 
the multiplication is divided by 100 simply by scaling the value into a more simple form.Let apply the rule 
of out correlation constants in the finding section for each item in Tab 3. An opposite sign indicates that 
our data is consistent. Otherwise, the effect of the correlations can be examined and evaluated to be 
whether the item should be removed or not just as in the classification given in Table 13. 


Table 15. Decision matrix evaluating the consistency of the items in 
terms of agreement and disagreement items of the neutrosophic scale. 


11 А 12 B і *о* i¥* B Decision 
Variable1 100 0.678 26.4 -0.417  -7.4639664 ^ Acceptable 


Variable 2 100 0.732 26.6 -0.277  -5.3935224 Acceptable 
Variable3 100 0.474 38 -0.430 -7.74516 Acceptable 
Variable 4 95.8 0.715 100 -0.475 -32.536075 ^ Acceptable 
Variable 5 100 0.706 84.2 -0.347 -20.6274844 Acceptable 


5.1| Future Directions 


А neutrosophic scale can be used to confirm the reliability of the classical one because the neutrosophic 
scale is just an extended form of the classical one. The results show that out neutrosophic scale is also 
reliable, which also supports the reliability of the classical scale because Cronbach's Alpha constant is an 
acceptable level for three dimensions. In this respect, it can be understood the Agreement dimension of 


reliability because the classical scale can be extended into the neutrosophic one and assess the closeness of 
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two measurements made on the same subject as opposed to one another. The repeatability of the scale 
can be also assessed because the same variable can be measured again and again for the same 
circumstances [9]. The reproducibility of the scale can be also tested because the variations in test results 
can also be tested while tests are performed on subjects on different occasions. 


Validity simply means "measure what is intended to be measured" [13]. To decide whether a scale is 
valid or not, its validity can be compared by compating similar scales or decisions based on expert 
opinion can be made. In this study, it is offered an alternative method for developing a valid scale where 
first the scale is converted into a neutrosophic one and then they are compared through neural networks. 
It can be inferred that any scale to assess how appropriate and representative the measurements collected 
are for the desired assessment purpose so that its content validity can be evaluated. It can bee can 
understood how well a concept, idea, or behavior is translated or transformed that is a construct into a 
functioning and operating reality, the operationalization [14] on any scale so that its construct validity 
can be understood. This method can also be used for criterion validity because how well one measure 
predicts another measure can also be calculated. 


This research is limited by Three-Valued Logic but it can be extended higher n-valued logics as well. It 
1s limited by classical statistics such as correlation or neural networks but neutrosophic statistics can be 
also used or the whole data. It is limited by investigating the validity in terms of neutrosophy but this 
research can be extended into more broader concepts in education. Additionally, more sophisticated 
formulas can be also developed for subsequent analysis. 
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Neutrosophic Dynamic Set 


A.A. Salama, K.F. Alhasan, H. A. Elagamy, Florentin Smarandache 


А.А. Salama, К.Е. Alhasan, Н. A. Elagamy, Florentin Smarandache (2021). Neutrosophic Dynamic 
Set. Neutrosophic Knowledge 3, 5 


Abstract: In this paper, we introduced the concept of the dynamic set according to modern logic, is 
neutrosophic logic. We study the neutrosophic dynamic set according to time and random variable 
depended on dynamic set. Neutrosophic dynamic is a dynamic analysis of a sequence of data 
through of time. It used in many problems in life such as a mathematical statistic, philosophy, 
medicine, engineering. Some examples and notes are presented. 


Keywords: Neutrosophic Dynamic Set, Neutrosophic, Crisp Set, Dynamic Set 


1. Introduction 


Usually, the neutrosophic set used in available to us information has some indeterminacy [1] and for 
this, its extensions have become widely applied in almost areas, such as decision-making [6,4], 
clustering analysis[2], image processing [5], etc. However, in some complex problems in real- life, 
data may be collected from a different time that needs dynamic decision making for such situations. 
The term 'dynamic' can be is a series of decisions required to reach a target or the condition that 
dependent taking of decision and the state of problems. In this paper, we consider dynamic 
Neutrosophic according to time. The time of the employees 'arrival to their place of work, the follow- 
up of the students' arrival at their universities Patient care, and record the development of all health 
changes within a specified time. 

Neutrosophic set [1] 

The part function (indeterminacy function) that Smarandache (1999) added to intuitionistic fuzzy sets 
and itis called NeutrosophicSets. This theory is a robust generalization of the classic set theory, fuzzy 
set theory by Zadeh, 1965, intuitionistic fuzzy set theory by Atanassov, 1986. Neutrosophic sets 
present a new part called "indeterminacy" differently from other fuzzy sets, and this part makes 


meaning more information than other approaches (Wen & Cheng, 2013).[9] 
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A neutrosophic set contains three parameters (parts), which are: truthiness (T), indeterminacy (I), and 
falsity (F). Truthiness and falsity correspond to membership (и) and non-membership (ит) in 
intuitionistic fuzzy sets. Indeterminacy means that decision-makers assess for a decided indicating 
neutral idea [3]. 


Concepts of Neutrosophic sets 


2. Neutrosophy set 


Let Abeasetinuniversalset U, represent A by a(x), a truth membership function, u a(x): X ] 
0, 1* [, IA(x), an indetermanced membership function, I(x): X ] 0; 1* [ and их (x) a falls 
membership function, их a(x): X— | 0, 1*[, all these functions аге real standard or nonstandard 
subsets of ] 0", I*[, where X is non empty set [1, 10] . 
Let О is a neutrosophic sample space that contains some ог all of the data that are indeterminacy for 
the neutrosophic experiment. Then we can define Neutrosophic random variable X is a function 
defined on О. 
This function may contain the undetermined in a domain or codomain of function, denoted by 

X: О > any values (can be real or indeterminate values), that is, if и € О then X(u) is equal to me 


or real number. 


3. Dynamic Neutrosophic set 


Let 0 zT, A is neutrosophic set, we will define A with respect to time t, such that t belong to T, T > 
0 as follows: 

DA, = {ид (t), 1, (t), ua (t); t € T}, this DA;, is called dynamic neutrosophic set according to time t. 
In the field of technolog 

The dynamic neutrosophic class can be defined as 

Dynamic neutrosophic data sets are a way of narrowing the number of choices with three degress a 
user can make on a form field. By narrowing a user's choices, they can enter data faster and more 
efficiently. You can also use dynamic neutrosophic data sets as a way of eliminating fields that are 
not necessary for specific situations. 

Dynamic neutrosophic data sets are governed by a master element that dictates what some fields in 
the set will show and how others will behave. Data sets are considered "dynamic" because the values 
of the elements in the set change, depending on what the user chooses in the master element field. 


Dynamic data sets work with pull-down lists and radio buttons. 


4. Dynamic Neutrosophic random variable 


Consider О is neutrosophic sample space as T, such that T= (t1, tz, .., tn), where ti is equal to interval 
or real number or set or indeterminacy. 


Define the Neutrosophic random variable X with respect to t, X(t), such that X: Q > | ©, 1*[ or I. 
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Some examples of dynamic Neutrosophic 
Example 1:- 
If the time to arrival students to university between [7:30 -8:30], we can represent the interval of 
time according to time dynamically as follow: 
Computed numbers of the students who arrive at this time [7:30 - 8:30] surly, 
computed numbers of the students who not the arrival at this time [7:30 - 8:30] and 
computed numbers of the students whose time arrivals are not determined at this time [7:30 - 8:30]. 
In other words, we can represent the students which arrival at this time [7:30 - 8:30] surly by X(t); 

Represented the students who not the arrival at this time [7:30 - 8:30] by Y (t); 

Represent of the students who time arrivals are not determined at [7:30 - 8:30] by Z(t). 
Now, if suppose the number of students who came through this time is 50%, the number of students 
who did not arrive at this time 30%, and the number of students who arrive not determined at [7:30 
- 8:30] are 2076. Thus, we can study define dynamical of arrival students according to this time as: 
DA, = (X4 (t),Z, Œ), Y, Œ), ; t € T), = (50976, 20%, 30%} Such that A represent the arrival students. 
Remark 
In the above example, if to need to study according to t more precisely, where t = [7:30 - 8:30], in this 
case using the exponential distribution for all cases, that is study X(t) by exponential distribution 
and for Y(t), and Z(t), too . 
Example:-2 
Assuming we have a set of people, we want to know whether they have had a virus COVID-19 test 
during a specific time for three months since we can identify people who have an infection or 
immunity to this virus. 
In this case, we consider the set of people as follow: 
Let A is the neutrosophic set, some of the peoples are tested denoted byX, (t), some peoples are not 
tested, denoted by Y, (t) and other people are undefined who tested or not tested Z, (t) (that is: error 
of test, unknown who test or not, data of their not identified). 
Let DA, = (X4 (t), 24 (t), Y, (0),; t € T) and T= [0 day - 90 day] 
Such that, X, (t) represent the person who tests; 

Y, (t) represent the person who not test; 


Z4 (t) represent the person who doesn't know about the test. 


If, X, (t) =24%; 
Y, (t)=55%; 
Z4 (t) =67% 
Then DA, = ( 2496, 5596, 6796 } and T= [0 day - 90 day] 


916 


Florentin Smarandache (author and editor) 


Collected Papers, VIII 


In some data, if suppose number the person who tests 30%, if suppose number the person who does 


not test 70%, if suppose number the person who does not know about test 60%. Then DA, = 


(3096, 70%, 60% } and T= [0 day - 20 day]. 


Example:-3 


The following represent the neutrosophic dynamic data structure for Security A=ASL (NDS), B-KCR 


(NDS), C=PKI (NDS) and M=AvBvC 


No.Nodes A=ASL(NDS) B=KCR(NDS) C=PKI(NDS) М=АҮВҮС 

25 «0.026, 0.034, 0.94» «<0.95, 0.93, 0.07> «0.15, 0.85, 0.15» — «0.95, 0.034, 0.15» 
50 «0.021, 0.036, 0.943» «0.021, 0.036, 0.943» «0.2, 0.85, 0.15» «0.2, 0.036, 0.15» 

75 «0.025, 0.038, 0.937» «0.95, 0.85, 0.15» «0.23, 0.85, 0.15» — «0.95, 0.038, 0.15» 
100 «0.022, 0.038, 0.939» «0.96, 0.92, 0.08» «0.26, 0.92, 0.08» — «0.96, 0.038, 0.08» 
125 «0.015, 0.004, 0.981» «0.96, 0.93, 0.07» «0.3, 0.93, 0.07» «0.96, 0.004, 0.07» 
150 «0.017, 0.004, 0.979» «0.96, 0.94, 0.06» «0.32, 0.94, 0.06» — «0.96, 0.004, 0.06» 
175 «0.014, 0.004, 0.982» | «0.96, 0.94, 0.06» «0.36, 0.94, 0.06» — «0.95, 0.004, 0.06» 
200 «0.023, 0.004, 0.973» <0.96, 0.94, 0.06» «0.4, 0.94, 0.062 «0.96, 0.004, 0.06» 
225 «0.02, 0.004, 0.976» — «0.02, 0.004, 0.976» — «0.44, 0.94, 0.06» «0.44, 0.004, 0.06» 
250 «0.015, 0.004, 0.981» «0.96, 0.94, 0.06» «0.45, 0.94, 0.06» — «0.96, 0.004, 0.06» 


5. Discussion 


Neutrosophic dynamic is an important technique of study the problem according to time in topology, 


choice, dynamical for some functions, and particularly in mathematical statistics. Neutrosophic 


dynamic is a dynamic analysis of a sequence of data according to time. Its employment in many 


problems in life such as a mathematical statistic, philosophy, medicine, and engineering. 


In this paper, we defined this technique and it can use in the analysis of many problems by 


exponential distribution and distribution with the prior conjugate. 


6. Conclusion and results 


1. In this paper we were able to introduce a new concept of the neutrosophic technique is called 


a dynamic neutrosophic set, this conceptis very important to applied in many phenomena in 


life . 


2. The dynamic neutrosophic set is used in analysis dynamic according to time 


3. Application to explain some problems in statistics, choice, topology. 
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ABSTRACT 


Fuzzy models are present everywhere from natural to artificial structures, embodying the dynamic processes in 
physical, biological, and social systems. As real-life problems are often uncertain on account of inconsistent and 
indeterminate information, it seems very demanding for an expert to solve those problems using a fuzzy model. 
In this regard, we develop a hybrid new model m-polar Diophantine neutrosophic N-soft set which is based on 
neutrosophic set and soft set. Additionally, we define several different sorts of compliments on the proposed set. 
A proposed set is a generalized form of fuzzy, soft, Pythagorean fuzzy, Pythagorean fuzzy soft, and Pythagorean 
fuzzy N-soft sets. In this manner, m-polar Diophantine neutrosophic N-soft set is more proficient, a versatile model 
to oversee vulnerabilities as it likewise survives the downsides of existing models which are to be summed up. 
Furthermore, we give the application of the proposed set in multi-attribute decision-making problems by defining 
a new choice-value function. 


KEYWORDS 


Neutrosophic set; soft set; N-soft set; m-polar diophantine neutrosophic N-soft set; decision making 


1 Introduction 


The idea of a set and set theory are incredible assets in arithmetic. Shockingly, a non- 
condition basic set theory for example that the component can either have a place in a set or 
not, is frequently not appropriate in genuine a daily existence where numerous unclear terms 
as “enormous benefit,” “high pressing factor,” “moderate temperature,” “dependable instruments,” 
“safe conditions,” and so forth are broadly utilized. Tragically, such loose depictions cannot be 
sufficiently taken care of by ordinary mathematical tools. 
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In fuzzy theory, a recently characterized model by and large beats the downsides of recently 
characterized models. Because of uncertainty and weaknesses issues in numerous days by day life 
issues, routine math is not continuously accessible. To manage such issues, different methods such 
as the theory of possibility, rough set assumption, and fuzzy set theory has been considered as 
elective models and to keep away from weaknesses too. Inopportunely, the greater part of the 
options such as science have their own disadvantages and downsides. For example, a large portion 
of the words like expert, amazing, best, significant 1s most certainly not quantifiable and uncertain. 
The rules for words like superb, best, famous, and so forth, hesitate from individual to person. 


To deal with such sort of equivocal and unsure data, Zadeh [1] investigated the idea of fuzzy 
set which is mapping from a universal set X to [0, 1]. Atanassov [2] proposed the fortuitous of 
intuitionistic fuzzy sets as an expansion of fuzzy sets by presenting the idea of membership and 
non-membership grades. Molodtsov [?] began the thought of soft set as a mathematical model 
to oversee vulnerabilities. The chance of soft set has another objective for the researchers due to 
them utilizes in a wide range of exuberant issues. 


Ali et al. [4] presented some new operations on soft set theory. They introduced the ideas 
of expanded and restricted union and intersections in detail. In [5—7], Yager introduced and 
investigated several relations on Pythagorean fuzzy set. Peng et al. [9] discussed certain results 
on Pythagorean fuzzy sets and also defined the Pythagorean fuzzy number in. Peng et al. [9] set 
up some Pythagorean fuzzy data measures and their applications. Peng et al. [10] proposed some 
new approaches to manage single-regarded neutrosophic MADM reliant on MABAC, TOPSIS, 
and new closeness measure with score function. In [11—21], many decision-making problems and 
algebraic structures are discussed over different fuzzy environments. 


Smarandache's introduced neutrosophic set and then proposed many operation on it [22—24], 
Neutrosophic set (NS) based on three parameters namely, membership, indeterminacy, and non- 
membership. Wang et al. [25] propsed the concept of single valued neutrosophic sets Deli 
et al. [26] introduced the idea of bipolar neutrosophic set and their applications in multi-criteria 
decision making problems in. Fatimah et al. [22] introduced the notion of an N-soft set which 
is an extension of a soft set. Many problems related to decision-making are discussed by using 
different kind of environments in [27—30]. 


There are many problems regarding decision-making that need to improveby investigating 
a new set or model. In this regard, we develop a proposed setthat provides a more batter 
approximation than existing sets. The proposed work is arranged as follows. In Section 2, some 
preliminary concepts are given to understand the proposed work. In Section 3, we define the 
notion of m-polar Diophantine neutrosophic N-soft set and then define some operations on it. In 
Section 4, we discuss different types of compliments on the proposed set. We give the comparison 
table and application in multi-attribute decision-making problems in Section 5. 


2 Preliminaries 
In this section, we give some preliminary concepts related to previous existing sets. 


Definition 2.1. [1] A fuzzy set is a mapping и from universal set X to [0, 1] such that, u: X > 
[0, 1]. The fuzzy set can be written in the form of 


Fy ={(x, wr (x)): xe X}. 
Definition 2.2. [2] An intuitionistic fuzzy set on universal set X is defined as 


Ly ={(x, wi (0), 7 (x): x eI), 
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where ur: X — [0,1] and vr: X — [0,1] are the membership and non-membership functions, 
respectively. 


Definition 2.3. [3 1] The m-polar fuzzy set on a universal set M is a mapping ш: M — [0, I] 
and m(X) is the collection of all m-polar fuzzy set on M. 


Definition 2.4. [3] The soft set is defined by the set valued mapping gy: T — 2^, where T 
denotes the set of parameters and 27 is the power set of T. The soft set can be written as, 


фт =(y,L)= TTO) :teZ,g(t) e2]. 


Definition 2.5. [32,33] A fuzzy soft set is defined as 
ls = (07, у5 0D0:teT,yse- 02). 


where ys: T > F (L) and F (1) is the collection of all fuzzy sets on L and Т is the set of 
parameters with S C T. 


Definition 2.6. [4] Let X be the crisp set. Intuitionistic fuzzy soft set (IFSS) 15 interpreted by 
multi-valued mapping V: B — IF*, where IF* represents the collection of all IF-subsets defined 
over crisp set X (where BC X). Thus the IFSS can be expressed as 


Cpe |е, ve (©) ; ec X, yg e IF*]. 

Definition 2.7. [5] Let X be the crisp set. А Pythagorean fuzzy set (PFS) can be expressed as 
P={<p,up(p),ve(o) >: 0 < (р) + vb () Sl pe X]. 
where ир: X — [0,1] and vp: X — [0,1] with the condition that 0 < u3 (p) + v? (0) <1, is known 


as the degrees of membership and non-membership of o € X to the set Р. 


Definition 2.8. [55] The score function and accuracy function of Pythagorean fuzzy number 
а = (Ug, Va) over X is defined as, 5 (у) = и2 – 02 апа Q(y) 2 и +, with $—1 «y x 1 and 0 
s Oy) = 1. 


Definition 2.9. [36] The ranking function of Pythagorean fuzzy number y = (uy, vy) over X 
is defined as 


1 1 20, 
ics uU ae J? 


where ry =,/u3 + v? is called commitment strength and 6, is the angle between r, and uy. The 
E dg : ; 20 | 
direction of commitment d, is d, = 1 — У where Шу — rycos0y, vy —rysinty. 
л 


Definition 2.10. [57] Let X be a non-empty universal set, S be the set of attributes, and Y c S. 
Let D= (0, 1, 2,..., N — 1} be set of grading. The triple (Fp, Y, N) is said to be a Pythagorean 
fuzzy N-soft set on X, if F, is a mapping Р: Y > 2**? x PFN, in which F: Y > 2**?, and 
Р: Y — PFN, where PFN is Pythagorean fuzzy number. That is и: Y > [0,1] and v: Y — [0,1] 
such that 


О< и? (х) +0? (х) <1, VyeY, wre, 
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Hence, 
(Fp, Y. N) = (Gy) (иу 69 v 09), 
Definition 2.11. [38] A neutrosophic fuzzy set (NS), 5 over the universal set X is defined as 
5 = (у, us (Y), As (Y), 05 Wy), 


where mappings us, As, vs stand for degree of truth, degree of indeterminacy, degree of falsity. 
Ls. As, Vs € [0,1], with 0 € us -- As +05 <3. 


d, € D. 


3 m-Polar Diophantine Neutrosophic N-Soft Set 


Definition 3.1 Let £= 10, 1, 2,..., N — 1} be the set of grades where N є (2 3, 4, ...}. If X 
is a non-emty set and E is the family of attributes. Let 4 be a non-empty subset of E. A m-poler 


Diophantine neutrosophic N-soft (MPDNNS) set on X is denoted as (U, A, m, N) or Quam. where 


U: A> P (PF X x £) is a mapping (where PF X is the aggregate of all Diophantine neutrosophic 
subsets over X). That is 


O,A4,m, № = ; 
я le ие 


lee Ap eX. roes}, 


Hm Co) i24 (0), А2 C0)... Ат Co) i v1 (0), V2 (о),..., Vm CO) 


where ue: X — [0, 1]" , ve: X — [0, 1]", and àe: X — [0, 1]" are mappings along with the property, 


m m m 


o<) ш" (о) + У и" (о) + $ MP (о) < 3m. 


i-1 i=1 i=1 


In particular, j;4(o) represents the truth-membership, v;(p) denotes degree of falsity- 
membership, A;(p) is the degree of indeterminacy and [,(o) denotes the grading value of the 
element p € X corresponding to the attribute e € A to the set (б, А, m, N). If we write aj = ре (у), 
bij = ve; (pj) dij = ei (pj), and су = le; (oj) where i runs from 1 to m and j runs from 1 to n then 


the MPDNNS set Oo may be represented in tabular form as 


(m,N) 
Оң 


€] е2 em 

Pl (C11, (011,421, dm; (C12, (411, 421,°** ат; (Cim, (011,021. 77 , Am1; 
did, dmi di, d51,::: dm; dii, d51,::: dg; 
bii, bi, bg) bibi, ,bm1)) bibi, ,bm1)) 

02 (Coty (032,023, * ,Am2; (C22, (0124022, `° ` , Am2; (Сот, (412, 22; * ^ * , Am2; 
di2, @ә2,+°* „Ф; bio b22, ++ „Б; bio, b22, ++ „Ё; 
b12, b22,- ,bm2)) b12, b22,- , bm2)) b12, b22,- , bm2)) 

Pn (Ср, (а1п„@2п,```›@тп; (Cm, (Aln, A2n,** тп; (Cnm, (Ain, 2л, ** 7 , Amn; 
din, doy, Urt ug dmn; din, don, ttt dmm; dins don, ttt dmn; 
bin, bon, “ке bmn)) bin, ban, Utt bmm)) bin, bon, E bin)) 
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and in matrix form as 


(O, A, m, N) 
= [leis (ai. dij. bi))], s, 

(C11, (11,421,777 4m; (C12, (011,421, 7 , 4m1; (Cim, (411, 421,7 77 4m; 
be eee 41,021, ,dm1; e dudas , dm]; | 
| bii, bns bg) bibi, ,bm1)) e Бур, Вор, bg) | 

ps (d12,022,::: 25 (C22, (12,022. `: m; (Сэт, (012. 22. `° , Am2; | 

ETE dg; d19:050,5 , dm: + 4,422, , dm; | 
=] TE bin2)) b12,b22,-++ ,bm2)) e Бро, b22,°++ ,bm2)) | 
| | 
| (Сат, (125 020577 „рт; (n2; (Ain, 2057 77 , Amn; (Cams (Ain, 2n. 7 77 , mn; | 
pu ‚ dmn; din, dən, * , dmm; e din, don, ,dmn; | 

bis, bog, °° 3) bin, bans ++: ,bmm)) НЕЕ Din, ban, +++ ,bmn)) 


This matrix is called m-Polar Diophantine neutrosophic N-Soft matrix or shortly MPDNNS 
matrix. 


Note: We use the expression x” + y” = z” in Definition 3.1, which is similar to Diophantine 
equation. Thats why we call m-polar Diophantine neutrosophic N-soft set instead of m-polar 
neutrosophic N-soft set. 


Definition 3.2. An MPDNNS set OF M over X is known as null MPDNNS set, symbolized as 
Or ©) and defined as 


0500) _ ((« | (0,1ф(0)) |) 
Ф Loi (0), Upal), o иф, 00): Аф, (0). Аф (0). 77 А, (0): Voy (0). Vo CO). °° + 5 Vn 00) 


lee 4p eX. ypes}, 


where, Lg(P) = 0, (0) = l, vo;Co) = 1, 1 <i<m, and 1ф(0) = 0. 
Definition 3.3. An MPDNNS set 007") over X is known as absolute MPDNNS set, symbolized 
as Ope and defined as 


ge -b _ Ife (0, le (p)) | 
H "| (ик, (P), ME (9) > MEn (P); VE, CO) VE (0). "УЕ, (0) | J 


ee Ape X. Age]. 


where ug(o) = 1, Ag(o) = 0, v(e) = 0, 1 xixm, and Ig(o) =N — 1. 
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Example 3.1. Let X = (pi, ро, P3, P4, 05, 06, P7}, E = tei, еә, ез} and £= (0, 1, 2,..., 5}. 


Suppose that A = {e1, ез}. Then 


UF” = (ei, (01,3, (.3,.4,.5;.5,.4,.3;.1,.6,.4)), (04,4, (.4,.3,.1;.4,.4,.2;.3,.4,.5)), 


(от, 5, (.6,.2,.55;.3,.1,.2;.4,.3,.5))}), (ез, (002,2, 2, .1, .7; .6, .6, .5;.8,.4,.6)), 
(p3, 1, (.5,.6,.7;.7,.5,.4;.4,.3,.1)}, (05,2, (4, .6, .2;.7,.3,.5;.7,.5,.3))D} 


is a 3PDN6S set over X. The tabular representation of Q5» 18 

79 е1 е? ез 

pi (3, (.3, .4, .5;.5, .4, .3; .1, .6, .4)) (0, (0,0,0;1,1,1;1,1,1)) (0, (0,0,0; 1,1, 1; 1, 1, D)) 

02 (0,(0,0,0;1,1,1;1,1,1)) (0, (0,0,0;1,1,1;1,1,1)) (2, C2,.1,.7;.6,.6,.5;.8,.4,.6)) 
93 (0, (0,0, 0; 1, 1, ; 1, 1, 1)) (0, (0,0,0; 1,1, 1;1,1,1)) (1, (.5,.6,.7;.7,.5,.4;.4,.3,.1)) 
m (4, (.4, .3, .1;.4,.4,.2;.3,.4,0.5)) (0, (0,0,031,1,151,1,1)) (0,(0,0,0;1,1,1;1,1,1)) 

05 (0, (0, 0,0; 1, 1, 1)) (0, (0,0,0;1,1,1;1,1,1)) (2,(.4,.6,.2;.7,.3,.5;.7,.5,.3)) 
06 (0, (0,0,0; 1, 1, 1; L, 1, D)) (0, (0,0,031,1,131,1,1)) (0, (0,0,0; 1,1, 1;1,1,1)) 

07 (5,(.6,.2,.55;.3,.1,.2;.4,.3,0.5)) (0,(0,0,0;1,1,1;1,1,1)) (0,(0,0,0;1,1,1;1,1,1)) 


| 
| 
| 


subset of 


also in Ов 


The corresponding 3PDN6S matrix is (U, A, 3, 6) = [ау, dij, bijl1x3 


3,(.3,.4,.5;.5,.4,.3;.1,.6,.4)) 0,(0,0,0;1,1,1;1,1,1)) 

0, (0,0,0; 1,1,1;1,1,1)) 0, (0,0,0;1,1,1;1,1,1) 

0, (0,0,0; 1, L, 1; L, L, D) 0, (0,0,0; L, L, E L, ], D) | 
| 


( (0, (0,0,0;1,1,1;1,1,1)) 
\ \ ) 
( ( ) 
(4, (.4,.3,.1;.4, .4,.2;.3,.4,0.5)) (0,(0,0,0;1,1,1;1,1,1)) 
( ( ) 
( ( ) 
( ( ) 


( 

(2, (.2,.1,.7;.6,.6,.5;.8,.4,.6)) 

(1,(.5,.6,.7;.7,.5,.4;.4,.3,.1)) 

(0, (0,0,0; 1,1, 1;1,1,1)) 
0, (0,0, 0; 1,1, 1; 1,1,1)) 0,(0,0,0;1,1,1;1,1,1)) 4 
0, (0,0, 0; 1,1, 1; 1,1,1)) 0,(0,0,0;1,1,1;1,1,1)) 4 
5, (.6, .2,.55;.3,.1,.2;.4,.3,.5) «ОООО ( 


2, (4, 6, 2; .7,.3,.5;.7,.5,.3)) 
0, (0,0,0; 1, 1, 1; 1, 1, D) 
0, (0,0,0; 1, 1, 1; 1, 1, D) ) 


Definition 3.4. Let 07^"? апа 50^"? be MPDNNS sets over X. Then UY’ is MPDNNS 
UND. ie к ND ё gem М» if 

e ACB, 

e № < Np, 

e WiA(P) < uiBlp), 1 <i<m, 

e Ai4(p) = Xip(o), 1 xim, 

e vi 4(p) > vip(p), 1 <i<m, and 

e 14(0) < 1800). 


It is worth mentioning that 07^"? © UQA? it is not necessary each element of UY” is 
(m,N2) 
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Definition 3.5. Let 07^"? and UYA? be MPDNNS sets over X. Then 607^"? is MPDNNS 
equal of Qr i.e., Drew = B. if 

e A — В, 

e № = №, 

e 1.400) = ш,в(р), 1 <i<m, 

e Ai4(p) = л: в(о), 1 <і< т, 

e v; alp) —vip(p), 1 <i<m, and 

e (4(p) = Їв(ю). 

Proposition 3.1. If oro is any MPDNNS set over X, then 

Quy COT, 

Gao coe 

Proof. 


(i) The truth-membership, degree of indeterminacy and degree of falsity always fall in [0, 1] 
according to Definition 3.1 of MPDNNS set. So, 0 < ui 4Co), vialo) < 1, Ал (p) < 1, and grading 
value 0 x 14 (р), Vo e X and 1 <i<m. 


Thus, it follows from Definitions 3.4 and 3.2 of null MPDNNS set ш . Hence, 
(т,0) c «Qn, N) 
бу с б p А 


(ii) Clearly, ш; 4(o) < 1, vialo) > 0 and у; 4(o) > 0 and grading value 14(0) < N— 1 for all 
рє Х and 1 €i x m. Thus, it follows from Definitions 3.4 and 3.3 of absolute MPDNNS set. 


Hence, 00^ & 050% 0). 
Proposition 3.2. If gu 0p and oo are MPDNNS sets over X, then 
O67 aoe, 
Е асо ие 


Definition 3.6. Let 04%) and б>“? be MPDNNS sets over X. Then their extended union 
is defined as one = HOD GBD, 


(m,N)* 
бс 


' [ (ил,с(о), ио,с(0), 77 › Um, CCP); А,с(0о), А, с(ю) -=> , Am, CCO); vi cGo). voco) s Vm, cGo) 
lee C, p € X,lc(o) ec] 


where, 
e C=AUB, 
e (m, N)* = (m, max{Nj, N5j), 
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e ис(о) = maxtui4Co), ш,в(ю)}, 1 <i<m, 

e Ac(p) = min(Ai4(o), A;ip(o)) 1 xix m, 

e vc(o) = minivi4(o), vig(o)) 1 <i<m, and 

e (c(p) = max{l4(p), Us(p) V e eC. 

Definition 3.7. Let oe and pc be MPDNNS sets over X. Then their restricted union 


is defined as Do Fou DUE POI 


ooa 
E ((« | (о, Їр(о)) |) 
' | (и1,р(ю), иә,р(ю), +> , Um, DCO); 1, DG). А,р(ю)··· àm, DCP); vi, Co). vo, Co) +++ , Ym, DCP) 


lee D.p e X. App) e£ 


where, 
e D— АПВ, 
e (m, N)? = (т, таах{ М, N>}), 
e uplp) = maxini4(o), ш.в(р)}, | xix m, 
e Ap(p) = min(A;4(p), Ajpg(p)) 1 xix m, 
e vp(p) = minivi4(p), vipg(o)) 1 xi xm, and 
e [p(o) = max{l4(p), Ux(p)) V e € D. 
Example 3.2. Let Y = {p;: i= 1, 2... 8}, E= (er i= 1, 2, 3} and £= (0, 1, 2,..., 12). 
Assume that A = (ej,e3] € E and В = (e»,e3) С E. Then 
OS) = ei, (902, 11, C1, 9, .7;.5, 3.25.4, 6, .8)), (05,9, (.2,.1,.2;.3,.4,.5;.6,.7,.8)), 
(07,8, (.3,.4,.5;.6,.7,.6;.5,.4,.3))}), (ез, {(03, 3, ([4, .3, .45.5,.6,.8; .7, .6, .5)), 
(04,6, (.5,.4,.5;.6,.7, .7; .6, .4, .2)), (р, 5, (.6, .5, .6;.7, .8, .9; .8, .7, .6))})} 


is a 3PDN13S set over X. The corresponding prm matrix is 


UF) — [len (a5; dy; ble 
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0, (0,0,0; 1, 1, 1; 1, 1, D} 
11, (.1,.9,.7;.5,.3,0.2; 4,.6,.8)) 
0, (0,0,0; 1, 1, 1; 1, 1, D} 

0, (0,0,0; 1, 1, 1; 1, 1, D} 

9, (.2, .1,.2;.3, 4.5;.6, .7, .8)) 

0, (0,0,0; 1, 1, 1; 1, 1, D) 

8, (.3,.4,.5;.6,.7,.6;.5,.4,.3)) 


( 
( 
( 
( 
( 
( 
( 
(0, (0,0, 0; T. 1, 1; T, I, Ty) 


| 


0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


p 


) 
) 
) 
) 
) 
) 
) 
) 
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(0, (0,0, 0; 1, 1, 1; 1, L, D} 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 

(3, (4, .3, 4;.5, .6,.83.7, .6,.5)) 
(6, (.5,.4,.5;.6,.7,.7;.6,.4,.2)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 

(5, (.6,.5, .6;.7, .8.9;.8, .7, .6)) 
(0, (0,0,0; 1,1, 1; 1, 1, D) 

(0, (0,0,0; 1, 1, 1; 1, 1, D} 


(1) 


US (ез, (001,9, (.7, 6,4, .2,.1,.4;.3,.5,.7)), (04,6,(.8,.6,.5;.6,.4,.7;.5.8,.9)), 
(p8, 8, (.1,.3,.4;.8,.7,.4;.7,.3,.1))}), (e3, {(02, Сеа .3; .6, .7, .9; .7, .3, .6)), 
(оз, 5, (.1,.2,.4;.8,.7,.1;.8,.3,.7)), (07,3, (.2,.3,.6;.9,.8,.7;.8,.7,.5))})} 


is a 3PDFIOS set over X. The corresponding d 


5610 — Te, (aij; Бу) )]в з 


(3,10) 
Og 


0,0,0.0 T, TT E 4, D) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


| 
\ 


( E 
( ) ( 
( o d 
( o 
( ) ( 
( ) ( 
( ) ( 
( ) ( 


LM VU ТИЕР) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 

6, (.8,.6,.5;.6,.4,.7;.5,.8,.9)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 

8, (.1,.3,.4;.8,.7,.4;.7,.3,.1)) 


matrix is 


(0, (0,0,0; 1, 1, 1; 1, 1, 1)) 
(1,02,.1,.3;.6,.7,.9;.7,.3,.6)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(5, (1,.2,.4;.8,.7,.1;.8,.3,.7)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(3, (.2,.3,.6;.9,.8,.7;.8,.7,.5)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 


Q) 


Extended union of po and Do is given below in Eq. (3): 


О = ЗУР where C = (e1,e5,e3] 
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| 


(3,13) 


Restricted union of U% and guo is given below in Eq. (4) 


0,0 0,0 LL, E T, 1,1) 
11,(.1,.9,.7;.5,.3,.2;.4,.6,.8)) 
0,(0,0,0;1,1,1;1,1,1)) 0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 6,(.8,.6,.5;.6,.4,.7;.5.8,.9)) 


( (9, BENE A 1 .2,.1,.4;.3,.5,.7)) 
\ \ 
\ \ 
( ( 
(9, (.2,.1,.2;.3,.4.5;.6,.7,.8))  (0,(0,0,0;1,1,1;1,1,1)) 
\ \ 
\ \ 
( ( 


0, (0,0,0; 1,1, 1;1,1,1)) 


0, (0,0,0; 1, 1, 1; L, 1, D) 
1, (.2,.1,.3;.6,.7,.9;.7, .3, .6)) 
3, (.4,.3,.4;.5,.6,.8;.7,.6,.5)) 
6, (5, 4,.5;.6,.7, .7;.6, 4, .2)) 
5, (.1,.2,.4;8,.7,.1;.8,.3,.7)) 
5, (.6,.5,.6;.7, 8.9; .8, .7, .6)) 

3, (.2,.3,.6;.9,.8,.7;.8,.7,.5) 

0, (0,0,0; 1, 1, 1; L, 1, D) 


0, (0,0,0; 1,1,1; 1,1, D) 0, (0,0,0; 1,1,1; 1, 1, D) 
8, (.3,.4,.5;.6,.7,.6;.5,.4,.3)) (0, (0, 0, 0; 1, 1, 1; 1, 1, 1)) 
0,(0,0,0;1,1,1;1,1,1)) 8, (.1,.3,.4;.8,.7,.4;.7,.3,.1)) 


Bs! Cu cr m 


(3) 


0619 2 UF!) CRUG" where D = {ез} 

0,00,0,0;1,1,1;1,1,1)) (0,(0,0,0;1,1,1;1,1,1) 
0, (0,0,0; 1,1,1;1,1,1)) (0, (0,0,0; 1,1, E; L, 1, D) 
0, (0,0,0;1,1,1;1,1,1)) (0,(0,0,0; 1,1, 1; 1, 1, 1) 


) ) (0,(00,0,0; L, 1, E; 1, 1, D) 
) ) 
) ) 
0, (0,0,0;1,1,1;1,1,1)) (0, (0,0,0; 1,1, 1;1,1,1)) 
) ) 
) ) 
) ) 
) ) 


1, (.2,.1,.3;.6,.7,.9;.7,.3,.6)) 
3, (4, .3,.4;.5,.6,.8;.7,.6,.5)) 


( 
( 
( 
(6, (.5,.4,.5;.6,.7,.7;.6,.4, .2)) | m 
( 
( 
( 
( 


0, (0,0,0;1,1,1;1,1,1)) (0,(0,0,0;1,1,1;1,1,1) 
OO 00 TL, T, E T, , D5- £0, (0,0,0: T, F1; T, 1.0) 
0, (0,0,0;1,1,1;1,1,1))} (0,(0,0,0;1,1,1;1,1,1) 
0, (0,0,0;1,1,1;1,1,1)) (0, (0,0,0;1,1,1;1,1,1) 


3 G1 4 2158. 7,158, 5,79 
5, (.6,.5,.6;.7,.8.9;.8,.7,.6)) 
3,(.2,.3,.6;.9,.8,.7;.8,.7,.5) 


\ 
( 
( 
( 
( 
( 
( 
( 0,(0,0,0;1,1,1;1,1,1)) 


( 
( 
( 
( 
( 
( 
( 
( 


Definition 3.8. Let or D and geen) be MPDFNS set over X. Then their extended 
intersection is defined as 


(n,N), — Gn, Ni) A 7 Gn N2) 


Qoae. = {(¢ | (о, [c(p)) |) А 
» ' | (и1,с(о), ио,с(0), 77 m cGQ» vi, clo), v»cG) +++ Vm, c(p) ) - 
e€C,pe X,lc(o) ee] 


where, 
e C—AUB, 
e (m, N)* = (m, mintNi, №}), 
e uc(p) = тіп{и;, (0), niplo), 1 sim, 
e ус(о) = maxivi4(p), vig(p)) 1 xi xm, and 
e [c(o) = min{l4(p), Iglo) V e є С. 


928 


Florentin Smarandache (author and editor) 


Collected Papers, VIII 


Definition 3.9. Let Oo D and on 2) be MPDENS set over X. Then their restricted intersetion 


is defined as 


(m,N), — sem, Nn sen N2) 
On” *-0, Окор А 


(0,1р(0)) 


Е 
б (ил,р(о), мә,р(о), 


ee D.pe Хар) | 


where, 
e D— АПВ, 


e. (m, N)? = (m, min{N, N>}), 


e p(o) = min{ui (0), Hia(p)}, 1 xi xm, 

e vp(p) = max{vj,4(p), vig(o)) 1 xix m, and 

e 10(0) = min{l4(p), Iglo) Ve e D. 

Example 3.3. Consider gos and Drm as given in. Example 3.2 by Eqs (1) and (2), 
respectively. Extended intersection of 018 апа 010 is given below in Eq. (5): 


gr = OF nw where C = (e1,e5,e3] 


0, (0,0,0; T. T]: T, T, D) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


(3,10) _ 
OG = 


— с BS eS —— —— —— — 


) 
) 
) 
) 
) 
) 
) 
) 


Restricted intersection of U 


(3,13) 
А 


0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


\ 
\ 
\ 
\ 
\ 
( 
( 
(0, (0,0,0; T L, IT, 1. 1) 


) 
) 
) 
) 
) 
) 
) 
) 


> Шт,р(0); vı DCP), v2, p(p) Vm DCP) |) 


0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


\ 
\ 
\ 
\ 
\ 
\ 
\ 
(0, (0,0,0;1,1,1;1,1,1) 


) 
) 
) 
) 
) 
) 
) 
) 


апа pm is given below Eq. (6): 


5810 _ Onno” where D = {e3} 
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0, (0,0,0; 1, 1, 1; 1, 1, D) 0, (0,0,0; 1, 1, 1; 1, 1,1) 


0, (0,0,0;1,1,1;1,1,1) (0,(0,0,0;1,1,1;1,1,1)) (0, (0,0,0; 1,1,1;1,1, D 
0,(0,0,0;1, 1, ; 1, 1,D) 0, (0,0, 0;1,1,1;1,1,1)) (0, (0,0,0; L, L, E; 1, I, D) 
| 0, (0,0,0; 1,1,1;1,1,1)) (0, (0,0, 0;1,1,1;1,1,1)) (0, (0,0,0; 1,1,1;1,1, D) 

Op = | 0, (0,0,0; 1, IL, T; L, 1, D) 0,(0,0,0;1,1,1;1,1,1) 0,(0,0,0;1,1,1;1,1,1) (6) 


0, (0,0,0; 1,1, 1;1,1,1) 
0, (0, 0, 0; 1,1, 1;1,1,1) 
0, (0,0,0; 1, 1, 1; 1, I, D) 


0, (0,0,0; 1, L, E; L, L, D) 
0, (0,0,0;1,1,1;1,1,1) 
0, (0,0,0; 1, 1, 1; 1, 1, D) 


0, (0,0, 0; 1,1, 151, 1, D) 
0, (0,0,0; 1,1, 1;1,1,1) 


( 
( 
( 
( 
( 
( 
( 
( 0, (0,0,0; T1; T T; LT; D) 


dE XE. 
ME ES 
p s pu 
E. men 
); (0,(0,0,0;1,1,1;1,1,1)) «4 
NE bw 
NE. EE: 
E ) ( 


| 


Proposition 3.3. If OY"), UY”, UL" are MPDNENS set over X, then 


) 
) 
) 
) 
) 
) 
) 
) 


| 
| 
| 
| 
| 
| 
(i) o ND Ag D = go. 

(ii) o ND gg ND = ND, 

(iii) VPND Rer) уду), 

(iv) G^ PD TUND дут gc s. 

(v) UNA; (ооли) = (vtr Agee?) Roe. 

(vi) OU E (og Tze) ES (в 0879) кй, 

(Ry Or О Н SO 

(viii) DU ND Oi ND = 0050. 

ЕИ х 

(x) ОЗА) um ND рут), 

(xi) BOAR (otn; o?) - (ot^; o^?) Foe). 

(xii) UNDIR (og TRUC) = (ot ORUG?) TRUO. 

Proof. The proof is obvious from Definitions 3.4, 3.5, 3.6, 3.7, 3.8 and 3.9. 


Proposition 3.4. If Oper and Boom are MPDNENS sets over X, then 
à) (od AEDS) EOP? ё (гт обыр"). 


(ii) (OP nny) Č (50%) a CT a) 


IN? 


(iii) (OPP c С oe ND о) 


. QNA ‚№ = N2) = ‚Т ‚№ 
СООКО ЕО ооо), 


IN 
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Proof. Proof of this proposition is obvious from Definitions 3.4, 3.6, 3.8 and 3.9. 
4 Complements of m-Polar Neutrosophic Diophantine N-Soft Set 

Definition 4.1. Let De be MPDNNS sets over X. Then their weak complement 1s represented 

we 
as (or) and defined by 
m,N)\ WE 
(or) 
ca (00) |) 


_ , (р, (е (p)) 
(use, КУЛУУ (о) ООУ (0) 50 


lee A,p e X, me oes} 


we 


Ty (0); D ‚А (о), V2 A (p):- 


where, 
e uia(o) —-via(p), 1 <7< т, 
e 17400) = 1 — Aja(p 1 xizm, 
e vi AO) 
e Ur (o) СЇд(о) 


Example 4.1. Consider UG!) 


respectively. Weak complement of Up and uo are given below in Eqs. (7) and (8): 


= pui 4(p) l <i<m, and 
= 2, Уе € A. 


апа р as given іп Example 3.2 by Eqs (1) апа (2), 


(3,13)wc 
бл 


| 


| (0, (0,0,0; 1,1,1;1,1, D) 


0, (0,0,0; 1,1,1;1,1,1)) 0, (0,0,0; 1,1, 1;1,1,1) 
10, (.4,.6,.8;.5,.7,0.8;.1,.9,.7)) 0,0000: LT 1) 
0, 


> oD 


E d 3 Е) 3 ;1,1 Ы 


0 
0 
5, 


(0,0,0;1,1,1;1,1,1) (.7, .6, .5;.5, 4, .2;.4, .3,.4)) 


0, (0,0,0; 1, 1, 1; 1, 1, D) 
6, (.5, 4, .3; 4,.3, 45.3, 4,.5)) 


0, (0,0,0; 1, 1, 151, 1, D) 
| 0, (0,0,0; 1,1,1;1,1,1)) 


\ 
\ 
\ 
\ 
(8, (.6,.7,.8;.7,.6,.5;.2,.1,.2)) 
\ 
\ 
\ 


( ) 
( ) 
( ) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(0, (0,0,0; 1, 1,1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 


931 


( 

( 

( 

(8, (.6,.4, .2;.4, 3, .3;.5,.4,.5)) 

(0, (0,0,0; 1, 1, 1; 1, L, D) 

(7, (.8,.7,.6;.3,.2.1;.6,.5,.6)) 

(0, (0,0,0; 1, 1, 1; 1, 1, D} 

(0, (0,0,0; 1, 1, 1; 1, 1, D) 

(7) 
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(3,13)wc 
бв 


| 


| 


(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0; 1,1, 1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 


(8, (.3,.5,.7;.8,.9,.6;.7,.6, .4)) 
(0, (0,0,0; 1, 1, 1 1, 1, D) 
(0, (0,0,0; 1, 1, 1: 1, 1, D) 
(4, (.5, .8, .9; 4, .6, .35.8, .6, .5)) 
(0, (0,0,0; 1, 1, 1 1, 1, D) 
(0, (0,0,0; 1, 1, 1: 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(6, (.7,.3,.1;.8,.7,.4;.1,.3,.4)) 
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(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(7, (.7,.3,.6;.4,.3,.1;.2,.1,.3)) 

(0, (0,0,0; 1, 1, 1; 1, 1, D} 

(0, (0,0,0; 1, 1, 1; 1, 1, D} (8) 
(6, (.8,.3, 7; 2,.3, .9;.1, 2,.4)) 

(0, (0,0,0; 1, 1, 1; 1, 1, D} 

(2, (.8,.7,.5;.1,.2,.3;.2,.3,.6)) 

(0, (0,0,0;1,1,1;1,1,1)) 


. . (3,13) we (3,10) we i . 
Remark 4.1 Again taking week complement of (o 4 ) and (o B ) which given above 


in Eqs. (7), (8), respectively. There compliments are given below in Eqs. (9) and (10), respectively. 


(3,13) wc 
(02) ) 


(0,0,0; 1, 1, 151, 1, D) 
( 


6, (.1,.9,.7;.5,.3,0.2; .4, .6, .8)) 


(0, (0,0,0; 1, 1, 1; L, 1, D) 
(0, (0,0,0; 1, 1, 1; L, 1, D) 


( 
(0, (0,0,0; 1, 1, 1; L, 1, D) 
РЕС АЕР РУР ЕЯ 
(0, (0,0,0; 1,1,1;1,1,1)) 


(CN 


(€ (0,0,0; 1,1, E; L, 1, D) 
| (0, (0,0,0: 1, 1, 1: 1, 1, 1) 
(0, (0,0,0; 1,1,1;1,1,1) 
(0, (0,0,0; 1,1,1;1,1,1)) 

) 

) 

) 

) 


( 
| (0, (0,0,0;1,1,1;1,1,1) 
(0, (0,0, 0; 1, 1, 1; 1, 1, 1) 
(0, (0,0,0; 1, 1, 1; 1, 1, 1) 


0, (0,0,0; 1, 1, 151, 1, 1) 


| 7, C2, .1,.2;.3,.4.5;.6,.7,.8)) 


0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


( 
( 
( 
( 
( 
( 
pod 
( 


) 
) 
) 
) 
) 
) 
) 
) 


4,(.7,.6,.4,:.2,.1,.4;.3,.5,.7)) 
0,00,0,0;1,1,1;1,1,1)) 
0,00,0,0;1,1,1;1,1,1)) 
7,(.8,.6,.5;.6,.4,.7;.5,.8,.9)) 
0,00,0,0;1,1,1;1,1,1)) 
0,00,0,0;1,1,1;1,1,1)) 
0,00,0,0;1,1,1;1,1,1)) 


( 
( 
( 
( 
( 
( 
( 
(9, (.1,.3,.4;.8,.7,.4;.7,.3,.1)) 
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(0, (0,0,0;1,1,1;1,1,1)) 

(0, (0,0,0;1,1,1;1,1,1)) 

(4, (.4,.3,.4;.5,.6,.8;.7,.6,.5)) 
(5, (.5,.4,.5;.6,.7,.7;.6,.4,.2)) 
(0, (0,0,0;1,1,1;1,1,1)) 

(7, (.6,.5,.6;.7,.8.9;.8,.7,.6)) 
(0, (0,0,0;1,1,1;1,1,1)) 

(0, (0,0,0;1,1,1;1,1,1)) 


(9) 


(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(3,(.2,.1,.3;.6,.7,.9;.7,.3,.6)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(6, (.1, 2, 4;.8,.7,.1;.8,.3,.7)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(5, (.2,.3,.6;.9,.8,.7;.8,.7,.5)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 


(10) 
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Hence from Eqs. (1), (2), (9) and (10). We conclude that (OG yweywe x po and 


(OPM yweywe + oO 10) . 


Since null 3PDNIOS set is 


On 
(0, (0,0,0; 1,1, 1; 1, 1, D)) 
[ (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0; 1, 1,1; 1, 1, D)) 
(0, (0,0,0; 1, 1, 1; 1, L, D)) 
| (0.(0,0,0: 1,1, 11,1, D) 
(e (0,0,0; 1, 1, 1: 1,1,1) 
(0, (0,0,0; 1,1, 1; 1, L, D) 


(0, (0,0,0; 1,1,1;1,1,1)) 
(0, (0,0,0; 1,1,1;1,1,1)) 
(0, (0,0,0; 1,1,1;1,1,1)) 
(0, (0,0,0; 1,1, E T, TJ, D) 
(0, (0,0,0; L, T, E; 1, T. 1») 
(0, (0,0,0; 1,1,1;1,1,1)) 
(0, (0,0,0; 1,1,1;1,1,1)) 


Since absolute 3PDN10S set is 


9, (1,1, 1;0,0, 0; 0, 0, 0)) 
9, (1, 1, 1;0,0, 0; 0, 0, 0)) 
9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
9, (1,1, 170, 0, 0:0, 0, 0)) 
9, (1, 1, 1;0,0, 0; 0, 0, 0)) 
9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
9, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 


eee 


Weak complement of ue 


(GEM ye 
( (7. (1,1, 150,0,050, 0,0) 

1, (1, 1, 1;0,0, 0; 0, 0, 0)) 

6, (1,1, 1;0, 0, 0; 0,0, 0)) 
5, (1, 1, 1;0,0,0;0, 0, 0)) 
7, (1,1, 150, 0,0; 0,0, 0)) 
8, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
) 


( 
( 
( 
( 
( 
(1, (1, 1, 1;0, 0, 0; 0, 0, 0) 


(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1,1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0,0, 0; 0, 0, 0)) 


(0, (0,0, 0; 1, 1,151, 1, 1D) 
(0, (0,0, 0; 1, 1, 5 1, 1, 1D) 
(0, (0,0, 0; 1, 1, 5 1, 1, D) (11) 
(0, (0,0,0; 1, 1, E; 1, 1, 1)) 

(0, (0,0, 0; 1, 1, E; 1, 1, 1) 

(0, (0,0, 0; 1, 1, 5 1, 1, D) 

(0, (0,0,0; 1,1, E: 1, T, Dy) 


(9, (1,1, 120,0, 070, 0, 0)) 
(9, (1, 1, 1;0,0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) (12) 
(9, (1,1, 120, 0,070, 0, 0)) 

(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(9, (T, 1, E70, 0, 0; 0, 0, 0)) 


and @ are given below in Eqs. (13) and (14), respectively. 


(6, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(8, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 
(7, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(2, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 
(8, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 
(7, (1, 1, 1;0, 0, 0; 0, 0, 0)) 
(6, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 


933 


(4, (1, 1, 1:0, 0, 0; 0, 0, 0)) 
(7, (1, 1, 1;0,0, 0; 0, 0, 0)) 

(3, (1, 1, 1; 0, 0, 0; 0, 0, 0)) (13) 
(4, (1, 1, 1;0, 0, 0; 0, 0, 0)) 

(6, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 
(2, (1, 1, 1; 0, 0, 0; 0, 0, 0)) 
(5, (1, 1, 1;0, 0, 0; 0, 0, 0)) 


| 


(GED we — 


9, (0, 0,05 1,1, 151, 1,1) 
1, (0,0,0; 1, 1, 1; 1, 1, 1) 
8, (0,0,0; 1, 1,151, L, 1) 


7, (0,0,0; 1, 1, 1; 1, 1, 1) 
4, (0,0,0; 1, 1, 1; 1, 1, 1) 
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5, (0,0,0; 1, 1, 1; , L, T) 
3, (0,0,0; 1, 1, 1; 1, 1, 1) 
9, (0,0,0; 1, 1, 1; L, L, 1) 


4, (0,0,0; 1, 1, 1; 1, 1, 1) 
6, (0,0,0;1,1,1;1,1,1) 


5, (0,0,0;1,1,1;1,1,1) 
9, (0, 0,0; 1, 1, 1; 1, 1,1) 
6, (0,0,0; 1, 1, ; L, L, 1) 


7, (0,0,0; 1, 1, 1; 1, I, 1) 
5, (0,0,0; 1, 1, E; L, 1, D) 
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(14) 


( ) ( ) ( ) 
( ) ( ) ( ) 
( E ) ( ) 
(2, (0,0,0;1,1,1;1,1,1)) (5, (0,0,0; 1,1,1; 1, 1,1)) (5, (0,0,0; 1,1, 1;1,1,1)) 
( ) ( jr ) 
( ices p ) 
( i» 3 ) ( ) 


1, (0,0,0; 1,1,1;1,1,1) (8,(0,0,0 1, 1, 1, 1, D) (9,(0,0,0: 1, 1, ; 1, 1, 1) 


From Eqs. (11)-(14), we have Cle z pr" and [op me x oo! . Hence, we have 


following result. 


Remark 4.2 Let 07^ be MPDNNS sets, UY” be null MPDNNS and 0“) absolute 
MPDNNS over X, then following results that hold in crisp set theory but not hold in MPDNNS 
set theory 


@ ws" 4 0g). 

G) GE ye og. 

(ii) (OPP YN" a б". 

Definition 4.2. Let a be MPDNNS set over X. Then their top weak complement 1s 
represented as Oo pe and defined by 


(OO) we 


Uf (o) 


(о, 
-{(¢ m uA), a a (0 MAG). AO s А00); ут" ОҢДУ ОНЫ E 


lee A, p e X, Ur (p) є e) 


where, 

e ибо) = 0,а(0), 1 <i<m, 

e 11100) = 1 —Ai,a(p), 1 <i<m, 
= m; alp), 1 <i zm, and 


N-1, if l4(p) « N—1, 
0, if 14 (0) = N — l, Vee A. 


e vio) 


e [ue (о) = | 
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The top weak complement of goes and dd as given in Example 3.2 by Eqs. (1) and (2) 
are given below in Eqs. (15) and (16), respectively. 


@ 9e 
D. (00,0: T TL, ET T; Dy) 


| 


(OGM yme 
(© (0,0,0; 1,1,1;1,1,1) 


0, (0,0,0; 1,1,1;1,1,1)) 
0, (0,0,0; 1, L, 1; 1, L, D) 


0, (0,0,0; 1, L, 1; 1, 1, D) 


0, (0,0,0; 1, 1,1; L, L, D) 


( ) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 
(0, (0,0,0;1,1,1;1,1,1)) 


Proposition 4.1 Let 00^" be MPDNNS set, 050" be null MPDNNS and UY. 


MPDNNS over X, then 
@ (og ye — og D. 


(Ure а 


12, (.4,.6,.8;.5,.7,0.8;.1,.9,.7)) 


( 
( 
( 
( 
(12, (0, .7,.81.1,.6.55.2,.1,.2)) 
\ 
(12, (.5,.4,.3;.4,.3,.4;.3,.4,.5)) 
\ 


0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 


po ймы Сыйы йы йы бы Шы А, 


(12, (.3,.5, .7;.8, 9,.6;.7,.6,.4)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(12, (.5,.8,.9;.4,.6,.3;.8,.6,.5)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) 
(12, (.7,.3,.1;.8,.7,.4;.1,.3,.4)) 
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(0, (0,0,0; 1, 1, 1; 1, 1, D) 

(0, (0,0,0; 1, 1, 1; 1, 1, D) 

(12, (.7,.6,.5;.5,.4,.2;.4,.3,.4)) 
(12, (.6, .4, 2; 4, .3, .3;.5, .4,.5)) 

(0, (0,0,0; 1, 1,1; 1, 1, D) 

(12, (.8,.7,.6;.3,.2.1;.6,.5,.6)) 

(0, (0,0,0; 1, 1, 1; 1, 1, D) 

(0, (0,0,0; 1, 1, 1; 1, 1, D) 

(15) 


(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(12, (.7, .3, .6;.4, 3, .1;.2,.1,.3)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(12, (.8,.3,.7;.2,.3,.9;.1,.2,.4)) 
(0, (0, 0,0; 1, 1, 1; 1, 1, D)) 
(12, (.8,.7,.5;.1,.2,.3;.2,.3,.6)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} 
(16) 


(n.N-D absolute 
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twc 
Remark 4.3. Again taking top weak complement of mum given in Eq. (15) we have 
Eq. (17) 


(0GP ytwey ewe 
i СОО О 
0, (.1,.9,.7;.5,.3,0.2; .4, .6, .8)) 


0, (0,0,0; 1,1,1; T, 1, Dj 
(3,13) E тс (3,13) 
Hence from Eqs. (1) and (17) we conclude that (o A ) #0; - Hence we have the 


0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 
0,(0,0,0;1,1,1;1,1,1) 


0,(0,0,0;1,1,1;1,1,1)) 
0,(0,0,0;1,1,1;1,1,1)) 
0, (.4,.3,.4;.5,.6,.8;.7,.6,.5)) 
0, (.5,.4,.5;.6,.7,.7;.6,.4,.2)) 
0, (0,0,0; 1, 1, 1; 1, 1, D) 
0, (.6, .5, .6;.7, 8.9; .8, .7, .6)) 
0, (0,0, 0; 1,1, 1; L, 1, 1) 
0, (0,0,0; 1,1, 1; L, 1, 1) 


0, (0,0,0; 1, 1, 1; 1, 1, D) 
0, 2, .1, 2;.3, 4.5; .6,.7,.8)) 
0, (0,0,0; 1, 1, 1; 1, 1, D} 

0, (.3,.4,.5;.6,.7,.6;.5,.4,.3)) 


( 
( 
( 
( 
( 
( 
( 
(0, (0,0,0; LT, E T; T; Ty 


( ME. 
( ) ( 
( ) ( 
( )- ( 
( Pon 
( ME 
( ) ( 
( ) ( 


(17) 


following result: 
(m,N) (m,N)\ tweytwe (m,N) 
Remark 4.4. Let U} be MPDNNS set, over X, then (04^ )" ^)" #0 . 
Definition 4.3. Let or” be MPDNNS set over X. Then their bottom weak complement 1s 


bwc 
represented as (ut) and defined by 


(бы ) bwc 


Е (о, Ur (p) 
ie | ag, bwc bwc bwc А ybwe a bwe a bwe ‚ „bwe bwc bwc 
(4 4 (о), Шо д Qr, Hm AP): LA (о), 2,А (o), mAP): VIA (о), V2 A (eye; Vin ACO)) 
lec A, p e X, I (p) є e) 


where, 
e uP) = via(o) 1 <i<m, 
e APEC) = 1 —ài;alp), 1 <і<т, 


e v? (o) = ш.л(р), 1 <i<m, and 


N-1, if I4(e)=0, 


bwe A 
T e lo Тл (о) > 0, Vee A. 
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Example 4.2. Consider pu and Dow as given in. Example 3.2 by Eqs (1) and (2), 


respectively. Bottom weak complement of pom and pM are given below in Eqs. (18) and (19): 


(ove 1 3)ybwe 


о (0,(0,0,0:1, 1,1; 1,1,D) (0, (0,0,0; 1, 1, 1; L, 1, D) 
(0, (.4,.6,.8;.5,.7,0.8;.1,.9,.7))  (0,(0,0,0: 1,1, 1;1, 1, D)  (0,(0,0,0: 1, 1,1; L, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) (0,(0,0,0:1, 1,1: 1, D) | (0, (.7,.6,.5;.5,.4, 2; 4,.3,.4)) 
(0, (0,0,0; 1, 1, 1; 1, 1, D) (0,(0,0,0:1, 1,1; 1,1, D) (0, 6, 4, 2; 4,.3, .3;.5,.4,.5)) 
= | (0, (6,.7,.85.7, 6.5; 2,1, 2)) (0, (0,0,0;1,1,1;1,1,1)} (0, (0,0,0; 1,1, 1;1,1,1)) 
(0, (0,0, 031, 1, 1; 1, 1, D)) (0,(0,0,0:1, 1,1: 1, 1,1) (0,(.8,.7,.6;.3,.2.1;.6,.5,.6)) 
—— (0,(0,0,0:1, 1,1; 1,1,D) (0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0; 1, 1, 1; 1, 1, D} (0,(0,0,0:1, 1,1; 1,1,D) (0, (0,0,0; 1, 1, 1; L, 1, D) 
(18) 
(HS !Dybwe 
(0,00,0,0;1,1,1;1,1,1)) (0, (.3,.5,.7;.8,.9, .6;.7,.6,.4)) (0, 0,0, 0; 1, 1, 1; , 1, D} 
[viens (0, (0,0,0; 1, 1, 1; 1, 1, D) (0, (.7, .3,.6; 4, .3,.1; 2, .1,.3)) 
(0,(0,0,0: 1, 1,1; 1,1, D) (0,(0,0,0; 1, 1, 1; 1, 1, D)) (0, (0,0,0; 1, 1, 1; 1, 1, D) 
(0, (0,0,0;1,1,1;1,1,1)) (0,(.5,.8,.9;.4,.6,.3;.8,.6,.5)) (0, 0,0,0; 1, 1, 1; 1, 1, D) (19) 
~ | (0,(0,0,0:1,1,1:1,1,1) (0, (0,0,0; 1, 1, 1; 1, 1, D) (0, (.8, .3,.7; 2, .3, .9;.1, 2, 4)) 
| OOGG1LLELL0 (0, (0, 0,0; 1, 1, 1; 1, 1, D) (0, (0,0,0; 1, 1, 1; 1, 1, D) | 
(0,(0,0,0:1, 1,1; 1,1, D) (0, (0,0,0; 1, 1, 1; 1, 1, D) (0, (.8, .7, .5;.1, .2, .3; 2,.3,.6) 
ооо (0, (.7,.3,.1;.8,.7,.4;.1,.3,.4)) (0, (0,0, 03 1, 1, 1; 1, 1, D) ) 


Proposition 4.2. Let 67 be MPDNNS set, 07"? be null MPDNNS and OU" P absolute 
MPDNNS over X, then 


(i) (G9) ybwe — Doe amp: minus;1) 


a) (Og ==”. 
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Remark 4.5. Again taking bottom weak complement of OG yee as given above in Eq. (18) 
we have Eq. (20) given below: 


(OF 13) ybweybwe 


(0, (0,0, 031, 1, 1; 1, 1, D} (0, (0,0,0:1,1,1:1,1,1)) (0, (0,0,0;1, 1,1; 1, 1, D) \ 

(12, (.1,.9,.7;.5,.3,0.2;.4,.6,.8)) (0,00,0,0;1,1,1;1,1,1)) (0,00,0,0;1,1,1;1,1,1)) 

ОЯ (0, (0,0,0; 1,1,1;1,1,1)) (102, (4,.3,.4;.5,.6,.8;.7,.6,.5)) 
Е | (0, (0,0,0; 1, 1, 1; 1, 1, D) (0, (0,0,0;1,1,1;1,1,1)) (12,(.5,.4,.5;.6,.7,.7;.6,.4,.2)) 

| 02:62. 1, 21.3, 4.5; 6, 7, 8) (0,00,0,0;1,1,1;1,1,1))  0,(0,0,0; 1, 1, 1; 1, 1, D) 

(0, (0,0,0; 1, 1, 1; 1, 1, D) (0,(0,0,0:1,1, 1:1, 1, D) (12, (.6, .5, .6;.7,.8.9;.8,.7, .6)) 

E (0, (0,0,0:1,1,1:1,1,1)) (0, (0,0,0; 1, 1, 1; 1, 1, D) 

(0, (0,0,0; 1,1, 1:1, 1, D) (0,(0,0,0:1,1,1:1,1,1)) (0, (0,0,0; 1, 1, 1; 1, 1, D) 


(20) 
? ais yo 3.13) 
Hence from Eqs. (1) and (20) we conclude that (o A ) #07 


5 Relationships with Existing Models and Application in Multi-Attribute Group Decision-Making 
The comparison with existing sets is shown in Tab. 1. 
The following proposed algorithm for the choice values of MPDNNSs: 
An Algorithm for the Choice Values of MPDNNSs 
1: S= (pi, 02,---, Pm} is the universal set. 
2: T= (ej, €2,..., еп} set of attributes. 


3: Input MPDFNSs y"? with N= (0, 1, 2... N — 1}. 


4: Calculate M?" = (Xn day, Ул Ra). Here, 


20, 1 1 20, 
frio к= у+®(;-т°). 


1/2 
ra= (M HH Eua ++ MERE eR) > 


—] < (Ар, Ао," , Am) Q1, V2, , Vm) > 
а = Тап re |; 
|| (U1, и2, ° 2 ‚ т) || 
where, < (А, A2,..., àm), (vi, V2,..., Vm)? = Ау БАӘ +... Аһу: 
5: Calculate M?" = max {M?"} with i= 1, 2,..., n. 


6: М!" = тах {M?"} can be chosen for any alternative. 
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Table 1: Comparison of proposed model with existing models 


Sets Truth Falsity Indeterminacy Parametrization Non-binary — Multi-polarity 
membership | membership evaluation 

Fuzzy set "4 x x x x x 

Intutionistic v v x x x x 

fuzzy set 

Neutrosopic v "4 "4 x x x 

set 

Soft set x x x "4 x x 

N-soft set x x x "4 "4 x 

Fuzzy N-soft v x x 4 4 х 

set 

Intutionistic v "4 x v v x 

N-soft set 

Neutrosopic v "4 "4 "4 "4 x 

N-soft set 

m-polar fuzzy v x x x x А 

set 

m-polar 4 4 4 4 4 v 

diophantine 

neutrosopic 

N-soft set 


Example 5.1. We assume that there are five candidates which appear in the interview and their 
interviews will be completed in three days. There are three judges which are observed to each 
candidate separately. The following data are elaborated in Tab. 2, of each candidate су, i= 1, 2, 
3, 4, 5 which are observed by from judges j; i= 1, 2, 3. 


Table 2: Data of interview of each candidates observed by judges 


6.11) Р | 
бе л Р B 
СІ (4, (.3, .2, .5;.2, .7, .8;.1, .4,.6)) (6, (.5, .4, .7; .6, .5, .45.3,.6,.5) (7, (.3, .5, .5;.3, .6, 7; .6, .4, .3)) 
с? (6, (.6, .4, .6; .3, .5, 755.5, .4,.3)) (5, (.2,.5, .6;.4, .6, .9;.1, .2,.3)) (8, (.2, .6, .5;.5, .8, .6; .3, .1, .4)) 
C3 (7, C4, .6, .5;.3, .5, .7; 1, .4,.3)) (2, (.4, .5, .3;.5, .6, .2;.5, .4,.5)) (3, 6.5, .3, .5; 4,.3, 7; .4, .3, .6)) 
C4 (3, (.5, .3, .45 .4, .5, .6; .3, .2,.5)) (8, (.3, .6, .45 .4, .9, .6; .5, .4, .3)) (9,(.5,.4,.5; .3, 7, .6; .4, .3, .2)) 
c5 (1, (.6, .5, .4; .3, .5, .7; .3, .4,.4)) (4, 0.6, .5, 45.4, 7, .1;.3,.5,.5) (7, (4,.3,.5; 2, .5, 7; .4, .6, .4)) 
In Tab. 3, we find the choice values of all candidates by using proposed algorithm. 
From Tab. 4, the candidates c5, c2, c» are leading with respect to days first, second, and third, 
respectively. 


The working of proposed algorithm is shown in Fig. |. 
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Table 3: Tabular representation of choice value of ve 1D 


Oe Л Ja Ja м! м? M? 

ci (4, C3,.2,.5;.2, 7, (6, (.5,.4,.7;.6,.5, (7, (.3,.5,.5;.3,.6, (17, 2.59680) (17, 1.78017) (17, 1.64489) 
8; .1, 4, .6)) Ay 3, .6, .5)) Л; .6, 4,.3)) 

c2 (6, (.6, 4, .6;.3,.5, (5, (.2,.5,.6;.4,.6, (8, (.2,.6,.5;.5,.8, (19, 2.30871) (19, 2.36016) (19, 2.24883) 
Л; .5, 4, .3)) 9; .1, .2, .3)) 6; 3, .1, .4)) 

сз (7, (4, .6, .5;.3,.5, (2, (.4,.5,.3;.5,.6, (3, (.5,.3,.5;.4,.3, (12, 2.39995) (12, 2.13054) (12, 1.91588) 
Л; .1, 4, .3)) 2:5; 4, .5)) 7; A, 3, .6)) 

сд (3, (.5,.3,.4;.4,.5, (8, (.3,.6,.4;.4,.9, (9, (.5,.4,.5;.3,.7, (20, 2.32576) (20, 2.05034) (20, 1.89522) 
6; .3, .2, .5)) 6; .5, .4, .3)) 6; 4, 3, .2)) 

c5 (1, (6, .5, .4;.3,.5, (4, (.6,.5,.4;.4,.7, (7, (.4,.3,.5;.2,.5, (12, 2.65388) (12, 2.08484) (12, 1.94623) 
7; .3, A4, 4) d:3 .5, -5)) 7; 4, .6, .4)) 

Table 4: Comparison table of MPDFNSs with pervious models 

OC?  wSS(o)  FNSS(Q) IFNSS(S)  PFNSS(H) М} M? M? 

СІ 17 (17, 0.89) (17, 20.03) (17, 1.7462) (17, 2.59680) (17, 1.78017) (17, 1.64489) 

с? 19 (19, 0.79) (19, 0.09) (19, 1.6368) (19, 2.30871) (19, 2.36016) (19, 2.24883) 

C3 12 (12, 0.99) (12, 0.15) (12, 1.8940) (12, 2.39995) (12, 2.13054) (12, 1.91588) 

C4 20 (20, 1.09) (20, 0.09) (20, 1.5705) (20, 2.32576) (20, 2.05034) (20, 1.89522) 

5 12 (12, 1.22) (12,0.54) (12, 1.9097) (12, 2.65388) (12, 2.08484) (12, 1.94623) 


5.1 Relationships with Existing Sets 
In this subsection, we establish the relationship with existing sets. 


Definition 5.1. Let n be a threshold lies between 0 and N for the level, the PFNSS and PFSS 


over X associated with U 


(х, (u (а), v (2))) , 


(307%) = (x, da) (и (а), v (a)) , 


(0,0.5), 
(0,1), 


(m,N) 
A 


if m=1, 
if (x,d4) € F (a) ,andd, > n, 


and n, symbolized by U% 


if da/N > 0.5, 
if d,/N < 0.5. 


(п,т,№) 


, defined by, for all a € A, 


Definition 5.2. Let k be a threshold with k € [—1, 1] for the score function, the N-soft over X 
associated with О апа k, symbolized by gum defined by, for all a € A, 


(x, dq) E 
gm =l], 
0, 


If (x,da) € F(a), and Sa (x) > kK,m-1, 
if Sa (x) >0,m= 1, 
if Sa (x) x0,m— 1. 
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Compute 
N 


Choice Values 


Input 


Attribute set 


Figure 1: Flow chart of proposed algorithm 


Definition 5.3. Let n be a threshold lies between 0 and N and threshold k with Кє [— 1, 1] for 


the score function, the soft over Y associated with ye soe | 


defined by, for all a € A, 


and (n, k), symbolized by 


ph. [exist o>] 


For soft set associated with V O9 and threshold (n, k) — (3, 0.3) 1s E =t, 
From Example 3.1, we have the following outcome which are elaborate in Tab. 5. 


Table 5: Pythagorean fuzzy N-soft set associated with gu and m— 1 
gy? €] e e3 
pı (4, (0.3, 0.1)) (0, (0, 1)) (0, (0, 1)) 
03 (0, (0, 1, )) (0, (0, 1) (2, (0.5, 0.4)) 
p4 (5, (0.5, 0.3)) (0, (0, 1)) (0, (0, 1)) 
p5 (0, (0, 1)) (0, (0, 1) (2, (0.4, 0.7)) 
06 (0, (0, 1)) (0, (0, 1)) (0, (0, 1)) 
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In Tabs. 6 and 7, we deduce Pythagorean fuzzy soft set and N-soft set from MPDFNSs. 


Table 6: Pythagorean fuzzy soft set associated with p? and threshold n= 3 


oo е1 е? ез 

m (0.3, 0.1) (0, 1) (0, 1) 

m (0, 1) (0, 1) (0.2, 0.8) 
03 (0, 1, ) (0, 1) (0, 1) 

(А (0.5, 0.3) (0, 1) (0, 1) 

05 (0, 1) (0, 1) (0, 1) 

06 (0, 1) (0, 1) (0, 1) 

p7 (0.6, 0.4) (0, 1) (0, 1) 


Table 7: N-soft set associated with DUM and threshold k= 0.3 


6 Conclusion 


(0.3,1,6) 
Ол 


ез 


pı 
p2 
03 
p4 
05 
06 
07 


ooorr оо 


In this paper, we investigate a new set namely the m-polar Diophantine neutrosophic N-soft 
set which is based on neutrosophic set and soft set. We are discussed different types of compli- 
ments on the proposed set and elaborate these compliments with examples. The purposed set is a 
generalized form of fuzzy, soft, Pythagorean fuzzy, Pythagorean fuzzy soft, and Pythagorean fuzzy 
N-soft sets. Moreover, as an application, we proposed an algorithm for multi-attribute decision- 
making problems by defining the new score function. In future work, one can discuss algebraic 
structures and topological properties on m-polar Diophantine neutrosophic N-soft set. Moreover, 
ones can develop the concept of m-polar Diophantine neutrosophic N-soft graph and then discuss 


their properties. 
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Abstract 


The aim of this paper is to introduce the new concept of Quadripartitioned Neutrosophic Pythagorean soft set with 
T, C, U, F as dependent neutrosophic components and have also discussed some of its properties. 


Keywords: Neutrosophic pythagorean soft set, Quadripartioned Neutrosophic Pythagorean set and Quadripartioned 
Neutrosophic Pythagorean soft set . 


1.Introduction 


The fuzzy set was introduced by Zadeh [19] in 1965. The concept of neutrosophic set was introduced by Smarandache 
which is a mathematical tool for handling problems involving imprecise, indeterminancy and inconsistent data. 


Smarandache introduced neutrosophic sets [14]. In neutrosophic sets, the indeterminacy membership function 
walks along independently of the truth membership or of the falsity membership. Neutrosophic theory has been 
widely explored by researchers for application purpose in handling real life situations involving uncertainty. 
Although the hesitation margin of neutrosophic theory is independent of the truth or falsity membership, looks more 
general than intuitionistic fuzzy sets yet. Recently, in Atanassov et al. [3] studied the relations between inconsistent 
intuitionistic fuzzy sets, picture fuzzy sets, neutrosophic sets and intuitionistic fuzzy sets; however, it remains in 
doubt that whether the indeterminacy associated to a particular element occurs due to the belongingness of the 
element or the non-belongingness. This has been pointed out by Chattejee et al. [4] while introducing a more 
general structure of neutrosophic set viz. quadripartitioned single valued neutrosophic set (QSVNS). The idea of 
QSVNS is actually stretched from Smarandache: s four numerical-valued neutrosophic logic and Belnap: s four 
valued logic, where the indeterminacy is divided into two parts, namely, *unknown" i.e., neither true nor false and 
"contradiction" i.e., both true and false. In the context of neutrosophic study however, the QSVNS looks quite 
logical. Also, in their study, Chatterjee [4] et al. analyzed a real-life example for a better understanding of a QSVNS 
environment and showed that such situations occur very naturally. 


In 2018 Smarandache [17] generalized the soft set to the hyper soft set by transforming the classical uni-argument 
function F into a multi-argument function. 


945 


Florentin Smarandache (author and editor) Collected Papers, VIII 


In 2016, Smarandache [14] introduced for the first time the degree of dependence between the components of fuzzy 
set and neutrosophic sets. The main idea of Neutrosophic sets is to characterize each value statement in a 3D — 
Neutrosophic space, where each dimension of the space represents respectively the truth membership, falsity 
membership and the indeterminacy, when two components T and F are dependent and I is independent then. T+I+F< 
2; 


Radha and Stanis Arul Mary [10] introduced the concept of Quadripartitioned neutrosophic pythagorean set with 
dependent neutrosophic components. 


If T and F are dependent neutrosophic pythagorean components then T ?+ F 2< 1. Similarly, for U and C as 
dependent neutrosophic pythagorean components then C ?+ U ?< 1. When combining both we get Quadripartitioned 
pythagorean set with dependent components as Т2+Е2+С2+02<2 


Pabitra kumar Maji [9] had combined the neutrosophic set with soft sets and introduced a new mathematical model 
neutrosophic soft set. Arockiarani [1] introduced the new concept of fuzzy neutrosophic soft set. Yager introduced 
pythagorean fuzzy sets. Radha and tanis Arul Mary [11] introduced neutrosophic pythagorean soft set with T and F 
as neutrosophic dependent components. 


In this we have to introduce the concept of introduced the concept of quadripartitioned neutrosophic pythagorean 
set with dependent components and establish some of its properties. 


2.Preliminaries 
Definition:2 .1[14] 
Let X be a universe. A neutrosophic set A on X can be defined as follows: 
А = {< x, Ta (x), Ix), FA(x) >: x E€ X} 
Where T4 , I}, F4: U > [0,1] and 0 < Ti (x) + (xX) + Fy (x) < 3 


Here, Та (х) is the degree of membership, 14(x) is the degree of indeterminancy and F; (х) is the degree of non- 
membership. 


Here, Т, (х) and Е, (х)аге dependent neutrosophic components and 14 (х) is an independent component. 
Definition:2 .2[2] 


Let U be the initial universe set and E be set of parameters. Consider a non-empty set A on E, Let P(U) denote the set 
of all neutrosophic sets of U. The collection (F, A) is termed to be neutrosophic soft set over U, where F is a mapping 
given by F: A > P(U). 


Definition:2 3[11] 


Let X be the initial universe set and E be set of parameters. Consider a non-empty set A on E, Let P(X) denote the set 
of all neutrosophic pythagorean sets of X. The collection (F, А) is termed to be neutrosophic pythagorean soft set over 
X, where F is a mapping given by F: A > P(X). 


Definition:2 .4[4] 


Let X be a universe. A Quadripartitioned neutrosophic set A with independent neutrosophic components on X is an 
object of the form 
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А = {< x,T,(x), CA), Ua (x), FA(x) >: x € X} 
and 0 € T,(x) + Cy(x) + U,(x) + Fy (х) < 4 


Here, Та (х) is the truth membership, C4(x) is contradiction membership, U,(x) is ignorance membership and Е, (x) 
is the false membership. 


Definition:2 .5[10] 


Let X be a universe. A Quadripartitioned neutrosophic pythagorean set A with dependent neutrosophic components 
A on X is an object of the form 


А = (€ x,T,(x), CA), UG), FA(x) >: x € X} 
Where T, + Fy < 1, C, +U; < 1and 0 x (Т„(х))°  (CAGO? + (UG)? + (Е, G0)? € 2 


Here, Та (х) is the truth membership, C4(x) is contradiction membership, U,(x) is ignorance membership and Е, (x) 
is the false membership. 


3.Qua dri partitioned Neutro sophic Pythago rean Soft Set (QNPSS or QNPS Set) 
Definition:3.1 


Let X be the initial universe set and E be set of parameters. Consider a non-empty set A on E, Let P(X) denote the set 
of all Quadripartitioned neutrosophic pythagorean sets of X. The collection (F, A) is termed to be Quadripartitioned 
neutrosophic pythagorean soft set over X, where F is a mapping given by F: A > Р(Х). 


Definition:3 .2 


A Quadripartitioned neutrosophic pythagorean soft set A is contained in another Quadripartitioned neutrosophic 
pythagorean soft set B (i.e) AC B if T4(x) < Tg(x), Cy(x) € Сьв(х), Ua (x) = Ug(x) and Fy(x) > Fg(x) 


Definition:3 .3 


The complement of a Quadripartitioned neutrosophic pythagorean soft set (F, A) on X denoted by (F, A)* and is 
defined as 


F*(x)- {< x, F(x), Ua (x), Ca (x), Ty (x) >: x € X} 

Definition:3 .4 

Let X be a non-empty set, A = < x, Ta (x), C,(x), О, (х), Fy (х) > and 

В = < х,Ть(х), Cg (x), Ug(x), Fg (x) > are Quadripartitioned neutrosophic pythagorean soft sets. Then 
АЧВ = < x,max(T,(x), Тв (x)), max (Cy (x), Св (x)), min(U,(x), U g(x)), min(Fy (x), Е в(х)) > 
ANB=<x,min(Ty (x), Tg (x)), min(C, (x), Cg (x)), max (U, (x), Ug (x)), тах(Е, (х), F в(х)) > 
Definition:3 .5 


A Quadripartitioned neutrosophic pythagorean soft set (F, A) over the universe X is said to be empty neutrosophic 
pythagorean soft set with respect to the parameter A if 
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Tre) = 0,Скгеу = О,Шкгеу = 1, Fggj-l1, Vx € X, Ve € A. It is denoted by 0 x 
Definition:3 .6 


A Quadripartitioned neutrosophic pythagorean soft set (F, A) over the universe X is said to be universe neutrosophic 
soft set with respect to the parameter A if 


Tre) = 1, Cre) = 1, Оку = 0, Frcey=0,Vx € X, Ve € A. It is denoted by 1, 
Remark: 0 ^, = 1y and 1 ^, 2 0x 
Definition:3 .7 
Let A and B be two Quadripartitioned neutrosophic pythagorean soft sets on X then A\B may be defined as 
ANB = < x, min(T, (x), Fg (x)), min(C, (x), Ug (x)), max(U, (x), Cg (x)), max (Fy (x),T g(x)) > 
Definition:3 .8 
Ев is said to be absolute Quadripartitioned neutrosophic pythagorean soft set over X if F(e) = 1y for any 
e € E. We denote it by Xg 
Definition:3 .9 
Fg is said to be relative null Quadripartitioned neutrosophic pythagorean soft set over X if F(e) = 0, for any 
e € E. We denote it by Øg 
Obviously Og = ХЕ and Xz = OF 
Definition:3 .10 


The complement of a Quadripartitioned neutrosophic pythagorean soft set (F, A) over X can also be defined as 
(F,A)* = UgWF (e) for all e € A. 


Note: We denote Xp by X in the proofs of proposition. 
Definition:3.11 


If (F, A) and (G, B) be two Quadripartitioned neutrosophic pythagorean soft set then “(F, A) AND (С, B)" is a denoted 
by 


(F, A) A(G, B) and is defined by (F, A)A (G, B) = (H, A XB) 


where Н (a, b) = F(a) n G(b) Va € A and Vb € B, where П is the operation intersection of Quadripartitioned 
neutrosophic pythagorean soft set. 


Definition:3.12 


If (F, A) and j(G, B) be two Quadripartitioned neutrosophic pythagorean soft set then *(F, A) OR (G, В)” is a denoted 
by (F, A) V(G, B) and is defined by (F, A)v (G, B) = (К, A xB) 
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where К (a, b) = F(a) О G(b) Va € A and Vb € B, where U is the operation union of Quadripartitioned neutrosophic 
pythagorean soft set. 


Theorem :3.13 


Let (F, A) and (G, A) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following 
are true. 


(i) (Е, А)© (G, A) iff (F, А) п (G, A) = (F, A) 
Gi)  (F, A)E (G, A) iff (F, A) U (G, A) = (F, A) 


Proof: 

(i) Suppose that (Е, А)© (G, A), then F(e) ©G(e) for all e € A. Let (F, A) п (G, A) = (Н, A). 
Since H(e) = F(e) n G(e) =F(e) for all e € A, by definition (Н, A) = (F, A). 

Suppose that (F, A) п (G, A) = (Е, A). Let (F, A) п (G, A) = (Н, A). 

Since H(e) = F(e) n G(e) =F(e) for all e € A, we know that F(e) € G(e) for all e € A. 

Hence (F, А)© (С, A). 

(ii)The proof is similar to (1). 

Theorem :3.14 


Let (F, A), (G, A), (H, A), and (S, A) are Quadripartitioned neutrosophic pythagorean soft set over the universe X. 
Then the following are true. 


() If (F, A) n (G, A) =Ø; , then (Е, A)C (G, А) 
(ii) If (F, A)S (G, A) and (G, А)© (Н, A) then (F, А)© (Н, A) 
(iii) If (F, A)C (G, A) and (Н, А)© (S, A) then (Е, А) п (Н, А) © (С, А) п (S, A) 
(iv) (F, A) € (G, A) iff (G, A)* € (F, A)* 
Proof: 
(i)Suppose that (Е, A) N (G, A) =@,.Then F(e)N G(e) = Ø. 
So, F(e) € U\G(e)= G° (e) for all e € A. 
Therefore, we have (F, А)© (С, A)* 
Proof of (11) and (iii) are obvious. 
(iv) (Е, А)© (G, A) F(e) € G(e) for all e € A. 


= (G(e))* € (Fle) )* for alle E A. 
€» G^(e) € F*(e) foralle € A. 
(G, А) € (Е, А)“ 
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Definition:3.15 


Let I be an arbitrary index {(Fi, А)};ег be a subfamily of Quadripartitioned neutrosophic pythagorean soft set over the 
universe X. 


(i)The union of these Quadripartitioned neutrosophic pythagorean soft set is the Quadripartitioned neutrosophic 
pythagorean soft set (Н, A) where H(e) = Uie; F; (e) for each e € A. 


We write Uje;(F; , A)= (Н, A) 


(ii) The intersection of these Quadripartitioned neutrosophic pythagorean soft set is the Quadripartitioned neutrosophic 
pythagorean soft set (M, A) where M(e) = Nier Е; (е) for each e E A. 


We write Nic; (Fi, A) = (M, A) 
Theorem: 3.16 


Let I be an arbitrary index set and {(Fi, A)} ierbe a subfamily of Quadripartitioned neutrosophic pythagorean soft set 
over the universe X. Then 


(i) (Uier(FiA))° = Nier (Fi, А) 
(i) (Nier (Fi, 4))* = Uie (Fi, А) 


Proof: 
(1) (Uier(F; , А))© = (Н, A) <, By definition H*(e) =Хь\Н(е) = Xi Uie; F; (e)=N icr (Хк V; (е)) for alle € A. 
On the other hand, (Nie; (F;, A))*(K, А). 
By definition, К(е)= Nie, Ff (e)-flie; (X — Е,(е)) for all e € A. 
(ii) It is obvious. 
Note: We denote Øg by Ø and Xg by X. 
Theorem: 3.17 


Let (F, A) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following are true. 


(i) (0,A)* = (X, A) 
Gi) (Х,А) = (0,4) 


Proof: 
(i) ^ Let(9, A) - (Е, А) 

Then Ve € A, 

F(e) = {< x, Tee) Ge), Cree) (x), Urey (x), Fre (x) >: x € XJ 
= {(x,0,0,1,1): x € X} 

(0,A)* = (F,A)* 


Then Ve € A, 
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(Е(е) ) = {< x, Tre) (x), Сесе) (х), Ugo) (x), Fey (X) >: x € XF 

= (€ x, Free) (x), Urqey (x), Cree X), Tree (x) >: x € X} 

={(x1,1,0,0): x € X) 2 X 
Thus (0,A)* = (X, A) 

(ii) Proof is similar to (1) 
Theorem: 3.18 
Let (F, A) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following are true. 
(1) CF, A)U (Ø, A) = (Р, A) 
(ii) (F, A)U (X ,A) = (X, A) 
Proof: 
(i) CF, A) = (e, (x, Tree) x), Cree) (х), Urge) X); Fre ()): x € X} Ve EA 

(0, A) = fe, (x,0,0,1,1): х EX} Vee A 
(Е, A)U (Ø, A) = te, (x, тах(Тьсеу(х),0), max (Cre) (x),0), min(Ug(ey (x),1)min(Fe(oy(x),1)):x € X) VeEA 

= te. (x, Tre) (X), Cre (x), Ur GO) Free) (x)):x € X} Ve E€ A 
= (Е, А) 

(ii) Proof is similar to (i). 
Theorem: 3.19 
Let (F, A) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following are true. 
(i) Œ, А)п (0, A) = (0, A) 
(ii) (Е, A)N (X, A) = (Е, A) 
Proof: 
(i) (Е, A) = fe (x, Tece) (x), Cree (x), Оке) (X), Free) (x)): x € XJ Ve E A 

(0, A) = fe, (x,0,0,1,1): х EX} Vee A 
(F,A)N(@,A)={e, (х, min(Tr ce) (x),0), min (Ске) (x),0), max (Ugo) (x),1)max(Fz(e) (x),1)): x € X) Vee A 

= {e, , (x, 0,0,1,1):x E X} Ve E A 
= (0, A) 


(ii) Proof is similar to (i). 
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Note: We denote Te (x), Cr (x), Ur (x) and Е. (x) by Tr Cr, Urand Ер 
Theorem: 3.20 


Let (F, A) and (G, A) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following 
are true. 


(i) (F, A)U (@, B) = (F, A) iff BEA 
(ii) (F, A)U (X, B) = (X, A) iff AC B 
Proof: 


() We have for (Е, A), F(e) = {(x, Te, Cr, Up, Ер): x Є U} Ve EA 


Also let (Ø, B) = (G, B) then 
G(e) = {(x, 0,0,1,1):x E X} Ye EB 
Let (F, A)U (0, B) = (Е, A)U (G, B) = (Н, C) where C = A UB and for alle € C 


H(e) may be defined as 


(Co Tre), Ceo), Ur (ey, Ёвсеу): X EX} if e € A— B 
- {(x,0,0,1,1):x € X ife E€ B— A 
{(x, max (Trey, 0), max(Cr(o5, 0), min(Ug(o, 1)min(Fgo,, 1)):х e Xj ifee An B 
(Co Trey, Cece, Оке), Екеу): X EX} if e € A— B 
- {(x,0,0,1,1):x € Jifec€ B-A 
(Go Trey, Се) Чье), Ёвсе)): X € X} if e € An B 
Let BEA 


(Go Tr сеу, Сее), Urep Ёғ(е)(х)):х € X) if e € A — B 
(Co Trey, Ceo), Ur (e), Fr (e)): X ЄХ} if e € An B 


Then Н (е) = | 
=F(e)ve EA 

Conversely Let (F, A) U (0, В) = (Е, A) 

ThenA-AUB— BC A 

(ii) Proof is similar to (1) 


Theorem: 3.21 


Let (F, A) and (G, B) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following 
are true. 


(i) (Е, А)п (Ø, B) = (Ø, ANB) 


(ii) (Е, A)n (X, В) = (F, ANB) 
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Proof: 

(i) We have for (F, A) 

F(e) = (Qo Trey, Ce(ey, Urey, Fee): x € X) Ve E А 

Also let (Ø, B) = (G, B) then 

G(e) = {(x, 0,0,1,1): x E U} Ve E B 

Let (F, A) п (@,B) = (F, A) A(G, B) = (Н, C) where C = A ПВ and Ve E€ C 

H(e) = (Gx, min (Tre) Tc (ey), MiN(Crey, Cc (ey), Max (Up (ey, Оске) MAX (Fre), Ёсе))): x € X} 

= { (х, min(Tre), 0), min(Cpe), 0), max (Urey, 1) max(Fz(ey, 1)): x € X] 

= {(x,0,0,1,1): x E X] 
= (G, B) = (Ø, B) 

Thus (F, A)N (Ø, B) = (0, B) =(0, ANB) 

(ii) Proof is similar to (i). 

Theorem: 3.22 


Let (F, A) and (G, B) be Quadripartitioned neutrosophic pythagorean soft set over the universe X. Then the following 
are true. 


(i) (ŒF, A)U (G, В))© € (F, A)° U (G, B) € 

(ii) (F, A) € n (G, B) © €(F, А)п (G, B)) € 

Proof: 

Let (F, A)U(G, В) = (H, C) Where C = AUB апу e€ C 
H(e) may be defined as 


(x, Теге), Cre), Urey, Евсе)): X Е X] if ecA- B 
(x, Tc ey, Сесе)» Оссеу, Ёс(е)):Х Е X} if e E€ B-A 
{(x, max (Tre), Ta (e)), max(Cr(e;, C с(е)), min(Ug(e), Ugcey), min(Fz(e;, Ёссе))): xc X) if ecAnB 


Thus (F,A)U(G,B))° = (H,C)* Where C = AUB andV ee С 


(F(e))! ife € А – В 
(He)*-4 (G(eD'ifee B- A 
(F(e) о G(e))if eeAnB 


(Co Frey, Urqoy; Cree) Tro)): X EX} if e € A— B 
= {(x, Есе), Осе)» Ca (ey; Тс(е)): X E X} if e Ee B-A 
(Go min(Fr(e)» Fate)), тіп(Оьсез, Ug(e)), max(Cr(e), C G(e))) тах (Tre), Тв ге)): xE X} ife EANB 
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Again (F, A) © U (G, B) €= (L J) say J = AUB and V eE J 
(F(e)t ife € A—- B 
Ye-1 (G(e)'ifee B-A 
(Е(е) uG(e))if eeAnB 


{(х, Free) Ure) Сеге), Trey): xE X)ife €A-B 
= {(x, Ес геу, Оске), Cece Твгеу): X E X}ife €B—A 
(x. min( Fre), Facey)» min(Urce), Исе), max(Cre), C сеу), max(Trc), Ту), Mx (Frey Во) 


:xeX)ifeeAnB 

So, CEJ v e€ J, (H(e))^. се) 
Thus (F, A)U(G, B)) © € (F, A) €U (G, B) © 
(ii) Let (F, A)N(G, B) = (Н, C) Where C = ANB апау ee C 
H(e) = F(e)NG(e) 

={(x, min (Tre), Te (ey), тіп (Сре), Се геу), MAX (Ure) (X), Ug ce) (x)), Max (Frey, Ев геу )} 
Thus ((F, A)N(G, B)) © = (H, C)€ Where C = ANB апау ee C 
(H(e)) € ={(x, min(Tr çe) Тссез), тіт(Сьсе) Ca (e), max (Urey, Ugo), MAX (Frey, Ев геу J} 

={(x, max (Frey, Foy), max(Ug(o), Ugo), тіпт (Срез, Соке), тїї(Тк (еу, Taçe))} 

Again (F, A) €N (G, B) © = (1, J) say where J= An B and V eE J 
I(e) = (F(e)) Сп (G(e)) © 

={(x, min (Ёк гу, Ёсе), min( Ugo, Осе), тах (Cr ce) Cc геу), MAX (Tre), Ta (o))) 
We see that C = J and V e€ J, (е) €(H(e)) € 
Thus (F, A) € n (G, B) © €((F, А)п (G, В))© 
Theorem :3.23 


Let (F, A) and (G, A) are two Quadripartitioned neutrosophic pythagorean soft sets over the same universe X. We 
have the following 


(i) (F, AJU (G, A) © = (Е, A) Сп (G, A) * 
(ii) (F, AN (G, A)) € = F, A) “U (G, A) € 
Proof: 

(i) Let (F, A) U (G, A) = (H, A) Vee A 


H(e) = F(e)UG(e) 
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={(x, max (Tre), Tc (e)), max (Сре Cc(e)), min(Ur(e), Uc(e)), min(Fr(e), Fc(e))] 
Thus (F, A) U (G, А))С = (H, AY Y e€ A 
(Н(е)) © = (F(e)UG(e)) * 
={ (x, max (Trey, Тссеу), max (Cre), Свгеу), ті (Осе, Ucçe)), тїт (Ерге), Fecey)} © 
={(х, min (Еке), Fece)), Min(U Fe), Uce)), тах(Ск (еу, Cc (e), MAX (Trey, Tc (e))} 
Again (F, А) ©п (G, A) €= (І, A) whereV e € A 
I(e) = (F(e)) Сп (G(e)) © 
= {(х, min(Fro, Ес геу), тїп (кг), Ucçe)) max(Cr(o5, Сссе)), MAX(Th(e), Тсе))) 
Thus (Е, A)U (G, A) © = (Е, A)€ n (G, A) € 
(ii) Let (F, A) п (G, A) = (H, A) Vee A 
H(e) = F(e)NG(e) 
={(x, тїп (Tr ey, Te (ey), тїт (Сеге), Cc (e), max(Ur(e), Uac Max (Fre), Ёсе) V e€ A 
Thus (F, A) п (G, A) €= (H, A) € 
(H(e)) © = (F(e)nG(e)) © 
={(х,тїп(Ть (e, Te ¢e)), тіп (Срез, Св геу), max(Ug(o), Осе)), MAX (Frey, Евгеу)}© 


= {(x, min(Tre), T; геу), max (Ure), Ивгеу)тїт(1кгеу (x), Іс се) (X)), MAX (Frey (x), Ессеу(х)) }© 
={(x, max (Fre), Fa геу), max (Ug(ey, Uc(e)), тіпт (Сре), Cece), min(Tz(ey, Te ce) JV e € A 


Again (F, A) CU (G, A) €= (І, A) whereV e € A 
е) = (F(e)) U (G(e)) © 
={(x, max (Fre) (x), Fece)(x)), max(1 — Irce (x), 1 — Ісеу(х)), Min (Tre) (x), Ta qoe (x))] 
={(x, max (Fre), Fc (e)),1 — min(Igco, Іске), MiN(T (еу, Tc геу) 
Thus ((F, А)п (G, A) © = (Е, A) © (G, A) © 
Theorem: 3.24 
Let (F, A) and (G, A) are two neutrosophic pythagorean soft sets over the same universe X. We have the following 
(i) (F, А)Л (G, A)) = (Е, A) *V (G, A) © 


(1) (F, A)V (G, A)) © = (Е, A) ©Л (С, A) © 
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Proof: 


Let (F, A) A (G, B) = (H, A XB) where H (а, b) =F(a) ПС) Va E Aand V b € B where Nis the operation 
intersection of QNPS. 


Thus Н (a, b) = F(a) nG(b) 
= (Go тіп (Т (ay Te (wy, MiN(Ce ay Ссь)), max (Urca; Ue wy), max (Fray Fe (wy) } 
(Е, A) A (G, B) <= (H, A XB) © V(a,b) € Ax B 
Thus (Н (a, b)) ={(x, min (Tr са), Тсь)), MIN(Cr ça) Cc (p)), max (Urca) Шв(ьу), max (Fray Foqp)))- 
={(x, max (Fra, Fa(p)), max (Ugo), Uco) тїт (Се (ау, Cc гь), MiN(T ray, Tey) } 


Let (F, A) © V (G, A) € = (В, A XB) where R (a, b) =(F(a)) © U (G(b)) “Va є Aand V b € B where Uis the 
operation union of NPSS. 


R (a, b) = ((x, max (Fra, Fo (p), Max (Urca), Ось), тїт (Срсау, Cc (py), MiN(T Fay, Ta(p))] 
Hence ((F, А)Л (G, A)) € = (F, A) СУ (С, A) ©. Similarly we can prove (ii). 


5. Conclusion 


In this paper, we have introduced the idea of Quadripartitioned neutrosophic pythagorean soft set with dependent 
neutrosophic compnents and discussed some of its properties. We have put forward some theorems based on this new 
notion. In future, this paper will leads us to develop QNPS topological space. Further, we can study on QNPSS to 
carry out a general framework for this application in day today life. 


Referen ces 


[1] I. Arockiarani, R. Dhavaseelan, S.Jafari, M.Parimala,On some notations and functions in neutrosophic 
topological spaces, Neutrosophic sets and systems, vol 16, pp. 16-19, 2017. 

[2] I. Arockiarani, I.R. Sumathi and J, Martina Jency, Fuzzy neutrosophic soft topological spaces, IIMA-4[10], 
oct-2013. 

[3] K. Atanassov, Intuitionistic fuzzy sets, in V. Sgurev, ed., vii ITKRS Session, Sofia (June 1983 central Sci. 
and Techn. Library, Bulg. Academy of Sciences, 1983. 

[4] Chahhtterjee, R.; Majumdar, P.; Samanta, S.K. On some similarity measures and entropy on 
quadripartithioned single valued neutrosophic sets. J. Int. Fuzzy Syst, 30, 2475—2485, 2016. 

[5] M. Irfan Ali, F. Feng, X. Liu, W. K. Min and M. Shabir, “On some new operations in soft set theory’, 
Comput. Math Appl, 57, pp.1547-1553, 2009. 

[6] D. Molodtsov, Soft set Theory - First Results, 37,рр.19-3 1,1999. 

[7] P.K.Maji , R. Biswas ans A. R. Roy, Fuzzy soft sets, Journal of Fuzzy Mathematics, Vol. 9, no.3, pp — 589- 
602, 2001 


956 


Florentin Smarandache (author and editor) Collected Papers, VIII 


[8] P. K. Maji, R. Biswas ans A. R. Roy, Intuitionistic Fuzzy soft sets, The journal of fuzzy Mathematics, Vol. 
9, (3), pp.677 — 692, 2001. 

[9] Pabitra Kumar Maji, Neutrosophic soft set, Annals of Fuzzy Mathematics and Informatics, Volume 5, No.1, 
spp. 157-168, 2013. 

[10] R. Radha ,A. Stanis Arul Mary,Quadripartitioned neutrosophic pythagorean sets(Communicated) 

[11]R. Radha, A. Stanis Arul Mary, F. Smarandache, Neutrosophic pythagorean soft set with T and F as 
dependent components, Neutrosophic Sets and Systems, (submitted) 

[12] А.А. Salama and S.A. Al – Blowi, Neutrosophic Set and Neutrosophic topological spaces, IOSR Journal of 
Math., Vol. (3) ISSUEA ,pp. 31 — 35, 2012. 

[13] M. Shabir and M. Naz, On soft topological spaces, Comput.Math.Appl. 61,pp.1786 — 1799, 2011. 

[14] F. Smarandache, Degree of Dependence and independence of the sub components of fuzzy set and 
neutrosophic set, Neutrosophic sets and systems, vol 11,pp. 95-97, 2016. 

[15] F. Smarandache, Neutrosophy and Neutrosophic Logic, First International Conference on Neutrosophy, 
Neutrosophic Logic, Set, Probability and Statistics University of New Mexico, Gallup, NM 87301, USA 
2002. 

[16] F. Smarandache, Neutrosophic set, A generialization of the intuituionistics fuzzy sets, Inter. J. Pure Appl. 
Math., 24, pp.287 — 297, 2005. 

[17] F. Smarandache: Extension of Soft Set to Hypersoft Set and then to Plithogenic Hypersoft Set, Neutrosophic 
Sets and Systems, vol. 22, pp. 168-170, 2018. 

[18] B. Tanay and M.B. Kandemir, Topological structure of fuzzy soft sets, Comput. Math. Appl, 61, pp.2952 — 
2957, 2001. 

[19] Xindong Peng, Yong Yang, Some results for pythagorean fuzzy sets, International Journal of Intelligent 
systems,30,pp.1133-1160, 2015. 

[20] L. A. Zadeh, Fuzzy Sets, Inform and Control , vol8, pp.338 — 353, 1965. 

[21] Zhaowen Li, Rongchen cui, On the topological structure of intuitionistic fuzzy soft sets, Annals of Fuzzy 
Mathematics and Informatics, Volume 5, No.1, pp. 229-239, 2013. 

[22] Zorlutuna, M. Akdag, W. К. Min, S. Atmaca, “Remarks on soft topological spaces", Annals of Fuzzy 
Mathematics and Informatics, Volume3, No.2, pp.171-185, 2012. 


957 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Some New Classes of Neutrosophic Minimal Open Sets 
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Selvaraj Ganesan, Florentin Smarandache (2021). Some New Classes of Neutrosophic Minimal Open 
Sets. Asia Mathematika 5(1): 103-112; DOI: 10.5281/zenodo.4724804 


Abstract: This article focuses on №. -2-ореп, f-interior and f-closure operators using neutrosophic minimal struc- 
tures. We investigate properties of such concepts and we introduced the concepts of N m- £-continuous, №, - £-closed 
graph, N,,-@-compact and almost Nm-(-compact. Finally, we introduced the concepts of N m-regular-open sets and 


N 4-7 -open sets and investigate some properties. 


Key words: N;,-8-continuous, N;4,-8-closed graph, N m-8-compact, almost №. - 9-compact, N ,-regular-open and 


N m-7-open 


1. Introduction 

Zadeh’s [17] Fuzzy set laid the foundation of many fields such as intuitionistic fuzzy, neutrosophic set, rough 
sets. Later, researchers developed K. T. Atanassov’s [4] intuitionistic fuzzy set theory in many fields such 
as differential equations, topology, computerscience and so on. F. Smarandache [15, 16] found that some 
objects have indeterminacy or neutral other than membership and non-membership. So he coined the notion 
of neutrosophy. V. Popa & T. Noiri [12] introduced the notions of minimal structure which is a generalization 
of a topology on a given nonempty set. We introduced the concepts of M-continuous maps. M. Karthika 
et al [11] studied neutrosophic minimal structure spaces. S. Ganesan and F. Smarandache [9] studied N m- 
semi-open in neutrosophic minimal structure spaces. S. Ganesan et al [10] studied N,,-pre-continuous maps. 
This article focuses on N,,-G-open, f-interior and 8-closure operators using neutrosophic minimal structures. 
We investigate properties of such concepts and we introduced the notions of №, - 8-continuous, N ,- 8-closed 
graph, N,,-$-compact and almost N ,4,- 8-сотрасё and investigate some properties for such concepts. Finally, 


we introduced N,,,-regular-open, N,,,-7-open sets and investigate fundamental properties. 


2. Preliminaries 

Definition 2.1. [15, 16] Neutrosophic set (in short ns) K on a set С # 0 is defined by K = {< a, P x (a), 
Ок (а), Rk(a) > : a € G}, where Рк: G > [0,1], Ок: G > [0,1] and Кк: С — [0,1] denotes the 
membership of an object, indeterminacy and non-membership of an object, for each a on G to K, respectively 
and 0 € Рк (а) + Qx(a) + Ек (а) < 3 for each a € С. 


Proposition 2.1. /13] For any ns S, then the following conditions are holds: 


958 


Florentin Smarandache (author and editor) Collected Papers, VIII 


‚0 < S, 0. 


IA 


б» 


И Жы da d 
Definition 2.2. [13] Let K = {< a, Рк (a), Qg (a), Ёк(а) > : a € G} beans. 


. Ans К is an empty set i.e., К = 0„, if 0 is membership of an object and 0 is an indeterminacy and 1 is an 
non-membership of an object respectively. i.e., OV = {g, (0, 0, 1): ge G} 


. A ns K is a universal set i.e., К = 1. if 1 is membership of an object and 1 is an indeterminacy and 0 is an 
non-membership of an object respectively. 1. = {g, (1, 1, 0): g € G} 


. Kı U Kə = (a, max { Рк, (a), Рк, (а)}, max { Ок, (а), Qi, (a)}, min { Rx, (a), Rg, (a)}: a € G} 
. Kı N К» = (a, min { Рк, (a), Рк, (a)}, min { Ок, (а), Ок, (a)}, max { Ёк, (a), Rx, (a)}: a € G} 


. KẸ ={ а, Rg(a), 1 – Qx(a), P=Px (a) - : a € G} 


Definition 2.3. [13] Neutrosophic topology (nt) in Salama’s sense on a nonempty set G is a family 7 of ns in 
G satisfying three conditions: 


. Empty set (0. ) and universal set (1. ) are members of т. 
Ку A К» € т where Ki, K2 € т. 


. UKs € т for every (K5: 6 € A} < т. 


Definition 2.4. [11] The neutrosophic minimal structure space over a universal set G be denoted by Nm. Nm 
is said to be neutrosophic minimal structure space (in short, nms) over G if it satisfying following the axiom: 
0., 1. € Nm. A family of neutrosophic minimal structure space is denoted by (С, Nma). 

Note that neutrosophic empty set and neutrosophic universal set can form a topology and it is known as 


neutrosophic minimal structure space. 


Remark 2.1. /11] Each ns in nms is neutrosophic minimal open set (in short, nmo). 


Complement of nmo is neutrosophic minimal closed set (in short, ттс). 


Definition 2.5. [11] A is N,,-closed if and only if N,,cl(A) = A. Similarly, A is a N,,-open if and only if 
N,,int(A) = A. 


Definition 2.6. [11] Let Nm be any nms and A be any neutrosophic set. Then 


. Every A € Nm is open and its complement is Nm closed. 
. Na-closure of A = min {F : F is a nmc and F > А} and it is denoted by N mcl(A). 


. N,,-interior of A = max {F : F is a nmo and F € А} and it is denoted by N,,int(A). 
In general N mint(A) is subset of A and A is a subset of N mcl(A). 
Proposition 2.2. [11] Let R and S are any ns of nms Nm over G. Then 


. NS = (0, 1, ВС } where RO is a complement of ns R;. 
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. G — Ni, int(S) = Nmcl(G — 5). 
. G — Nmel(S) = Nmint(G — S). 


| Nm СЕС ) = (Nm cU(R))O = Nm int(R). 
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. Nm closure of an empty set is an empty set and Nm closure of a universal set is a universal set. Similarly, 


Nm interior of an empty set and universal set respectively an empty and a universal set. 
. If S is a subset of R then Nm cl(S) < Nm cl(R) and Nm int(S) < Nm int(R). 
. Nm cl(Nm cl(R)) = Nm cl(R) and Nm int(Nm int(R)) = Nm int(R). 
. Nmcl(R V S) = Nmcl(R) V Ns cl(S). 


о о м 9 


. Na cl(R ^ S) = Na cl(R) ^ Ny cl(S). 


Definition 2.7. Let (С, ме) be a nms and S < G is said to be 


1. N,,-semi-open set ( in short, N,,-so) [9] if S € N,,cl(N;, int(S)). 
2. N ,-pre-open set (in short, N,,-po) [10] if S € N,,int(N,,cl(S)). 


The complement of above N m-open set is called an N ,, -closed set. 


Definition 2.8. [11] Let (G, Nma ) be nms. 


1. Arbitrary union of nmo in (G, Ng) is nmo. (Union Property). 

2. Finite intersection of nmo in (G, Nma ) is nmo. (intersection Property). 
Definition 2.9. [11] A function f: (G, Nma) > (Н, Nm) is called neutrosophic minimal continuous map iff 
f-1(V) e Nma whenever V € Мн. 
Definition 2.10. [11] let A be a ns in nms (G, Ме). Then Y is said to be neutrosophic minimal subspace if 


(H, Nmu) = {A п0:0є Мун }. 


3. N,4,- 8-open sets 


Definition 3.1. (С, Nma) be a nms & S < G is said to be N,,-8-open set (in short, Nm-80 ) if S < 
Nu cl(N 4 int(N mcl(S))). 
The complement of an N,,,-o is called an N ,,- 8-closed set(in short, N,4,- бс) 


Remark 3.1. (С, T ) be a nt & S < С is said to be N -B-open set [3] if S < Ncl(N int(N cl(S))). If the 
nms Nma is a topology, clearly an №, -B o is N - В -open. 


Above definition of 3.1, trivially the following statement are obtained. 
Lemma 3.1. Consider (G, Nma ) be a nms. 


1. Every Nm -open is №, -D o. 
2. S is an №. -Во iff $ < Nm cl(Nm int(Nm cl(S))). 
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3. Every Nm -closed set is Nm - В -closed. 
4. S is an Ny, - B -closed set iff Nm int( Ns, cl(Nm int(S)) < S. 


Theorem 3.1. (С, Nma) be a nms. Any union of Nm-Bo is Ny -Bo. 


Proof. Suppose As bean N,,-80 for ô € A. Above definition 3.1 and Proposition 2.2(6), As < Ni» cl(N»int(N,, cl(A;))) 
< N»ycl(Nmint(Nmcl(UAs))). This implies JA; € Nmecl(Nmint(Nmcl(UAs))). Hence UAs is an Nm- 
Bo. 


Remark 3.2. Consider (G, Nma) be a mms. Intersection of any 2 №, -Во may not be Nm-80. 


Example 3.1. Consider G = {a} with Nm = (0.,, Р, Q, R, S, 1.,) and NS = (1., I, J, K, L, 0.,) where 
P = < (0.5, 0.6, 0.6)> ; Q = < (0.4, 0.6, 0.8)> 
R= < (0.4, 0.7, 0.9)> ; S = < (0.5, 0.7, 0.6) 
= < (0.6, 0.4, 0.5)> ; J= < (0.8, 0.4, 0.4)> 
К = < (0.9, 0.3, 0.4)> ; L = < (0.6, 0.3, 0.5) 
We know that 0, = {< g, 0, 0,15 : дє Gp, 1. = {< 1,1,0» :g € С} and 09 ={< 9g, 1, 1, 0 > 
:g€ С}, 16 ={+9,0,0,1>:g€ Gh. 
Now we define the two N,,-Go0s as follows: 
A = < (0.6, 0.7, 0.9)> ; В = < (0.5, 0.8, 0.4)> 
Here Nm cl(A) = 0€, Nmint(Nmcl(A)) = 1. , Nmcl(Nmint(Nm cl(A))) = 0£ and 
Nim СВ) = 0£, Мы (Мм cl(B)) = 10, Nmcl(Nmint(Nm cl(A))) = 08. But A A B= — (0.5, 0.7, 0.9)> 
is not a №. -Во in С. 


Proposition 3.1. Let (G, Nma) be a nms. 


1. If S is a Nm so then it is a Nu -Do. 
2. If S is a Nm -po then it is a Nm -Do. 


Proof. (1) The proof is straightforward from the definitions. 


(2) The proof is straightforward from the definitions. 
Definition 3.2. Let (G, ле) be a nms. 


1. N4-8-closure of А = min {5 : S is N,,- 8-closed set and S > A} and it is denoted by N m-£8cl (A). 


2. N,,-G-interior of A = max (V : V is N,,-Go and V € A} and it is denoted by N,,-Gint(A). 


Theorem 3.2. Suppose (G, Nma) be a nms and R, S € G. Then 


1. Na -Bint(0..) = On. 

2. Nm-Bint(1.) = 1... 

3. Nm-Bint(R) < R. 

4. If R € S, then Nn -Bint(R) < Nq-Bint(S). 


961 


5. 
6. 
7. 


rR 0 aA d (бо юм 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Ris №. -Bo iff Nm-Bint(R) = R. 
Nga -Bint(N,-8int(R)) = Nm -Bint(R). 
Na-8cl (G — R) = G —Nga-Bint(R). 


Proof. (1), (2) are Obvious. 

(3), (4) are Obvious. 

(5) It follows from Theorem 3.1. 
(6) It follows condition from (5). 
(7) For R < G, G — Nm-8int(R) = G — max {U : U < R, Uis N,,-60} = min { G- U:U < R, Uis 
Na-80]2min(G-U:G-R < G- U}, U is N4-8o0] = М-да (G — R). 


Theorem 3.3. Let (G, Nma) be a nms and R, S < G. Then 


. Na -Bel (0n) = On. 

. Nm-Bel (12) = In. 

. В € Nm-Bcl (R). 

. If R € S, then Nm-Bel (R) € Nm-Bel (S). 
. Ris Nm-Bc iff Ns -Bcl (R) = R. 

| Na -Bel (Nu, -Bel (R)) = Na -Bcl (В). 

. Nm-Bint(G — R) = G — Na -Bcel (R). 


Proof. It is similar to the proof of above Theorem 3.2. 


Theorem 3.4. Let (G, Nma) be a nms and 5 € G. Then 


.9g € Nga-Bel (S) iff SA V # 0 for every Nm-Bo V containing g. 
. g € Ng-Bint(S) iff there exists an Nm-Bo U such that U < S. 


Proof. (1) Suppose there is an N m- Во V containing g such that SM V = Ø. Then G — V is an N,,-fc such 
that S < G — V, g ¢ G — V. This implies g ¢ N,,-Bcl (S). 


The reverse relation is obvious. 
(2) Obvious. 


Lemma 3.2. Let (С, Nma) be a nms and 5 < G. Then 


» Nm int(Nm cl(Nm int(S))) < Nm int(Nm cl(Nm int(Nm -Bint(S))) < Nm-B int(S). 
. Nm-B cl (S) € Nm cl(Nm int(Nm cl(Nm -Bcel(S))) € Nm cl(Nm int(Nm cl(S))). 


Proof. (1) For S € G, by Theorem 3.3, Nm-8cl (S) is an Nm-8c set. Hence from Lemma 3.1, we have 
Na int(N4 clN;, int(S)) < №, іа, (№, int(N4,-Bint(S)))) € N4-Bint(S). 
(2) It is similar to the proof of (1). 
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4. N,,-8-continuous map 

Definition 4.1. Map f: (G, Nma) > (Н, Мн) is said to be N m- -continuous if f^! (О) isa N,,-80 in G, 
for each N,,-open O in Н. 

Theorem 4.Y. Every neutrosophic minimal continuous is Nm - В -continuous but not conversely. 

. Every Nm -semi-continuous is Nm -8 -continuous but not conversely. 

. Every Nm -pre-continuous is Nm - В -continuous but not conversely. 

Proof. (1) The proof follows from [Lemma 3.1 (1)]. 


(2) The proof follows from [Proposition 3.1 (1)]. 
(3) The proof follows from [Proposition 3.1 (2)]. 


Theorem 4.2. Map f: С — Н be a function on 2 nms (G, Nma) and (Н, Мын). Then the following 
statements are equivalent: 

. f is Nm -B-continuous. 

Р (O) is an Nm -Во, for each Nm -open set О in Н. 

. f1 (S) is an Nq,-Bc set, for each Nm -closed S in H. 

- f(Nm-Bel (R)) < Nm cl(f(R)), for R < G. 

- Ng - Bel (F (8)) < f^ (Nm el(S)), for < Н. 

Qf (Nmint(S)) < Nm-Bint(f-t (S)), for S < H. 


Proof. (1) = (2) Let O be an Nm-open in H and g € f^! (О). By hypothesis, there exists an N,,-80 Ug 
containing g such that f(U) < О. This implies g € О, < f^! (O) for all g € f^! (О). Hence by Theorem 3.1, 
f-1(0) is N4,- Во. 

(2) = (3) Obvious. 

(3) = (4) For R < G, f ! (N4cl(f(R))) = f^! (min {F € H:f(R) € F and F is N,,-closed}) = min (f^! (F) 
< G:R < f-1(F) and F is Nm-8c} > min {K € G: R € K and K is Nm-8c} = Nm-fel (R). Hence 
f(N&-8cl (R)) € Nmel(f(R)). 


(4) = (5) For R < G, from (4), it follows f(N4,-8cl (f  (R))) € Nmel(f(f7'(R))) € Nmel(R). Hence we get 
(5). 
(5) = (6) For S < H, from N,,int(S) = Y — N,,cl(H — S) and (5), it follows: f ! (N,,int(S)) = f !(Y — 


МН — 8)) = G —f-!(Nmel(H — S) € G — Nm-8cl (£7 (H — S)) = Na-Pint(f-! (S)). Hence (6) is 
obtained. 
(6) = (1) Let g € G and О an N m-open set containing f(g). Then from (6) and Proposition 2.2, it follows g € 


f-1(0) = f-1(N4 int(O)) € N,,-Bint(f-! (O)). So from Theorem 3.4, we can say that there exists an Nm-80 
U containing g such that g € U < f^! (О). Hence f is N ,,,- 8-continuous. 


Theorem 4.3. Map f: С — Н be a function on 2 nms (G, Nma) and (Н, Мын). Then the following 


statements are equivalent: 
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‚ f is Nm - B -continuous. 

. F (0) € Nm сь int(f-? (O))), for each №, -open О in H. 
Мы (Му СІ (F))) < f (F), for each Nm -closed set F in Н. 
‚(Мын (Мм, cl(R))) < Nm cl(f(R)), for R € С. 

Мы int(Nm СІР (8))) < f^! (Nm cl(S)), for S < Н. 

СР (Nm int(S)) < Nm СІ int(f-? (8))), for S < H. 


Proof. (1) = (2) It follows from Theorem 4.2 and Definition of №, - 808. 
(1) © (3) It follows from Theorem 4.2 and Lemma 3.1. 

(3) = (4) Let R € X. Then from Theorem 4.2(4) and Lemma 3.2, it follows N mint(Nmcl(R)) € Nm-8cl (R)) 
< f-!(N,,cl(f(R))). Hence f(Nmint(Nmcl(R))) < N;,cl(f(R)). 

(4) = (5) Obvious. 

(5) = (6) From (5) and Proposition 2.2, it follows: f !(N,int(S) = f-'(H — N,,c(H — S) = G 
—f-!(N,,cl(H — S)) € G — N,,int(N,,cl(f~!(H — S))) 

= N,,,cl(N,, int(f~1(S))). Hence, (6) is obtained. 

(6) = (1) Let О be an Nm-open in Н. Then by (6) and Proposition 2.2, we have f^ 1 (O) = f^! (N,, int(O)) < 
N 4 cl(N,, int(f^! (O))). This implies f^! (О) is an N,,-80. Hence by (2), f is N,,- -continuous. 


Definition 4.2. [10] (G, Nma) be a nms. Then G is said to be N,,-T2 if for each distinct points g and h of 
G, there exist two disjoint N m-open U, V such that g € U and h є V. 


Definition 4.3. (С, Nma) be a nms. Then G is said to be N,,-8-T» if for any distinct points g and h of G, 
there exist disjoint N m-6o C, D such that g € C and h € D. 


Theorem 4.4. Map f : С — Н be a map on two nms (G, Nma) and (Н, Nmu). If f is an injective and 
Nm - В continuous map and if H is Ny, -T2, then G is №-В-Тә. 


Proof. Obvious. 


Theorem 4.5. Map f : С — Н be a map on two nms (G, Nma) and (Н, Nmu). If f is an injective and 
Nm -B continuous map with an Nm - В -closed graph, then G is Nm -B-T2. 


Proof. Suppose gı and g2 be any distinct points of G. Then f(g1) Z f(g2), so (g1, f(g2)) € (G x H) — L(f). 
Since the graph L(f) is N,4,- 8с, there exist an N,,- Во containing gı and D € N;,g containing f(g2) such that 
КС) n D = 0. Since f is N,,- B continuous, f! (D ) is an N4,-o containing ga such that C n f ^1 (D) = 0. 
Hence С is N4,-8-T»2. 


Definition 4.4. [10] (G, Nma) be à nms and S < С, S is called N,,-compact (respectively, almost N m- 
compact) relative to S if every collection {U; : i € A} of N,,-open subsets of G such that S < max {U; : 
i € A}, there exists a finite subset Ag of A such that 5 < max {U; : j € Ao} (respectively, S < max 
{Ncl(U;) :j € АЛо}). (G, Nma) be a nms and 5 < G, S is said to be N,,-compact (respectively, almost 


N m-compact) if S is N,,-compact (respectively, almost N ,,-compact) as a neutrosophic minimal subspace of 
G. 
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Definition 4.5. (G, Nma) be a nms and S < G, S is called N,,-8-compact (respectively, almost N m-8- 
compact) relative to S if every collection {Us : 6 € A} of N,,-6-open subsets of G such that S < max {U5 
: 6 € А}, there exists a finite subset О of A such that S < max {Uu : w € О} (respectively, S < max 
{Nm Ва (О): w € О}). (G, NmG) be a nms and S < С, S is said to be N,,-8-compact (respectively, almost 
N m-8-compact) if S is N,,-8-compact (resp. almost N m-8-compact) as a neutrosophic minimal subspace of 
G. 


Theorem 4.6. Map f: С — H be a map on 2 nms (G, Nma ) and (Н, Nmu ). If S is ап Nm - В -compact set, 
then f(S) is Nm -compact. 


Proof. Obvious. 


5. N,,-regular open 


We introduce following definitions 


Definition 5.1. (G, Nma) be a nms and А < С, A is called N,,-regular open (in short, N,,-ro) if A = 
N 4 int(N 4 cl(A)). 


Theorem 5.1. Any Nm -ro is Nm -open. 


Proof. If A is N,,-ro in (G, Nma), A = Na int(N;,cl(A)). Then N,,int(A) = N,,int(N,,int(N,,cl(A))) = 
Na int(N;,cl(A)) = A. That is, Ais N,,-open in (G, Nma). 


Example 5.1. G = {a} with Nm = (0, Р, 1..) and NS = (1., Q, On} where 
Р = < (0.5, 0.5, 0.5)> ; Q = < (0.5, 0.5, 0.5) 

Now we define the Nm -ro sets as follows: 

А = « (0.5, 0.5, 0.5)» 

Here Nm cl(A) = Q, №, (№, cl(A)) = P is a Nm -ro in G. 


Definition 5.2. (G, Nma) be a nms and S < G, S is said to be N,,-7-open set if S is the finite union of 
М-го. 


Remark 5.1. For a subset of A of an nms (G, Nma), we have following implications: 


Nm -regular open => №, -т-ореп = Nm -open 
Diagram-I 


Example 5.2. G = {a} with Nm = (0., Р, L, 1.1 and NC = (1., М, N, 0.} where 

Р = < (0.1, 0.5, 0.1)> ; L = < (0.5, 0.5, 0.5) 

M = < (0.1, 0.5, 0.1)> ; N= < (0.5, 0.5, 0.5)> 

Now we define the two Nm -ro sets as follows: 

A = = (0.1, 0.5, 0.1)> 

В = < (0.5, 0.5, 0.5)> 

Here Nm cl(A) = M, №. (Мм, cl(A)) = Р; №. cl(B) = N, Nm int(Nm cl(B)) = L is a Nm -ro set in С. Here, 
AV B = « (0.5, 0.5, 0.1) is a №, -т-ореп sets but it is not a Nm -ro. 
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Example 5.3. С = {a} with Nm = (0., А, 1.) and NS = (1., B, Ou} where 

А = < (0.6, 0.7, 0.8)> ; В = < (0.3, 0.3, 0.6) 

Now we define the Nm -ro sets as follows: 

В — «4 (0, 0, 1) ; = < (1, 1, 0) 

Here R V S < (1, 1, 0)> is a Nm-n-open set in G. Here, А = < (0.6, 0.7, 0.8)» is Nm -ореп but it is not 


a №, -T -open. 


Conclusion 
We presented several definitions, properties, explanations and examples inspired from the concept of Nm-8- 
open, N m -regular-open and N,,,-7 -open. The results of this study may be help in many reserches. 
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Neutrosophic Fuzzy Goal Programming 
Algorithm for Multi-level Multiobjective 
Linear Programming Problems 
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Programming Problems. Neutrosophic Operational Research. Methods and 
Applications, I, 593-614; DOI: 10.1007/978-3-030-57197-9 27 


1 Introduction 


Most often, the mathematical programming problems consist of only one decision 
maker who takes the decisions all alone. Apart from that, many decision-making 
problems involve hierarchical decision structures, each with independent, and most 
often contradictory in nature. Such decision-making scenarios are termed as 
decentralized planning problems. Thus, the hierarchical decision-making texture of 
the problem is formulated as multi-level programming problems (MLPPs). If there 
are only two decision makers, then it becomes bi-level programming problems, tri- 
level for three decision makers, and so on. The fundamental concepts behind the 
MLPPs optimization techniques are that the leader-level decision maker defines 
his/her goals/target and then seeks the optimal solution from each subordinate level 
of the organization that has calculated individually. The follower-level decisions 
are then submitted and satisfied by the leader-level in view of overall benefit of the 
organizations. There may be more than one linear objective function that are to be 
optimized by different levels in MLPPs, then such kind of decentralized decision- 
making problems are termed as multi-level multiobjective linear programming 
problems (ML-MOLPPs). 

There are several research works available in the literature that contribute to 
the domain of multi-level multiobjective linear programming problems. Based 
on fuzzy set theory, [1, 6, 19, 20, 22] presented fuzzy programming and fuzzy 
goal programming approaches to bi-level decision-making problems. Furthermore, 


967 


Florentin Smarandache (author and editor) Collected Papers, VIII 


[8, 10, 12, 14, 15] suggested the fuzzy-based solution procedure for ML-MOLPPs. 
Later on, intuitionistic fuzzy set theory [7] is also introduced to solve the ML- 
MOLPPs under intuitionistic fuzzy environment. Recently, [9, 21] discussed the 
intuitionistic fuzzy techniques to solve the ML-MOLPPs by considering the mem- 
bership as well as non-membership functions of all objectives at each level. 
Furthermore, the extension and generalization of fuzzy and intuitionistic fuzzy sets 
are presented and named as neutrosophic set. First, [18] proposed the neutrosophic 
set, and later on it was extensively used in the field of mathematical programming 
problems and their optimization techniques. Only few research work is available that 
captures the neutrosophic decision set theory in ML-MOLPPs. Only two research 
articles are cited below that have contributed to neutrosophic ML-MOLPPs domain. 
Maiti et al. [11] investigated neutrosophic goal programming strategy for ML- 
MOLPPs with neutrosophic parameters. Pramanik and Dey [13] also suggested a 
goal programming technique for neutrosophic ML-MOLPPs where the parameters 
have been taken as triangular or trapezoidal neutrosophic numbers. Thus, this 
chapter provides more emphasis toward the neutrosophic ML-MOLPPs research 
area and laid down a concrete base for neutrosophic ML-MOLPPs optimization 
domain. 

In this chapter, the neutrosophic fuzzy goal programming (NFGP) algorithm is 
introduced to solve the multi-level multiobjective linear programming problems. 
Two different NFGP procedures based on neutrosophic fuzzy decision set are 
presented for ML-MOLPPs. To formulate any of these two proposed NFGP 
models of the ML-MOLPPs, the neutrosophic fuzzy goals of the objectives are 
determined by finding individual optimal solutions. Marginal evaluations of each 
objective functions are then depicted by the associated membership functions 
under neutrosophic environment. These membership functions are converted into 
neutrosophic fuzzy flexible membership goals by means of incorporating over- and 
under-deviational variables and assigning highest truth membership value (unity), 
indeterminacy value (half), and a falsity value (zero) as aspiration levels to each 
of them. To determine the membership functions of the decision variable vectors 
monitored by any level decision maker, the optimal solution of the corresponding 
MOLPP is separately solved. A marginal relaxation of the decisions is prescribed to 
avoid decision deadlock. 

The first proposed NFGP solution algorithm provides an extension of the work 
presented by [1, 8, 16] under neutrosophic environment, which deals with bi-level 
linear single-objective programming problems. It also extends the work of [14] 
by introducing the NFGP algorithm to multi-level programming problems with a 
multiple linear objective at each level. The final fuzzy model groups the membership 
functions for the defined neutrosophic fuzzy goals of the objective functions and the 
decision variable vectors at all levels, which are determined separately for each level 
except the follower level of the multi-level problem. 

The second proposed NFFGP algorithm may be seen as a method for solving 
multi-level multiobjective programming problems. First, it develops the NFGP 
model of the leader-level problem to obtain a satisfactory solution to the leader- 
level decision maker's problem. A marginal relaxation of the leader-level decision 
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maker's decisions is taken into account to avoid a decision deadlock. These 
decisions of the leader-level decision makers are depicted by membership functions 
of neutrosophic fuzzy set theory and transferred to the second-level DM (SLDM) as 
an additional constraint. Then, the SLDM modeled its NFGP model that considers 
the neutrosophic fuzzy membership goals of the objectives and decision variable 
vectors of the leader-level decision makers. Afterward, the achieved solution is 
passed to the third-level DM (TLDM) who seeks the solution in a similar fashion. 
The same process is carried out until the follower level reaches. Thus, this procedure 
may be assumed as an extension of the fuzzy mathematical programming algorithm 
of [16, 17] under the neutrosophic environment. 

The remaining part of the chapter is summarized as follows: in Sect.2, the 
preliminaries regarding neutrosophic set have been discussed, while Sect.3 dis- 
cusses the formulations of multi-level multiobjective programming problems. The 
proposed neutrosophic fuzzy goal algorithm is developed in Sect. 4, whereas in 
Sect. 5, a numerical example is presented to show the applicability and validity of 
the proposed approaches. Finally, conclusions and future scope are discussed based 
on the present work in Sect. 6. 


2 Preliminaries 


Some basic preliminaries regarding neutrosophic set are presented in the following 
section. 


Definition 1 ([4])) Let Y be a universe discourse such that y є Y, then a 
neutrosophic set A in Y is defined by three membership functions namely, truth 
IL A Cy), indeterminacy АА (у), and a falsity уд (у) and is denoted by the following 
form: 


A = {< y, MAQ), AAO), АО) > |y € Y), 
where шад (у), XAA(y) апа v4(y) аге real standard or non-standard subsets belong 
to ]07, 1*[, also given as, uA(y) : Y > ]07, 1Ħ[, Ад(у) : Y > ]07, І, and 


va(y) : Y = 107, 1*[. There is no restriction on the sum of ua(y), AA(y) and 
va(y), so we have 


0- < sup LA(y) + AQ) + sup va(y) € 3*. 


Definition 2 ([4]) A single-valued neutrosophic set A over universe of discourse Y 
is defined as 


А = {< у, naQ), АА(У), va) > | y € YI, 


where ua (у), a (y), and va (y) € [0, 1] and < wa(y) +Aa(y) + va) x 3 for 
each y € Y. 


969 


Florentin Smarandache (author and editor) Collected Papers, VIII 


Definition 3 ([4]) The complement of a single valued neutrosophic set А is 
represented as c(A) and defined by исл) (у) = va (Y), Acca) (У) = 1 — va(y) and 
Vc(AY(y) = ua Су), respectively. 


Definition 4 ([4]) Let A and B be the two single-valued neutrosophic sets, then the 
union of A and B is also a single-valued neutrosophic set C, that is, C — (AU B), 
whose truth ис (y), indeterminacy Ас (у), and falsity vc (у) membership functions 
are given by 


ис(у) = max (way), ив(у)) 
Ac(y) = тах (ХАСу), Ав(у)) 
ус (У) = min (уд (у), vp(y)) for each y є Y. 


Definition 5 ([4]) Let А and B be the two single-valued neutrosophic sets, then the 
intersection of A and B is also a single-valued neutrosophic set C, that is, C — 
(A N B), whose truth ис (y), indeterminacy Ас (у), and falsity vc (y) membership 
functions are given by 


ис(У) = min (ua), ив(у)) 
Ac(y) = тір (Ад (у), Ав(у)) 
ус (У) = тах (рд (у), ув(у)) for each y є Y. 


Definition 6 A solution set Y* є 5 is said to be an efficient solution to the 
MLMOPPs if and only if there does not exist any other Y € S such that О;; > 07; 
for alli 21,2,...,t; j = 1, 2,..., т;, respectively. 


Definition 7 For апу ML-MOPPs, an efficient solution selected by the decision 
makers is the best compromise optimal solution which is chosen on the basis of 
decision makers' explicit and implicit criteria. 


3 Description of ML-MOLPPs 


Assume that a t- level multiobjective programming problem with minimization-type 
objective functions at different level. Consider that D М; represents the i-th level 
decision maker and controls over the decision variable у; = (yii, yi. ..., Уш) € 
В"! for alli = 1, 2, ..., t, where y = (yi, yao, ..., Yr) € R” such that n = 
nj +2 +... + п;. Furthermore, we assume that 


О; (у) = О;(у\, Y2, ..., y) : В" x Ro x...x R" > R", Vi=1, 2, ..., 1 

(1) 
represents the vector-set of a well-defined linear objective function to the i-th 
decision makers, і = 1, 2, ..., t. The equivalent mathematical expressions for 


the ML-MOLPPS with minimization-type objectives can be stated as follows: 
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[1st level] 
Ма О! (у) =Min (о11(у), o12(y), ...› O1m,(y)) 
where yo, уз, ..., у; solves 
[2nd level] 
Min O2(y) = Min (021). 029), «+++ 02m (y)) (2) 


where y; solves 


[t-th level] 
Min O;(y) = Min (or1(y), 029), ...› от, (У)) 


subject to 


y ES = {y € R'IGiyi Giyi + Giy(S or = or >) q, у> 0, 
qc А" | z ф, (3) 


where 
ij ij ij : 2 
oij(y) =с yi 65 Ya +: су, i=l, 2, ..., t, fal, 2, ..., т 
=c hy c суо +--+ + сү, Yin + yn + сууу + 


+ с„У?л» + m суг + cy + el Cih Yen, 
(4) 


such that S is the multi-level convex constraints in feasible decision set under multi- 
level multiobjective programming problems. The notation m;, i = 1, 2, ..., t 
denotes the number of objective function under i-th decision maker, m is the number 
of constraints, e = (б čin; e 2) SUE Im52..:.4 e are constants, 


and the coefficient matrices of size m x n; are depicted as G;, V i = 1, 2, ..., t. 


4 Proposed Neutrosophic Fuzzy Goal Programming 
Techniques 


In the past few decades, it has been observed that the situation may arise in 
real-life decision-making problems where the indeterminacy or neutral thoughts 
about element into the feasible set exist. Indeterminacy/neutral thoughts are the 
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region of the negligence of a proposition's value and lie between truth and a 
falsity degree. Therefore, the further generalization of fuzzy set (FS) [20] and 
intuitionistic fuzzy set (IFS) [7] is presented by introducing a new member into 
the feasible decision set. First, [18] investigated the neutrosophic set (NS) which 
comprises three membership functions, namely truth (degree of belongingness), 
indeterminacy (degree of belongingness up to some extent), and a falsity (degree 
of non-belongingness) functions of the element into the neutrosophic decision set 
(see [2, 3, 5]). 

In ML-MOLPPs, if an imprecise aspiration level under neutrosophic environ- 
ment is assigned to each of the objectives at each level of the ML-MOLPPs, 
then such neutrosophic objectives are termed as neutrosophic goals and dealt with 
neutrosophic decision-making techniques. Hence, the marginal evaluation of each 
neutrosophic goals is characterized through three different membership functions, 
namely truth, indeterminacy, and a falsity membership functions by defining the 
tolerance limits for attainment of their respective aspiration levels. 


4.1 Characterization of Different Membership Functions 
Under Neutrosophic Environment 


In multi-level decision-making problems, each DM intends to minimize its own 
objectives in each level over the same feasible region depicted by the system of 
constraints; hence, the individual optimal solutions are obtained by them and can be 
regarded as the aspiration levels of their associated neutrosophic goals. 

Assume that y = (y, уу, ..., уг) and ой, tsal Ж aosi Js 
1, 2, ..., mj; be the best individual optimal solutions of each DMs at each level, 
respectively. Furthermore, consider that /;; > omin denotes the aspiration level 
assigned to the ij-th objective о;;(у) (where ij means that when i = t for t- 
th level decision makers then j = 1, 2, ..., mij). Moreover, also consider that 
y* = (у!*, ys, ..., y*), i=1, 2, ..., t — 1, be the optimal solutions for ће 
t-th level decision makers of ML-MOLPPs. Consequently, the neutrosophic goals of 
each objective function at each level and the vector-set of neutrosophic goals for the 
decision variables monitored by t-th level decision makers can be stated as follows: 


обу) < lij, i=l; 2; эуез. Ї; fH, 2, ..., mj and 
y Sy", i21, 2, ..., t- 1, 


where < and = represent the degree of neutrosophy of the aspiration levels. 

One can note that the solutions y = (yj ; у; "2 i = 
1, 2, ..., t, j= 1, 2, ..., mj are probably different due to the conflicting 
nature of the objective functions at each level for all the decision makers. Therefore, 


it can be obvious to consider that the values of Ogm (yt, уб", is y) > 
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om^, g—1,2, ..., t, m — 1, 2, ..., mi, and Vij z gm with all values 
gm вт gm ; | 
greater than ogm = = тах [oj (у, У5 , y? » i212, ...,6 j= 
1, 2, ..., m; and ij + gm] are absolutely unacceptable to the objective 
function огт (y) = Ogm(Y1, Y2, ---, Yr). As a result, огт (у) can be taken as the 


upper tolerance limit ил (y) of the neutrosophic goal to the objective functions. 
The upper and lower bounds for ij-th objective function under the neutrosophic 
environment can be obtained as follows: 


Ur = и, Li = lij for truth membership 
Uj; А = = Li + aij; Li = Li for indeterminacy membership 
Uj; =U ip Lij = Li; + bij for falsity membership, 


where aj; and bj; € (0, 1) are predetermined real numbers. 

Thus, the different membership functions, namely truth Moi (о;у (y)). indeter- 
minacy Ao, j (0ij (y)). and a falsity Уо) (oij (y)) membership functions for the i j-th 
neutrosophic goals can be stated as follows: 


1 if oij(y) < 10 

Шоу (oij(y)) = 11— vU if L5 < ог(у) < Uj (5) 
0 | if oj (y) = Uj, 
1 if обу) < 10, 

Ao (01j()) = 11— pe if Li = о EU (6) 
0 if oij (y) = U 
1 if oij) > U; 

(0000) = |1 7 if Ly < оду) < UF (7) 
0 if 0:3 (у) < Li; 


To construct the different membership functions for the decision variables 
monitored by i-th decision makers, first, the optimal solution for the r-th level 


MOLPPs, y/* = (i Я yf ГЕ y i=1, 2, ..., t — 1, should be carried out 
by using any appropriate method for MOLPPs optimization techniques. 
Suppose that T/^ and Т”, i21,2, ...,ft—]1l, k= 1,2; res Ni be the 


maximum negative and positive tolerance limits on the decision variables imposed 
by the i-th level decision makers. Usually, the tolerances 7;, and T. may not be 
equal. The upper and lower bounds for ik-th decision variable vectors under the 
neutrosophic environment can be stated as follows: 
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U iB L i . 
By, = Yik Ty Hy, = уй — Т for truth membership 
U _ ek А L _ L х А ; 
Mig = By, Faik Ау = Шу, for indeterminacy membership 
EU EET ms uid ; . 
Vy = Hyi Уу = Шуд + bik for falsity membership, 


where aj, and big € (0, 1) are predetermined real numbers. 

For each of the n; components of the decision variable vector уў = 
(Vis Jo = Yin) controlled by the leader (t — 1)-th level decision makers, 
the different linear membership functions under neutrosophic environment such as 
truth му Суг), indeterminacy Ay,, (yix), and a falsity vy,, (уг) can be furnished as 
follows: 


L 
Мк Му, ; 1, * 
< yg < у? 
тт е. 
U 
Шуц (Vik) = 4 Hyg ip o U (8) 
if y^ < Yik € их 
Hy Yik Vik S Yik S Муң 
0 otherwise. 
L 
Yik Aye М І, ж 
2 < у < у? 
XM i Mik S Vik = Yik 
Aya Vik) = Ayp Iik Р U (9) 
METER U— d yy X Vik X Ay, 
Yik Vik 
0 otherwise. 
L 
Vik Vy, ae yL x 
fk if vy < yi у; 
Vip Vik Yik Ї ik 
э (vie) = { AE NN U (10) 
Yik NJ М7 =” * I ур < 
o Ru vy 
1 otherwise. 


Also, it should be noted that the range of у; may be shifted according to the decision 
makers' choices. 

In a neutrosophic decision environment, the neutrosophic goals comprising 
the decision makers' objective functions at different level and the neutrosophic 
goals of the decision variable vectors are monitored by leader (f — 1)-th level 
decision makers. The attainment degrees to their aspiration levels to the extent 
possible are virtually achieved by the possible achievement of their respective 
memberships, namely truth, indeterminacy, and a falsity membership functions to 
their utmost degrees. Obviously, this aspect of neutrosophic fuzzy programming 
approach enables a neutrosophic fuzzy goal programming technique as a justified 
approach for solving the leader t-th level MOLPPs and consequently ML-MOLPPs. 
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4.2 Neutrosophic Fuzzy Goal Programming Approach 


In neutrosophic programming approaches, the neutrosophic membership degrees 
can be transformed into neutrosophic membership goals according to their respec- 
tive maximum degrees of attainment. The highest degree of truth membership 
function that can be achieved is unity (1), the indeterminacy membership function is 
neutral and independent with the highest attainment degree half (0.5), and the falsity 
membership function can be achieved with the highest attainment degree zero (0). 
Now, the transformed membership goals under the neutrosophic environment can 
be expressed as follows: 


Hoy iQ) dis, — di, = 1, 


Хоу (oi; (y) + dij, — dj, = 0.5, Vi=1,2,...,¢, j=l, 2, ..., mj 
Voi; (oij (y) + dij, дЕ, dj, mE 0, 


(11) 


Шу Qi + dj, — dig, = 1, 
Хук (is) + da — dh, HOS PV 191,2, eto ly k=1, 2, ..., ni 
кук Vik) + аду — Fey = 0, 


(12) 
or equivalently represented as follows: 
jo mg Ж 
ШЕ жш Жы d s 
о(у)—1, = a NET c | 
1 URE t dj, dj; =0.5,;Viz=1, 2, ...,¢, j=l, 2, ..., Mi 
0—01 (y) £ n 
1 UE? dij, dij, = 0, 
(13) 
L 
Ук Hy а= лаф __ 
poa, Жа, 
U 
Шук Yik B Br _ 
шу Yik id diky diku a 
Yik Ms = s 
SR + — dit =05, | 
u ik Уі=1, 2, ...,#-1, k=1, 2, ..., ni, 
m Yik аё” аб = 0.5 
А yg T fie T Au, О» 
L 
Yik Руд a— «+ _ 
Y + ikv diky = 0, 
Vyk Nik B— B+ _ 
oo ay + diky diky = 0, 
(14) 
- - = TA. у= = = + 
wheied = (de. di dics dy dae died vd. aed = 
0; and df x d£ —0, Y i=1, 2, ...,t—1, k — 1, 2, ..., ni are the over 


and under deviations for truth, indeterminacy, and a falsity membership goals from 
their respective aspiration levels under neutrosophic environment. 
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In goal programming strategy, the over- and/or under-deviational variable vectors 
are considered in the objective function to minimize them and solely depend on the 
nature of objective function that is being optimized. In the proposed neutrosophic 
goal programming technique, the over-deviational variables for neutrosophic goals 
of each objective function, ae Үі= 1, 2, ...,¢, j= 1, 2, ..., mj and 
the over and under-deviational variables for the neutrosophic fuzzy goals of the 
decision variable vectors, d. йй, a and di Viz=l,2, ..., (= 1), 
К = 1, 2, ..., nj are needed to be minimized to attain the neutrosophic fuzzy 
goals. 


4.3 Neutrosophic Fuzzy Goal Programming Approach 
for ML-MOLPPs 


The proposed neutrosophic fuzzy goal programming (NFGP) algorithm for solving 
the multi-level multiobjective linear programming problems (ML-MOLPPs) 
is presented, and the two new algorithms are suggested under neutrosophic 
environment. 


4.3.1 The First NFGP Algorithm for ML-MOLPPs 


First of all, the first NFGP algorithm proposed in this chapter groups over the 
different membership functions for the prescribed neutrosophic fuzzy goals of the 
objective functions at each levels; it also groups the different membership functions 
of the neutrosophic fuzzy goals of the decision variable vector of the t-th leader-level 
problems that are optimized individually under neutrosophic environment. Thus, by 
assuming the goal attainment problems at the same preference level, the equivalent 
proposed neutrosophic fuzzy multi-level multiobjective linear goal programming 
model of the ML-MOLPPs under neutrosophic environment can be expressed as 
follows: 


m, 
inF-5'wj 2 > 
MinF =} wid iat ш ай а + D Bu 


j=l 
mı m» m; 


+ J+ + J+ + g+ 
ia у, wi ji dy, + у, Wy dj, SERM у, ШЧ. 
j=l j=l j=l 


т, 


PL ljv PX DJD TAI 2б) tjv 


ny 
+ у, (и. + dit) + wie (diy. "b an) 
k=1 


976 


Florentin Smarandache (author and editor) Collected Papers, VIII 


n2 


Y (wh. aie + ait) + wh (dhe + af) 
k=1 
Nt-1 
- в gb- p+ 
+ у, (Cam db) + Ww, ad + a) 
k=1 
subject to 
Mo (01 (У) + dij, dij, = 1, FHL 2, m 
Hop; (02;()) + dj, - i, =1, ј = 1, 2, ..., n 
Ho (06У) d, di, = 1, j=l, 2, ..., т, 
hoy; (01j(Y)) tdj, = dij; = 0.5, j = 1,22) 5] 
Ао (02; (у)) +4 = di, = 0.5, j21, 2, ..., n2 
Хо, (rj ()) + dj, — dj =0.5, jo L 2, ..., т 
voy (0179) t dij, dj, 20, ј = 1, 2, ..., т 
Voy; (025 (Y)) td, —4@; =0, j=1, 2, ..., m2 
Vor; (0; (у)) +а = dj, xxi 0, j = 1, 2; este yo (7; 
Шуц (Ук) tdy, = diku = 1, k= 1, ЛАТИ n| 
Шу» (V2k) td, — Diy =й ei ee wu» 
Doy a Ог) Td, iku = di iku =1, k=1, 2, ..., т 
Ау (Уш) Td, — diu, = 0.5, k= 1, 2, 1&3 NI 
Ау (Ук) F d = азу, = 0.5, k= 1, 2, жез? 
Ху Or) +d rd ү, =0.5, k=1, 2, ..., ni 
vy, (у) t dj, — dj, 20, k=1, 2, ..., m 
Vy (Yar) + doy, — do, = 0, K=1, 2, ..., n2 
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Vy, ay Qr- ik) F d, ag, -= df ay =0, K=1, 2, ..., ni 


Сууу + Giyr +: Су (< or = orz)q y=0 


d;;, d}, > дапа x dj. =0, Vi=1,2,...,t, j=1, 2, ..., т 
dizo dj, = Oandd;,. xd =0, Vi=1,2, ...,f-1, k=1, 2, ..., nj 
(15) 
Now the above model in Eq. (15) can be represented as follows: 
mı m2 т; 
Б + g+ + g+ 
Min F = У; Wij tip + = ШИК + nF 2. wj; d "m 
j=l j=l 
mı m2 
+ J+ + J+ + g+ 
+) ша t 2 wadia oct widia 
j=l j=l j 
my, 
T hri, ljv PX 2jv 777 Ya tjv 
ni 
F у, (ше, (ааг + dig) + wip dig. F a) 
n2 
+ D> (wh. die + dt) + AC EY 
k=1 
№1 
— B B— B+ 
i У СиСя +а + ш. (@ + da 
k=1 
subject to 
oij(y)— L _ " 
1 Uj- Li, tdj, dj, = 1, LS 1, 2, > t, Ј = 1, 25 ‚т 
oij(y) — = ie А ; 
1 0? a bas, dij, = 0.5, PH 1, 2, 5f2J-1,2,.6 Mi 
Uj. — 013 (у) 
J = Æ 
: Uj; — Li; tjv dy, = 0, к= 1, 2, ‚1, J= 1, 2, ‚т 
Yik uL + * 
уйли "a diku = 1 to), 2,. v0.4 TH 1, k-—l,2,; ^ 
Vike — Шуд 
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E eda, cdi mt И T 
а edis - df = 05 [=1,2,...,1—1, k=1, 2, ..., т 
O edis - df = 05, i=1, 2, ..., ded, k=1, 2, ..., ni 
dt diy dis, m i=1, a fed k=1, 2, ..., т 
AM eda, - di, = PSS as th kaL 9] uod 


Суу, + Су t Giy(< or = orz)q yz 0 


di, аў. > 0 and dj, x d}. = 0, Уі=1, 2, ...,1, ј=1, 2, ..., mi 
zo d} ceDadd xu =0, Y i=1, 2, ...,t—1, k=1, 2, ..., ni 

d^-, ай! > Oanddf7 x dit —0, V i=1, 2, ..., t- 1, k=1, 2, ..., п, 
(16) 

where F represents the neutrosophic achievement function comprising the weighted 

over-deviational variables dj. Үі= 1, 2, ...,¢, J= 1, 2, ..., mj of 

the neutrosophic goals /;; and the under-deviational and over-deviational variables 

de d%t, db add], Y ї=1,2,...‚,1—1, k=1, 2, 4 n for 


the neutrosophic goals of all the decision variable vectors for the leader t — 1-th 
levels. The corresponding weights wj. ш. and wh. depict the relative importance 
of attaining the aspired levels of the respective neutrosophic goals under the given 
constraints in the hierarchical decision-making scenarios. 

To assign the different relative importance of the neutrosophic goals adequately, 
we have suggested the weighting scheme with the aid of u;; and /;;. The weighting 


scheme to each weight wj. шя, апа шб. has been stated as follows: 


1 
wt = ——, Vi=1,2,...,t, j=1, 2, ..., mi (17) 
шуу 
1 1 
we. = = adu = р, Уі 1, 2, ...,1-1, k-lL2, s.n. 
k T, 
(18) 


The NFGP model (16) gives the most satisfactory solution for the decision makers at 
all levels by attaining the aspired level of different neutrosophic membership goals 
at utmost possible in neutrosophic decision environment. The solution method is 
quite simple and demonstrated with the help of numerical examples in Sect. 5. 
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The step-wise solution procedure for the first NFGP algorithm for solving ML- 
MOLPPs can be stated as follows: 


1. Solve each objectives individually for all levels under given constraints in order 
to find the maximum and minimum values of each objectives at all levels. 


2. Depict the goals and upper tolerance limits—u;;,l;;; V i = 1, 2, ..., t, j= 
1, 2, ..., mj—for each objectives at all levels. 
1 
3. Calculate the weights, wi = „у жє, 2, т 
i uij — lij 
1, 2, ..., mj and set g = 1. 

4. Evaluate the different membership functions Mog (05; (y). Хо, (0,3 (у)) and 
Vogj (0; (y)), j = 1, 2, ..., mg foreach objective function under neutrosophic 
environment. 

5. Develop the model given in Eq. (22) for the g-th level MOLPPs. 

6. Obtain the value of у5* = (yi у. ..., уб?) by solving model given in Eq. 
(22). 

7. Impose the maximum negative and positive tolerance limits on the decision vari- 
able vectors у&* = (i Yio ee Yang)» T£" and T; k=l, 2 udis 

1 
: ELM 8 ^. - 

8. Calculate the weights wee = TE and Wek. = ТЕЁ” K=1, 2, ..., mg. 

9. Evaluate the different membership functions Шуг 07798 Ауд (Угк) and Vyex (Vex) 
for the decision variable vectors ye. = Bu Yio» exa y ,) given in Eq. (12). 


10. If g > t — 1, then proceed to step 11, otherwise go to step 4. 

11. Depict the different membership functions Hor (оу (y)), Ао, (о,;(у)) and 
Vo, (Orj(y)), j = 1, 2, ..., m; for each objective function at the p-th level 
under neutrosophic environment. 

1 

12. Calculate the weights, шуу. = d Уј =1, 2, ..., m. 

| utj — nj 

13. Formulate the model given in Eq. (16) under neutrosophic environment and 
solve it to get the satisfactory solution of the ML-MOLPPs. 


4.3.2 The Second NFGP Algorithm for ML-MOLPPs 


In the first NFGP algorithm, the final model contains the different membership 
functions for the neutrosophic goals of the decision variable vectors monitored 
by t — 1 levels, which separately solves for the i-th level MOLPPs. The second 
NFGP algorithm solves t MOLPPs that considers the decisions of the leader levels. 
After initialization steps 1 to 3 in first algorithm, the solution methods initiate with 
MOLPP of the first decision maker obtaining the compromise solution. А marginal 
evaluation of the first decision maker's decisions is taken into account to get rid of 
the decision deadlock. Hence, decisions of the first decision maker are depicted by 
the different membership functions under neutrosophic environment and sent to the 
second decision maker as additional auxiliary constraints. Afterward, the second 
decision maker considers the neutrosophic membership goals of the objectives 
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as well as decision variable vectors of the first decision maker. After that, the 
achieved solution is passed to the third decision maker who tries to find out the 
optimal solution in a similar fashion. The processes of finding the optimal solution 
are repeated until the follower level is reached and consequently, the process is 
terminated. 


The step-wise solution procedure for the second NFGP algorithm for solving 
ML-MOLPPs can be stated as follows: 


1. Follow the same procedure from steps 1 to 9 as discussed in the first NFGP 
algorithm. 
2. Formulate the model given in Eq. (16) for ће ML-MOLPPs with t = g under 
neutrosophic environment. 
. Solve the model given in Eq. (16) to get y$* — (i. yv. Р yt. 


[9%] 


4. Establish g = g + 1. 

5. f g > t, then terminating with a satisfactory solution results y$* = 
(i, y5”, Е y?) to the ML-MOLPPs, otherwise proceed to step 7 of 
the first NFGP algorithm. 


According to the solution priority, the second NFGP algorithm can be used to obtain 
the direct solution of the ML-MOLPPs to decisions of the first-level decision maker. 
After that, it directs the solutions to the decisions of second-level decision maker by 
preserving the solution closer to the decisions of first-level decision maker. Thus, 
the process goes on until the last level of the ML-MOLPPs preserving the solution 
closer to the decision of the leader levels. 


5 Numerical Illustrations 


The following numerical example consisting of tri-level multiobjective linear 
programming problems is presented to show the validity and applicability of the 
proposed NFGP optimization algorithms. 


[1st level] 


Min О\(у) = Min, (011(у) = y1 — y2 — 4y3, oi2(y) = —у + Зул — 4y3), 


where y» and y3 solve 
[2nd level] 
Min O2(y) = Min (ozi(y) = 2y1 — y2 + 2y3, 022(у) = 2y1 + уз — Зуз, 


023(у) = Зуу — y2 + уз), 


where y3 solves 
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Table 1 Individual minimum and maximum values for each objectives 


1st level | 2nd level 3rd level 
011 O12 | | 021 ‘| 022 | 023 031 032 
minso;; —2.5 —3.5 1 1 1 0.5 0 
maxsoij 1 3 | 4 2 5 8.5 2 
[3rd level] 


Min Оз(у) = Min (031(y) = 7y1 + 3y2 — 4y3, 032(у) = у + уз) 


subject to 

у) +у2+уз3 3. MPH ys 1, 
yı +y +y = Д Ser yor ys <l, 
уз < 0.5, у, ур, уз > 0. 


The individual minimum and maximum values of each objective function for all 
the three levels of MOLPP under the given constraints $ is furnished in Table 1. 
To apply the proposed NFGP algorithms, the aspiration levels and leader tolerance 
limits to the objective functions may be taken as the minimum and maximum 
individual optimal solutions. 

The first NFGP algorithm can be elaborated through the solution method of the 
second NFGP algorithm. Thus, the following is the proposed first NFGP algorithm 
to tri-level multiobjective linear programming problem with the step-wise solution 
procedures. 


First — level decision maker's N FGP model : 


Min Е = 0.2864 


ии + 0.154405, + 0.28641; + 0.15447, — 0.2864, — 0.154475, 


subject to 


— 0.286у + 0.286y2 + 1.143y3 + d, — 4+ = 0.714 


llu llu 
— 0.286у + 0.286y2 + 1.143y3 + di, — dj, = 0.143 


— 0.286у + 0.286y2 + 1.143y3 + ар, — 4, = 0.03 
0.154y; — 0.154y2 + 0.62y3 + 4, — di, — 0.54 


0.154y; — 0.154у + 0.62y3 + 45, — di, = 0.21 


0.154уу — 0.154y2 + 0.62y3 + 45, — d, = 0.07 
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Sich Yor yee on ур+уз2—уз <l, 
Meee =y +y +y 1, 
уз < 0.5, у, уз, уз 2 0, x 
d;;.» dj; > Oandd, ха} —0, Y i=1, j=1, 2. 
With the help of optimizing software, the optimal solution of the problem given in 


Eq. (19) is yl* — (0.5, 0, 0.5). Assume that the first-level decision maker assigns 
y{* = 0.5 along with the negative and positive tolerances i = d — 0.5 and 


with the weights шү, = wf Lgs 2, respectively. 


Second — level decision maker's N FG P model : 


Min Ё = 0.2864, + 0.154475, + 0.28641, + 0.154415, — 0.286d;,, 
— 0.15447, + 0.2451, + 0.3345, + 0.16745, + 0.2051, + 0.3345, 


+ 0167455, — 0245, — 0.3345, — 0.16745, + 2 [ате + ad? + apf eai 
subject to 
— 0.4y; + 0.2y2 — 0.4y3 + d, — dj, = 0.2 


— 0.4y; + 0.2y2 — 0.4y3 + Фу — df, = 0.13 


— 0.4у + 0.252 — 0.4уз + dy, — dy, = 0.04 


— 0.667y; — 0.33y2 + ys + dz, — 4, = 0.33 


— 0.667y; — 0.33y2 + уз + dy, — dh, = 0.18 


— 0.667y, — 0.335 + уз +45, — 05, = 0.02 
— 0,5y; + 0.1672 — 0.167y3 + 43, — dj, = 0.17 


— 0.5у + 0.167y2 — 0.167y3 + d, — 4%, = 0.09 


— 0.5у + 0.16752 — 0.167y3 + d, — d}, = 0.01 


+8 
— dt = 1, 2у + di, — а. = 1, 


2y +4, МИ 


liu 


2у dii -dlg =05, 2y, 4-44 — dl] = 05, 


+B 
2y1 + diy, — diiy = 0, 2yi di, — dij, = 0, 
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constraints (19) 


d., dọ. > Оаа хау =0, Уї=1,2К=1. (20) 


d^-, ай! >бапайй ха =0, Vi21,2kz-l. 


The optimal solution for the second-level NFGP model in Eq. (20) is obtained 
as y* — (0.5,0, 0.5), (0.5, 0.998, 0.5), (0.5, 0.5, 0). Suppose that second-level 
decision maker finalizes у = 0.998 along with the negative and positive tolerances 


T?* = 0.75, and Т” = 0.25 and with weights w%,, = —— = 1.333, and ш? = 


0.75 


= 4, respectively. 


© 


29 


Third — level decision maker's N FG P model : 


Min Ё = 0.2864, + 0.15447, + 0.28641, + 0.154415, — 0.2864, 

— 0.15447, + 0.2451, + 0.3345, + 0.16745, + 0.2051, + 0.3345, 

+ 0.1674], — 0.2051, — 0.3345, — 0.16745, + 2 [а + die +4 + ag | 
+ 133(d5 + dj?) + 4045? + а?) 

subject to 

— 0.78yi + 0.332 + 0.44y3 + dzi, — 1, = 0.06 


— 0.78y; + 0.33y2 + 0.44y3 + di, — 4, = 


— 0.78у + 0.33y2 + 0.44y3 + а, — 43, = 
— 0.5у — 0.5уз + dy, — 45, =0 


— 0.5y1 — 0.5уз + di, — di, = 0 


— 0.5y1 — 0.5y3 +45, — 45, = 0 
1.33y; + dy" — dj, = 1.33, 4у + do, — dj, = 3.99, 


1.33y2 + dj — dł% = 0.94, 4у + 450 — dj, = 2.35, 


1.33y2 + dj — dj = 0.35, ду + 4 — а = 1.86, 
constraints (20) 


dt, d&* > 0 and d%7 xd$^ —0, Vi 1, 2, 3 k— 1, 2. 


di, а >Oandd, xd, =0, Y i=1, 2,3 k=1, 2. 
(21) 
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Table 2 Comparison of optimal solutions and satisfactory degrees of the given example 


Proposed NFGP algorithm Baky approach | Abo-Sinna approach | Shih approach 


(011, ши) = (—2.499, 0.999) | (—2.498, 0.99) | (—2.21, 0.92) (—2.21, 0.92) 
(012, 1412) = (0.4941, 0.399) | (0.494, 0.39) | (—0.569, 0.55) (—0.569, 0.55) 
(021. ио) = (1.002, 0.59) (1.002, 0.6) (1.88, 0.56) (1.88, 0.56) 
(022, 122) = (0.498, 0.50) (0.498, 0.5) (—0.09, 0.7) (—0.09, 0.7) 
(023, 123) = (1.002, 0.67) (1.002, 0.67) — |(1.09, 0.65) (1.09, 0.65) 
(031, из) = (4.491, 0.47) (4.493, 0.45) | (2.62, 0.65) (2.62, 0.65) 
(032, изә) = (1, 0.50) (1, 0.50) (0.899, 0.55) (0.899, 0.55) 

yx = (0.5, 0.9975, 0.5) (0.5, 0.998, 0.5) | (0.339, 0.61, 0.5) (0.339, 0.61, 0.5) 


Table 3 Theoretical comparison of proposed NFGP algorithms with others 


Proposed NFGP approach Other approaches 


Proposed approach considers the indeterminacy | Abo-Sinna [1], Baky [8]. and Shih et al. [16] 
degree in decision-making process. cannot deal with indeterminacy in 
decision-making processes. 


The overall satisfactory degree is achieved by In [1, 8, 16] approaches, satisfactory degree is 
attaining the neutrosophic fuzzy goals. achieved by attaining the fuzzy goals. 

It characterizes neutrosophic membership Abo-Sinna [1], Baky [8], and Shih et al. [16] 
functions for both objectives and decision do not cover this aspects. 

variables under neutrosophic environment. 

Additional predetermined parameters in This facility is not provided in Abo-Sinna [1], 
indeterminacy and falsity degrees make the Baky [8], and Shih et al. [16] 


decisions more flexible according to decision 
makers' choices. 


The final optimal solution for the ML-MOLPPs given in Eq. (21) is obtained as 
y” = (0.5, 0.9975, 0.5) with the different objectives values o1; = —2.499, 012 = 
0.4941, 021 = 1.002, 022 = 0.498, 023 = 1.002, 03] = 4.491, and 03] = 1, along 
with membership functions шу = 0.999, шә = 0.399, u21 = 0.590, u22 = 0.50, 
u23 = 0.67, изү = 0.47, and из = 0.50, respectively. A comparative study is 
performed among the proposed NFGP algorithm and presented in the Table 2. Other 
approaches reveal that the solution results are very close to [8], whereas [1, 16] give 
the same solution results for the presented numerical examples. Furthermore, the 
theoretical contributions in the domain of ML-MOLPPs are also summarized in 
Table 3. 


6 Conclusions 


This chapter proposes two different neutrosophic fuzzy goal programming algo- 
rithms for the solutions of ML-MOLPPs. The neutrosophic goal programming 
model is constructed to minimize the group tolerance of satisfactory degree of all 
the decision makers and to attain the highest degree for truth (unity), indeterminacy 
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(half), and a falsity (zero) of each kind of the defined membership functions’ goals 
to the utmost possible by minimizing their respective deviational variables and so 
that obtain the optimal solution for all decision makers. The primary advantages of 
the proposed two different neutrosophic fuzzy goal programming algorithms that the 
chances of refusing the solution repeatedly by the leader-level decision maker and 
reevaluation of the problem again and again by restating the defined membership 
functions required to reach the optimal solution would not arise. 

The first NFGP algorithm considers the different membership functions for the 
defined neutrosophic goals of the objective functions at all levels as well as the 
different membership functions for the neutrosophic goals for the decision variable 
vectors at each level except the follower level of the ML-MOLPPs. The second 
NFGP algorithm solves the MOLPPs of the ML-MOLPPs by taking into account 
the decisions of the MOLPPs for the leader level only. A numerical example is 
presented to show the validity and applicability of the proposed NFGP algorithms 
with the fact that the degree of indeterminacy may arise in the hierarchical decision- 
making processes and can be overcome by utilizing the proposed algorithms. In 
future, it can be applied to real-life applications such as transportation, assignment, 
vendor selection, inventory control, supply chain, etc. and problems in multi-level 
decision-making scenarios. 


Appendix 


The NFGP approach to solve the single-level MOLPPs is presented to facilitate the 
achievement function y$* = GT. y. Soy) g=1, 2, «,t—1. Byusing 
the same notations and symbols of this chapter, the NFGP model can be formulated 
for any g-th level MOLPPs and can be stated as follows: 


mg 
Min F — = wi dip + windia — ша, 
j-i 
subject to 
К + cl ya +: су, px su. Ez] J L1. 2. ey mg 
| | | (22) 
cf y, + cf! ya ius + ср y, tdg mH. = 0.5, j=l, 2, ..., mg 
ср уз + сууз te ben Yr Ба dy = 9, ј= 1, 2, ..., т 


Суу + Giyit-:-+Gry(< or = or =)q, y=0 


- ot - xd* —0 j= 
а» 42. Z 0 and d,;, ха, = 0, j=l, 2, ..., mg 
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Abstract 

Nowadays fuzzy approaches gain popularity to mdel mlti-criteria decision mking (MCDM) problems 
emerging in real-life applications. Modern rodelling trends in this field include eval-uation of the сібегіа 
information uncertainty and vagueness. Traditional neutrosophic sets are considered a the effective tool to express 
uncertainty of the information. However, in some cases it cannot cover dl recently proposed ases of the fuzzy sets. 

The ngeneralized qneutrosophic sets (mGqNNs) an effectively deal with this situation. The novel 
MCDM methodology CoCoSomGqNN is presented in this paper. An illustrative example presents the analysis of 
the effectiveness of different retrofit strategy selection decisions for the application in the dvil engineering 
industry. 


Keywords: Multi-criteria decision making, CoCoSo, Neutrosophic sets, retrofit strategy. 


1 Introduction 


Multi-criteria decision making (MCDM) approaches introduce efficient tools to solve conflict 
situations for the managers. The MCDM process can be distinguished into the following steps: 


a) Defining management system governing criteria which are associated with the compulsory decision- 
making goals; 


b) Establishing the discrete alternative systems to reach the prescribed necessary goals; 
c) Performing multicriteria analysis by апу MCDM method; 


d) Acknowledging one alternative as the best by the ranking results. Therefore, the application 
of the MCDM techniques facilitates the decision-makers to choose the best alternative, which 
provides a suitable compromise between all possibly conflicting criteria. 
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Therefore, the application of the MCDM techniques facilitates the decision-makers to embrace 
the alternative of the highest quality, which provides a suitable compromise between all possibly 
conflicting criteria. During the last decade, MCDM methods have actively been applied for the 
solution of the various real-life problems. In [5], the authors point out the following the most popular 
MCDM methods, such as SAW, WASPAS, VIKOR, TOPSIS, ELECTRE PROMETHEE methods. 
Recently, in [28] was proposed а new MCDM technique, which composes a combined compromise 
solution (CoCoSo). This method constructs the compromise solution applying various aggregation 
approaches. This method was under intensive research during the last years. In [39], the authors 
solved the problem of the ideal sustainable supplier choice by combining two methods: CoCoSo and 
the BWM method. In [14] was proposed a hybrid MCDM approach which is constructed by combining 
the CoCoSo and CRITIC approaches and applied to evaluate the 5G industries. In [25], the authors 
combined SWARA and CoCoSo methods to solve the drug cold chain logistics supplier evaluation and 
the location selection for a logistics center problems. This relatively new (CoCoSo) technique was 
applied to study the sustainability aspects in the OPEC countries [3]. The extension of the CoCoSo 
approach was proposed in [4]. The essence of this extension is the modelling environment in the form 
of normalized weighted geometric Bonferroni mean functions. This approach was employed to solve 
the supply chain problem. In [11], stochastic multi-criteria acceptability analysis was performed within 
the multi-criteria decision-making framework, namely the CoCoSo approach, to handle the problem 
of the renewable energy investments with stochastic information. This hybrid approach is based on 
the DIBR method, which defines interrelationships between the ranked criteria, and the D'CoCoSo 
approach, which is modelled under fuzzy Dombi environment. This technique was applied to solve 
prioritizing aspects of the circular economy concepts for urban mobility [12]. The two-stage decision- 
making technique, which was realized by the data envelopment analysis (DEA) and the RCoCoSo 
method, which was modelled under rough full consistency (R-FUCOM) environment, was discussed 
in [30]. The tourism attraction selection problem was utilised by applying the probabilistic linguistic 
term set. For the solution, IDOCRIW and CoCoSo approaches are implemented [9]. Different versions 
of the hybrid MCDM proposals based on the CoCoSo technique have been presented in [23], [10], [24], 
[6]. 

Modern research in the area of multi-criteria decision-making tries to model the indeterminacy 
and inconsistency of the initial decision making information, which prevails in most cases of real-life 
applications. Therefore, different fuzzy set variations have been proposed starting width the pioneering 
work in [33]. Existing challenges and future development trends of the fuzzy modelling importance in 
the decision-making field have been discussed in [27]. During the last years have been proposed the 
different extensions of the CoCoSo method applying the environments of the different fuzzy sets. 

In [29], the authors modelled the best supplier problem in construction management applying grey 
numbers and solving this problem with the DEMATEL, BWM, and CoCoSo methods. In [26] was 
considered the problem of the third party logistics service providers applying a hesitant linguistic fuzzy 
set environment to construct the extent of the CoCoSo method. In [13], the authors applied a q-rung 
orthopair fuzzy set to develop a hybrid MCDM extension including CoCoSo and CRITIC methods 
and tested this approach on the financial risk evaluation problem. In [1], the authors suggested a 
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novel interval-valued intuitionistic set model for CoCoSo method extension and solved the problem of 
the sustainable evolution in the fabrication region by means of green growth indicators. In |17], was 
proposed а CoCoSo method extension applying a single-valued neutrosophic set. T'his technique was 
applied to deal with the problem of the equipment selection for the waste management field including 
sustainability aspects. Various fuzzy set environments have been implemented to model multi-criteria 
decision-making problems [15], [16], [31], [32], [37], [21], [7], [7]. [8], [35], [38]. 

In 1999, Smarandache [19] proposed the notion of the neutrosophic sets. Neutrosophic sets (NS) 
are based on the generalization of the fuzzy logic that takes into account the knowledge of neural 
thought. Therefore, the greater amount of uncertainty can be analyzed. Each parameter of the 
analyzed problem can be represented by the scope of the truth (Т), the scope of the indeterminacy (Т) 
and the scope of the falsity (F) using the NS logic. In 2019, a notion of neutrosophic sets, which can be 
considered as the generalization of the following fuzzy sets: intuitionistic fuzzy (IFS), q-rung orthopair 
fuzzy and Pythagorean fuzzy sets was proposed by Smarandache [20]. Based on this concept, the new 
extensions of the classical MCDM methods, like MULTIMOORA, WASPAS, PROMETHEE [34], [18], 
[2], were developed by applying the environment of the m-generalized q-neutrosophic sets (mGqNSs). 

The structure of the paper is established as follows. The second chapter presents the basic foun- 
dations of the m-generalised q- neutrosophic sets. The third chapter provides the proposed extension 
of the CoCoSo method under the environment m-generalised q- neutrosophic set. The problem for- 
mulation together with the solution procedure of the case study are presented in the fourth chapter. 
The paper ends with conclusions. 


2 Foundations of the m-generalised q-neutrosophic set 


First, the m-generalised q-neutrosophic set (mGqNS) prevailing definitions and the algebraic op- 
erations are presented. The algebraic operation presentation is constructed by applying m-generalised 
q-neutrosophic numbers (mGqNNs). These neutrosophic numbers form the basis of the proposed 
CoCoSo method extension, namely CoCoSo-mGqNS. 


2.1 Definitions 


Definition 1. The modelled objects form the set X, in which every single object is x € X. In the 
present research, the objects are represented by a neutrosophic set. Given that X is a set of criteria 
modelled under the m-generalised q-neutrosophic environment, x is a single criterion value. 
Letq > 1, m = 1 || 3. The three membership functions define m-generalised q-neutrosophic set 
Ама: 
Та, Img, Fmg : X > [0,r], here (0 <r <1) 


Given Tmq is the m-generalised function representing the scope of the truth, Imq is the m-generalised 
indeterminacy membership function and Км is the m-generalised falsity membership function. In such 
а way, the m-generalised q-neutrosophic set is prescribed by the following expression: 


Ата = lU max); Imq(z), Fmq(z)) : £ € Xj 
These three membership functions also must comply with the following requirements: 
0< Ting E) agit); Fmql £) <1,єЄХ; 


3 
0 € (Tma())* + (Га(2))* + (Ра) < =, v € Xi 
The different m and q values represent different fuzzy sets. 


Definition 2. The m-generalised q-neutrosophic number, mGqNN, is represented by the following 
expression: 


Миа = (5,2, f) 
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Definition 3. The summation of the two mGqNNs, when №, = (ti, i1, fi) and №, = (ta, i2, Р) 
are the m-generalised q-neutrosophic numbers, we can designate as follows: 


Nma © Nma = ((1— (1— #)(1 – 11)5, iiio, А) (1) 


The multiplication between the two mGqNNs can be performed as follows: 


Nma Q Nma = (hits (1 — (1-40 – 4), (1- 0.— f) — f2)*) (2) 


The multiplication operation of the m-generalised q-neutrosophic number and a real number А > 0 
is performed as follows: 


E s 
A+ Ning, = (01— (1 — 10), at, №) (3) 
When А > 0, the power function of mGqNN can be determined by: 


МА = (0,01 (1 (==) (4) 


mqi 


The complementary m-generalised q-neutrosophic numbers is calculated as: 
Ning = (fi, 1 — t1, t1) (5) 
Definition 4. For the deneutrosophication step, the score value S(Nmq) can be calculated as follows: 


34-34 — 244 — fa 
S(Ning) = 7 (6) 


In this case, for Nma = (ti, i1, fi) and № = (0,0, fo) the comparison operations will be 
completed by the following condition: 
If S(Nma) 2 80а) , then Ning > Ning 


7 
If S(Nmqa) = S(Nmq) , then Neng = Мм (0 


3 Combined compromise solution (CoCoSo-mGqNN) method 


A new extension of the CoCoSo method under m-generalised q-neutrosophic set environment, 
namelly CoCoSo-mGqNN, is designed. The main steps of this approach can be expressed as follows: 


(1) Solution procedure of the CoCoSo method starts with the constructed initial decision-making 
matrix which can be defined as follows: 


X11 X12 7 WT 
T21 22 ++: Lal]. . 

dil. | | .1:$1,2,:;57-—1,2,.55. (8) 
Tki Tk2 ccc Tkl 


(2) The compromise normalization approach is applied to normalize the decision-making matrix 
elements [36]: 
Tij са пип; 
1 


V k(maxa;j = minzi;) 


rij = for maximised criteria, (9) 


тах; == Tij 
i 


p for minimised criteria. (10) 


Vk (maxzij — шіл) 


The standard compromise normalization equation is slightly modified to make it be applicable 
for neutrosophic algebra. 
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(3) Next, the neutrosophication of the decision matrix should be accomplished. This means that 
crisp values rj; of the decision matrix elements are replaced by the values (Nmq); j of m-generalised 
truth membership, m-generalised indeterminacy membership and m-generalised falsity member- 
ship functions. T'his action is performed applying the standard crisp-to-neutrosophic mapping. 
'The novel m-generalised neutrosophic decision matrix is created at this step. 


(4) At this step, the weighted comparability series and the power weighted comparability series for 
each alternative are constructed. These series are denoted by R; and Pj, respectively: 


l 
Ri = S (w (Nma);;) (11) 


j=1 


the R; series reflect weighted sum model: 
1 


the Р; series correspond to the WASPAS multiplicative component. 


(5) Three score assessment strategies are the basis for the calculations of the relative weights. These 
strategies are expressed by the following equations (13)-(15). 


S(P;) + S(R) 


Kia = k , (13) 
MU) + S(Ri)) 
| 5(R) 5(Р;) 
m minS(R;) minS(P;)’ (14) 


AmaxS(R;) + (1 — A)maxS(P;) 


By equation (13), arithmetic mean values of the weighted sum model (WSM) and weighted 
product model (WPM) are calculated. By equation (14), relative scores of WSM and WPM 
are determined. These relatives scores are determined with respect to minimum values of S(P;) 
and S(R;). By equation (15), the balanced compromise scores of WSM and WPM models are 
calculated. In our case, value for А = 0.5 is chosen. 


(6) The final ranking function is constructed as follows: 


ki = (Kkiakipkic) 3 + z (Kia + ki + kic). (16) 


w| = 


4 Case study 


A secondary school is the object of the research [22]. The school’s frame is a three-story reinforced 
concrete frame (constructed in the eighth decade of the twentieth century). The 2478.60 m2 building 
has 240 mm thick aerated concrete slab exterior walls and the 200 mm thick reinforced concrete 
block plinth. Under part of the building was a local diesel boiler house. The building has plastered 
and painted external and external surfaces. The local municipality decided to renovate the structure 
according to the prepared project. They provide the following thermal insulation: 200 mm thick 
mineral wool boards for walls and 200 mm thick polystyrene boards for the plinth. The project 
envisages the roof insulated with 250 mm thick extruded polystyrene panels and an upper 20 mm 
thick mineral wool panels. Besides, old windows and doors need replacement as planned. 

The most significant part of construction projects are multifaceted, and decision-makers must 
take into account tangible and intangible characteristics of plans, opinions, negotiations and dispute 
resolution and projects. 
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Decisions in the construction industry need compromise solutions [28], [29], [35]. Project managers 
should select among feasible discrete alternatives in a specific construction site and specific objects 
taking into account international and local perspectives. Designers presented nine possible project 
implementation scenarios. The building renovation process could involve several phases and be selected 
from other options with different employees (20, 40 or 60 for retrofitting at different speeds), see Table 
1. 

'The project implementation contractor offered the following project implementation choices: 


1. One-phase retrofitting process: The general contractor shall carry out all modernisation 
works in one phase: 


e Replacement of windows, exterior and interior doors; b) Insulation of basement and external 
walls and roof; 


e Installation of the roof; 
e Renovation of heating, ventilation, air conditioning and electrical systems; 


• Installation of a new lighting system. 


'The modification process may affect the efficiency of the project due to the multi-tasking 
of the retrofitting methods. 


2. Two-phase retrofitting process: The upgrading process takes place in two phases: 


e The first phase includes replacing windows and exterior doors, repairing the roof, and 
installing thermal insulation of exterior walls and the basement; 


e The second phase includes installing thermal insulation of ground-level floors, updating 
heating, ventilation, air conditioning and electric lighting systems. 
There is a nine months break between the first and the second phases. The employees work 
during the summer seasons (summer holidays). 
There is a risk (depending on the number of employees) that contractor not all works will 
finish in time, so construction work can adversely affect physical performance. 


3. Three-phase retrofitting : 


e The first phase includes replacing windows and exterior doors; 


e The second phase includes repairing the roof and installing thermal insulation of exterior 
walls and the basement; 


• The third phase includes installing thermal insulation of ground-level floors, updating heat- 
ing, ventilation, air conditioning and electric lighting systems. 
The contractor will make a one-year break between the first and the second phases. The 
employees work during the summer seasons (summer holidays). 


There is a risk (depending on the number of employees) that contractor not all works will 
finish in time, so construction work can adversely affect physical performance. 


Many of the contradictory features reflect the solution to a complex problem. The authorities 
usually determine the winners based on a single indicator, the lowest price at the local level. This 
attitude of civil servants incorrectly describes the real economic benefits of renovating buildings and 
other features of modernised buildings. After three steps of the Delphi method, the decision-makers 
selected five key characteristics that assessed the renovation's economic benefits and the impact of the 
construction process on workers and visitors. 

Costs with VAT, [€]: The construction works costs interlinks with the amount of work required to 
complete the project, the current price level in the country (salary, prices of materials and equipment), 
the number of potentially competitive contractors and their competitive advantages, construction time 
and project implementation time. Longer project implementation time and an increasing number of 
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Table 1: Initial decision-making matrix 
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Number of А А 
Pri ith ling d Renovation's Energy savings People's 
Alternatives dp моге саув payback time, through ten satisfaction, 
VAT, € (8 working Е д 
, hours per day) [years] years, [MWh] [scores] 
Aj 1309.50 800 21.86 3656.0 6.66 
A» 1309.50 510 21.86 3656.0 11.38 
Аз 1309.50 320 21.86 3656.0 12.89 
Ад 1379.0 920 21.86 3524.4 7.46 
As 1379.0 640 22.60 3524.4 12.18 
Ав 1415.0 440 22.60 3524.4 13.69 
Ат 1415.0 980 23.18 3188.7 8.27 
Ag 1415.0 700 23.18 3188.7 12.98 
Ag 1415.0 500 23.18 3188.7 14.49 
Optimality min, | min, | min, | max, T max, T 


stages of construction processes increase construction costs. Longer-term constructions are expen- 
sive because the project requires household and storage facilities to bring and take out bio-toilets, 
temporary construction site's fencing, lighting, and need to implement protection measures. 

Duration of project implementation [working days]: depends on the number of outputs (person- 
hours) and the number of workers on the construction site. This study examines the project implemen- 
tation options (twenty, forty or sixty employees employed on the construction site). The contractors 
comply with all the necessary construction technology and safety requirements. They cannot perform 
the work faster than the established technological requirements in terms of time. For instance, it 
cannot paint the facade until three weeks have elapsed since the end of the plastering. The mineral 
plaster is undergoing chemical processes at that time. 

Renewal payback period, [years]: The customers calculate this time according to the investment 
required for the construction work and the energy savings. They consider the efficiency of the work 
performed (such as replacing exterior doors and windows). The fuel’s calorific value, the boiler's 
efficiency, the level of fuel prices and laboratory tests of the research object are the basis for calculating 
the economic payback time. Laboratory research shows actual energy savings by implementing specific 
design modernisation solutions. 

Energy savings over ten years, [MWh], determine the expected economic benefits and return on 
investment. Calculating the value of this indicator over a more extended period is very difficult or 
even impossible due to the significant change in inflation, the change in energy prices and the price 
of energy resources, the changing rate requirements that govern the environmental impact and many 
other reasons. The changing climate is also contributing to its contribution. Determining energy 
savings by calculating energy consumption [MWh] rather than monetary value [€] partially reduces 
this uncertainty. 

People Satisfaction, [points|: Survey of members of interest groups (building staff and visitors) 
is the basis for calculating this characteristic. Twenty-five stakeholders gave nine points for the best 
available option and one for the worst. Decision-makers multiplied the final scores by 100 per cent at 
the end. Determining weights of attributes is one of the most important and critically acclaimed issues 
in multi-attribute decision-making problems. The decision-makers chose and applied a systematic 
procedure for the study: the SWARA (Step-wise Weight Assessment Ratio Analysis) method. 

The formulated initial decision-making matrix is presented in Table 1, and the normalized values 
of the weights are w=(0.37, 0.12, 0.36, 0.1, 0.05). At the following step the proposed extension 
CoCoSo-mGqNN was applied to perform the final ranking of the alternatives. The normalization 
of the decision-making matrix was performed applying equations (9-10). The elements of the initial 
decision-making matrix after the normalization step are presented in Table 2. The results of the 
neutrosophication step are presented in Table 3. 'Тһе intermediate results of the proposed extension 
CoCoSo-mGqNN together with final ranking results are presented in Table 4. 
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Table 2: Initial decision-making matrix 
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Alternatives Xi Хэ Хз X4 Xs 
A1 0.3333 0.0909 0.3333 0.3333 0 
Ag 0.3333 0.2374 0.3333 0.3333 0.2009 
Аз 0.3333 0.3333 0.3333 0.3333 0.2652 
Ал 0.1137 0.0303 0.3333 0.2395 0.0341 
А5 0.1137 0.1717 0.1465 0.2395 0.2350 
Ав 0 0.2727 0.1465 0.2395 0.2993 
Ат 0 0 0 0 0.0685 
Ag 0 0.1414 0 0 0.2691 
Ag 0 0.2424 0 0 0.3333 
Optimality min, | min, | min, | max, T max, T 
Table 3: Neurosophic decision-making matrix 
Alternatives Xi Хә Хз Ха Xs 
0.3333, (0.0909, (0.3333, (0.3333, 
Ay 0.7167, 0.9091, 0.7167, 0.7167, (0.0, 1.0, 1.0) 
0.6667 0.9091) 0.6667) 0.6667) 
0.3333, (0.2374, (0.3333, (0.3333, (0.2009, 
Ag 0.7167, 0.8126, 0.7167, 0.7167, 0.8491, 
0.6667 0.7626) 0.6667) 0.6667) 0.7991 
0.3333, (0.3333, (0.3333, (0.3333, (0.2652, 
Аз 0.7167, 0.7167, 0.7167, 0.7167, 0.7848, 
0.6667 0.6667) 0.6667) 0.6667) 0.7348 
0.1137, (0.0303, 0.3333, (0.2395, (0.0341, 
Ал 0.8931, 0.9697, 0.7167, 0.8105, 0.9659, 
0.8863 0.9697) 0.6667) 0.7605) 0.9659 
0.1137, (0.1717, (0.1465, (0.2395, (0.2350, 
As 0.8931, 0.8641, 0.8768, 0.8105, 0.8150, 
0.8863 0.8283) 0.8535) 0.7605) 0.7650 
(0.2727, 0.1465, (0.2395, (0.2993, 
Ав 0.0, 1.0, 1.0 0.7773, 0.8768, 0.8105, 0.7507, 
0.7273) 0.8535) 0.7605) 0.7007 
(0.0685, 
Az 0.0, 1.0, 1.0) | (0.0, 1.0, 1.0) | (0.0, 1.0, 1.0) | (0.0, 1.0, 1.0) 0.9315, 
0.9315 
(0.1414, (0.2691, 
Ag 0.0, 1.0, 1.0 0.8793, (0.0, 1.0, 1.0) (0.0, 1.0, 1.0) 0.7809, 
0.8586) 0.7309 
(0.2424, (0.3333, 
Ag 0.0, 1.0, 1.0) 0.8076, (0.0, 1.0, 1.0) (0.0, 1.0, 1.0) 0.7167, 
0.07576) 0.6667 
Optimality min, | min, | min, | max, T max, T 
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Table 4: Intermediate results of the CoCoSo-mGqNN and the final ranking of the alternatives 


Alternatives R P kä kp ke k Rank 

(0.3139, 0.9728, 

A1 0.7498, 0.0548, 0.1241 60.8264 0.9529 22.5646 3 
0.7061) 0.0425) 
(0.3201, 0.9960, 

A2 0.7337, 0.0163, 0.1288 63.7319 0.9895 23.6271 2 
0.6837) 0.0106) 
(0.3306 0.9973, 

Аз 0.7199 0.0123, 0.1302 66.0184 1.0000 24.4313 1 
0.6699) 0.0080) 
(0.2488, 0.9786, 

Ал 0.8285, 0.0485, 0.1168 45.1218 0.8715 17.0566 4 
0.7998) 0.0404) 
(0.1628, 0.9914, 

А5 0.8712, 0.0342, 0.1135 35.2094 0.8715 13.5805 5 
0.8478) 0.0255) 
(0.1848, 0.9937, 

Ав 0.8932, 0.0364, 0.1115 30.6951 0.8561 11.9850 6 
0.8690) 0.0270) 
(0.0253, 0.8746, 

Ат 0.9965, 0.4295, 0.0778 2.0000 0.5973 1.3446 9 
0.9965) 0.4295) 
(0.1098, 0.9689, 

Ag 0.9726, 0.1596, 0.0969 9.3949 0.7439 4.2899 8 
0.9666) 0.1405) 
(0.1533, 0.9793, 

Ag 0.9586, 0.1249, 0.1006 13.7132 0.7727 5.8837 7 
0.9478) 0.1048) 


5 Conclusion 


Modern modelling trends in this field include evaluation of the uncertainty and vagueness of the 
initial information. Traditional neutrosophic sets are considered as the effective tool to express un- 
certainty of the information. However, in some cases, it cannot cover all recently proposed cases of 
the fuzzy sets. The m-generalized q-neutrosophic sets were recently proposed to deal with this sit- 
uation. The m-generalized q-neutrosophic sets can be considered as the generalisation of fuzzy set, 
Pythagorean fuzzy set, intuitionistic fuzzy set, q-rung orthopair fuzzy set, single-valued neutrosophic 
set, single-valued n-hyperspherical neutrosophic set and single-valued spherical neutrosophic set. In 
this paper, the CoCoSo method extension under the environment of the m-generalized q-neutrosophic 
numbers (mGqNN) is proposed. This novel extension has been tested for the selection of the best 
retrofit strategy. The numerical example also showed that the CoCoSo-mGqNN extension provides 
a robust approach that can be applied to deal with different fuzzy sets within the same MCDM 
framework. 
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